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The MENSURATION of SUPERFICIES. 
FARREFORE we can give any rational Account 


* 1 
n 
2 5 
N * 

) 


of the philoſophical and mathematical Sciences 
n and their practical Application, it is neceſſary 
Ne to premiſe thoſe mechanical Principles which are 
founded in the Nature of Things, and make the Baſis of all 
that Sort of Knowledge; without theſe no Man can underſtand 
Philoſophy, or make any Progteſs in the true Matheſis. We 
ſhall propoſe them in a natural Order, and in the moſt perſpi- 
cuous Method we can, and begin firſt with the practical Men- 
ſuration of Superficies and Solids, which is the firſt Doctrine 


of practical Science. f 


939. The Dimenſions or Content of all Superficies are eſti- 
mated in that of a Square ; as a ſquare Inch; a ſquare Foot; 4 
fquare Yard, Rad, Mile, &c. and what Number of each leſſer 
Denomination is contained the greater; is fnewn in the follows 
ing Table : | 0 


Square Inches. 1 
144 = i Foot ſquare; : 
1296 = ,9.= 1 Yard ſquate, 


39204 = 2724 0 I Pole ſquare: 8 
1568 16 10890 = i => 40 = 1 Rood ſquare, 


6272640 = 44560 = 4840 = 222 Acre ſquare. 

4014489600 = 27878400 =3097660 =102400 = 2560 =640=1 e ſquare. 
940. To meaſure a 8d RE AC DBB. 

Suppoſe the Length of each Side he 4 4 „ C 
Inches, Feet, Yards, &c. then A B—4; and EIS 

ABxAC=A B* = 4 X 4 = 16; ſquare 


Inches, Feet, Yard;, &c. as is evident; by In- 
ſpection, in the F igure, 


vol. II. | | * 
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941. To meaſure a PARALLELOGRAM AB DC. 


Admit the Length AC = 6, and the 
Breadth AB = 4; then AC x AB 
24 ſquare Inches, Feet, Sc. according to 
the Meaſure in which the Sides were taken. 


942. To meaſure a TRIANGLE BDE. 


It is evident by Inſpection, the Tri- 
angle ADB is equal to half the Paral- 
lelogram ABD C; but becauſe AC || 
BD, the Triangles ADB and BED 
are equal (635). Therefore * Tri- 
angle BED (= BAD) = : ABT ACA EF x BD. 
Therefore if the ee ae Altitude E F 2 AB) 4, 
and the Baſe BD=6; then: EFX BD = 2 & 6 12 = 
the Area of the Triangle BE D, as required, 


943 · To meaſure the Rromsus ABD C. 


The Rhombus ABD C is equal to the &*- 
Parallelogram A E F C, becauſe AC} — 
BF, and AC F E (655.) Therefore 
the Rhombus is = AE X ACS AE _ 7 
x BD. Hence let the Baſe BD =4, B E 5 2 F 

and the perpendicular Height AE = 3,5 ; then is the Area of | 
the Rhombus ABDC=4 x 3.5 = 14. 


Yew 2 a ©. 1 


944. To meaſure the RHOMBoIDEs AB DC. 


Here again the Rhoniboides is — 

to the Parallelogram AEFC (655.) 

Therefore let the Baſe BD = 6, 

the Altitude A E ( CF) =4; 

then is Area of the Rhomboides 
ABDC=4xXx6= 24. 
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945. To meaſure a TRAPEZIUM AB CD. 


| Draw the Diagonal AC; on which, 
from the Angles B, D, let fall the Per- 
pendiculars B g, De; then is the Tri- 
angle ACB = 7 Parallelogram AaeC, 

and the Triangle ACD = z Parallelo- 
gram Ad C. Conſequently the whole Trapezium ABCD 
= half the Parallelogram abcd; AX d Be+De 
x A C. Thus, ſuppoſe the Diagonal A C = 6, and half 
Beg+De 

2 


the Sum of the Perpendiculars = =2; then 6X2 


= 12, the Area of the Trapezium, as required. 


946. To meaſure a CixcLE E GFH. 


We have ſhewa the Area of the Circle 
whoſe Diameter is 1, is 0,785398 (828) 
and the Areas of all Circles are as the 
Squares of their Diameters (840.) Let A, 
D, be the Area, and Diameter of the given 
Circle. Then, as 1* : 0.7854 : DD: A. 
Therefore the Area A = ©. 7854 DD. Thus let D=4, 
then DD = 16, and 0,7854 DD = 12,5004 = = Area 
ſought. 

947. Let A = Area, D = Diameter, and P = Periphery 
of a Circle ; then any one of theſe being given, the other 


may be found by the following Equations, {ſee 824, 830, 
840,) viz. 


D, then 13 1416 D = P; and 0.7854 D* A. 
0 5 ÞP = 3.1416 = D, or o, 3183 P = D. 
Owen QF — 12. 5664 = A, or 0.07957 P* = A. 
V A — 0,7854 =D, or /1.2732 A =D. 
Cy/ 12.5664 A =P, or / A +0,07957 = P. 


948. To meaſure any regular POLYGON. 


For Example, the Hexagon ABCDEF. Now ſince theſe 
Figures conſiſt of as many Jjoſceles Triangles A N F as they have 


B 2 Sides 


z © INSTITUTIONS 
* Sides; and the equal Sides of thoſe Triangles 
ANS = NF, are the Radii of the circum- 
ſcribing Circles, and the perpendicular Heights 
NG, the Radii of the inſcribed Circles; and 


becauſe ZAF x N G = Area of the Tri- 
angle ANG (942); therefore the Sum of all the Areas (or 


Area of the whole Polygon) will be equal to G N 4 Sum of 
all the Baſes or Sides. Now in the Hexagon, the Triangle 
ANF is, equiangular and equilateral ; and therefore putting 
AN=AF = 1, we have NG VAN —AG* — 
0,866 ; let the Sum of the Sides be S—6, then GN 4 
$ = 60,866: X 3 + 2,598 = the Area of the Hexagon re- 
quired. 

949. But ſince regular 8 are ſimilar Figures, they 
will be to each other as Squares of their Sides (670.) There- 


fore the Area of any Polygon, whoſe Side is = 1, being mul- 


tiplied by the Square of the Side of any other Polygon of the 


ſame Sort, will give the Area of that other Polygon. Thus, 


Jet the Side of any Hexagon he 15 ; the Square of which is 
225, then 225 X 2,598 = 583,05, the Area of the Hexagon, 
whoſe Side is 15, as required, 

950. And that the Area of any regular Polygon may be 
had in the ſame Manner directly, the Areas of each, ſuppoſing 
the Side =1, are computed by the above Method, as in the 


Table following. (Art. 847.) 


Sides. Names. | Areas, 
3 — FTrigon, — 0.433013 
4 — LTetragon,— 1. ooo 

5 — Pentagon, — 1.720477 

6 — Hexagon, — 2.598076 
7 — Heptagon, — 3.633959 
8 — Octagon, — 4.828427 
9 8 Enneagon, — 6.181827 
10 —— Decagon, —— 7.694209 
11 —— Endecagon, — 9.365675 


| : 2 —— QDogecagon, 11.197920 


_— | CHAP. 
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The MENSURATION of SOL1Ds, 
951. H E Solidity, or ſolid Content of Bodies is eſtima- 
ted in that of a Cube; as an Inch Cube, Foot Cube, 


Sc. which are more generally called, a cubic Inch, Foot, &e. 
A Table of this Sort of Meaſure from the leaſt to the greateſt 


Denomination here follows: 
Cubic Inches. ä 
1728 1 cubic Foot. 
466 56 . 27 = 1. cubic Yard, | 
7762329 4492} r 166, x cubic Pole. 
1963885 176= 11365078. = 42092 3 = 253= x cubic Rood. 
15711081408= 9092061 = 336743* * a2024= = 1 c. Acre. 


2543580610560002=147197952000 =5451776000 =32770584=129528=16191=1 c. M, 
952. To meaſure a Cunt A G. 


Suppoſe the Length of the Side AB =4 
Inches, then AB N AB=AB*=16; 
and AB X AB = AB = 64 cu- 
bic Inches for the ſolid Content, (See 
b22.) 


953. To meaſure & PARALLELOPIPEDON. 


Let the Length A C = 6 Inches, 
the Breadth AE = 3; and the Depth 
AB = #4. hen 
Multiply the Length AC=6 A 


By the Breadth 82 
And that Product A Cx AE — 18 — 
By the Depth ABS 4 B : 


— — 


This Produd is the ſold Con- 
tent AC Xx AEN AB 72 (by 622.) 
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27 cubic Inches, the Solidity required. 


* 830, 831. ? 


4 then is the Area of the Baſe = 1245664. 


954. To meaſure a PRISMA C, 


Suppoſe it a triangular Priſm, and let the 
Sides of the Baſe be equal, and A B= 4 In- 
ches. Then A B*— 16 ; and 16 X 0,433 

= 6,928 ſquare Inches, the Area of the Baſe 
A DB (942.) Then let the Height be alſo 
AC=4; then. 6,928 K 42 27,712 = 


955. To meaſure a PYRAMID AE DB. 


Let it be a triangular Pyramid ; and each Side 
"mT the Baſe, viz. AB = 4 Inches, then the 
Area of the Baſe ADB = 6,928; and ſup- 
' coking its perpendicular Height ED 4, the 
Product 6,928 x 4 = Solidity of a Priſm, whoſe 
Baſe and Altitude are rhe ſame as [thoſe of the 


Pyramid (954), one Third of which, dix. ; * 6,928 
91237 = Solidity of the Pyramid, (by 833. ) | 
956. 7 meaſure a CYLINDER C F. 


Let the Diameter of its circular Baſe EF 24 
Loc, then the Area will be = 12,5664, 
(by 946.) And ſuppoſing the Height of the 
Cylinder EC — 4; then 12,5664 XK 4 = 
50,2656 = Solidity of the Cylinder Wurd. 


pp 


957. 2. meaſure a right Cons ED r. 
Let the Diaincter of its Baſe be EF 2 


Suppoſe the perpendicular Height DC = 
3,46; then 12,5664 X 3,46 = 43,478 
one Third of which is the Solidity of the 


8 
Cone, VIZ, $2078 = 147492. (See 834, 


835˙) 
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956. To meaſure a SPHERE, or - GLoBe. 


"bs the Diameter of the Sphere be EF 
=4; then is the Area of its greateſt Cir- 
cle = 12, 5664; this multiphed' by 4 
is = 50,2656 = the circumſcribing Cy- 
linder. Then two Thirds of this, viz. 


x 50,2656 = 33-51, Ge. the . lain of the Sphere, (dy 873.) 


N. B. 4 * 12,5664 = 50,2656 = Superficies of the Sphere, 
in Square Meaſure, (by 838.) 

959. Or thus ; becauſe Spheres are as the Cubes of their Di- 
ameters (841.) Then fince the Solidity of the Sphere whoſe 
Diameter is 1, is 0,5236, (837, 847) if the Diameter of any 
other Sphere be given, as EF = 4; ſay, as 1:0,5236: : 4 
= 64 : 0,5236 x 64 = 33,51, Cc. the Solidity of the Sphere, 
as above. 

960. After the FER: Manner may be meaſured the Spheroid 
of (844.) Alſo the Segment of a Sphere may be eaſily mea- 


ſured, by the Theorem in (836,) and of the e by the 
Theorem in (844. ) 


E 


* Philoſophical PRINC1PLEs and Laws of Mo- 
© T10N and GRAVITAT TON. 


961. n or SUBSTANCE, of which Bodies are 

compoſed, in itſelf conſidered, or in reſpect of its 
Efence is unknown to us z this is acknowledged by Sir Is AAC 
Ntewron, and all Mankind beſides. All that we know of 
Matter is what relates to its various Properties and Qualities 
which preſent themſelves to our Senſes. 

962. The firſt and principal of which is what Sir J. New+ 
ton calls the vis inertiæ of Matter, or its natural Inattivity. No 
Man ever yet obſerved any Part of Matter to have a Principle of 
Aion in itſelf; but on the other Hand, it is abſolutely paſſe, 
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Cuntact or Colliſion, and ſince in this Caſe, the Action itſelf is 
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and ſubject to the Influence of every external Agent. And 


from hence is deduced the Firſt of thofe, which are called the 
General Laws of Nature, viz. | | 


963. Law I. 

Every Body will perſevere in its State of Reſt or moving umformly 
in a right Line, unleſs it be compelled to change its State by Forces 
—_— 5 
Thus a Bullet would continue at Reſt in the Gun for ever, 
if it was not expelled by the Force of Powder; but being 
thereby put into Motion, it would for ever move on in the 
Direction of the Axis of the Barrel, if not retarded by the 


Reſiſtance of the Medium, and carried downwards from that 


right Line by the Power of Gravity. We ſhew by Experi- 
ment, that the leſs the Friction is of the Axis of a moving 
Wheel, the longer its Motion continues. And we obſerve the 
vaſt Bodies of the Comets and Planets preſerve their Motions 
undiminiſhed (as to Senſe) for many 1000 Years in unreſiſting 
Mediums. . 5 | | 

964. Since by Reaſon of the-InaQivity of Matter (962,) * 
there is nothing in any Body that can augment, diminiſh, or 
any Ways alter or vary the Action or Effect of any Force im- 


preſſed, we thence deduce the ſecond General Law gf Mo- 
tion, VIZ. 


Law II. 


The Change of Motion is proportional 10 the moving Force im- 
preſs d, and is made according to the right Line, in which that Force 
is impreſs d. . 

If any Force generate any Motion, a double, or triple 
Force will generate twice or thrice as much. But the Altera- 
tion in reſpect of the Direction of the Motion, is a compli- 
cated Affair, which we ſhall farther conſider hereafter. 

965. When Bodies act upon each other, they do it by 


but one and the ſame between both; the Effects which it pro- 
duces muſt of Courſe be equally divided between both Bodies, 
and thence an equal Mutation of their State previous to the 

Stroke 
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Stroke muſt needs follow. From this Conſideration is deduced - 


the third General Law of Nature, viz. 


Law III. 


Re- action is akuays equal and contrary to Action; or the Aftiont 
of t1wo Bodies mutually upon each other are always equal, and direc- 
ted towards contrary Parts. 

966. The Truth of this is abundantly confirmed by Experi- 
ments. If the Finger preſſes a Stone, the Stone re - acts and 
preſſes the Finger. The Hammer ſtriking the Anvil, receives 
the ſame Stroke from it, and is thereby made to rebound. The 
Leadflone, if fixed, attacts the moveable Iron; and the fix'd 
Iron equally attracts the moveable Magnet. The Horſe draws 
the Stone, and the Stone equally draws the Horſe, becauſe the 
Action, or Force in the Rope which connects them is one and 
the ſame, and muſt act equally at each End, viz. upon the 
Horſe and Stone. 

967. But before we can reaſon well upon the Subje of 
Motion, we muſt underſtand by juſt Definitions, what Ideas 


vue are to fix to that Word. For the Word Motion is become am- 


biguous, and is uſed in a ſimple and complex Senſe. Motion, in its 
ſumple Acceptation, is only @ Change of Place in Bodies. But in the 
complex, or phyſical Senſe, it implies all the Change that is made in 
the State of a Body in regard both to its Quantity of Matter and 
Velocity of Motion. And in this Reſpect, it is properly called 
the Momentum, or Quantity of Motion, and which is always e- 
qual to the Force which produces it by Law II. (964.) 

968. That the Quantity of Motion is as the Maſs of Mat- 
ter, (ceteris paribus) is evident from hence, that the Motion of 
the whole Maſs is the Sum of the Motions of all the Parts, 
or Particles; as the Number of Particles moved, therefore, is 
greater or leſs, ſo will be the Sum of all their Motions, and 
conſequently ſo will be the Aggregate, or whole Motion or 
Momentum of the Body. 

969. Again, the Momentum, or Quantity of Motion, is 
(ceteris paribus ) as the Velocity of the ſimple Motion. For ſince 


TFH. ehctty has Regard to the Space deſcribed in the ſame Time, (778) 


it is evident, that if a * deſcribes twice the Space that an- 
VOL. th. * C other 


denotes only, that V is always proportional to > but V 
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other equal Body deſcribes in the fame Time, it is plain there 
is twice the Change of Place, and therefore twice the ſimple 
Motion (967) produced in the ſame Time. But the Velocity 
is alſo twice as great; therefore the Motion is as the Velocity. 
970. Since then the Quantity of Motion is as the Maſs of 
Matter ſimply, and the Velocity ſimply ; it will be conjointly 
as the Rectangle or Product of both, when no Regard is had 
to either ſingly. Therefore putting M = Maſs of Matter, 
V-= the Velocity, and Q = the Momentum or Quantity of 
Motion; then in Symbols we have Q: M x V; and thence 


l 0M 45, 
V: TY nM: QX 


971. Let 8 = Space deſcribed by a Body in Motion, and 
T = the Time of deſcribing it. Now ſince in equal Times 
the Spaces deſcribed will be as the Celerities of Motion (969, 
therefore 8: V; alſo it.is manifeſt, that in deſcribing the ſame 
Spaces, the Times will be greater 4s the Celerities of Motion 


are ffs; that is, the Time is inverſely as the Celerity or T; 


6A 
* 
= it will be conjointly V : = or VT: S. 


v and ſo alſo V: . Whence ſince V is ſimply as S,. and 


972. Becauſe V — S (970) = 4 (971,) therefore Q T 
= SM; andQ = - = MS x == That is the Quan- 
tity of Motion is in the compound Ratio of the Space and Maſs di- 
rettly, and inverſely as the Time. ; 

973. The Quantity of Matter (M) is (ceteris paribus) as 
the Bulk (B) of a Body ; for in twice the Bulk there will. be 
twice the Matter; therefore it is M: B. Again, the Quan- 
tity of Matter (M) will be (cæteris paribus) as the Denſity (D), 
that is, as the Number or Sum of the Particles in equal 

| Bulks : 


The Reader is deſired to obſerve once for all, that V: 


O 


M 


is the ſame as LE and ſhews that the Ratio of 1 to V is 
the ſame as the Ratio of M to Q. 
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Bulks; therefore M: D. Wheretors conjointly it will be M 
:B x D. 
QT 


974. Becauſe M = * (972) = BD; therefore Q 


SBD x i or the Quantity of Motion is compounded of tha 


direct Ratio of the Space, Bulk and Denſity, and the inverſe Ratio 
of the Time. A | 

975. Of Forces that actuate the Particles of Matter, we 
obſerve the following Variety. (1.) A Force or Power of one 
Kind cauſes the Particles to adhere firmly to each other ; and 
hence it is called the Force or Power of CoHEsIon. (2.) 
Another Sort of Power obliges the Particles of Matter, under 
ſome Circumſtances, to recede and fly from each other ; 
which Power is therefore called the Repellent, or repulſive Force. 
(3-) A third Power cauſes all large Portions of Matter, or 
Bodies, to tend mutually towards each other, in Directions 
to their Centers; and hence it is called a Centripetal Force. 

976. What thoſe Powers are in themſelves, or how they 
difter, I ſhall not pretend to enquire ; nor alſo what is the par- 
ticular Modus agendi, or Manner of aCtuzting the Particles of 

Matter, viz. whether it be by Attraim, Impluſiomm, or other- 
wiſe ; ſince in theſe Reſearches, there is but little Reaſon hi- 
therto to expect any ſucceſsful Diſcoveries. It will be quite 
ſufficient, if we can make ourſelves thoroughly acquain- 
ted with their Phenomena and Effects, and apply them in a pro- 
per Manner to the various Uſes of Life. 

977. The Powers or Contsion reſpefs the ſmalleſt 
Particles of Matter, and extends to but very ſmall Diſtances, 
as is plain by numberleſs Experiments; it is therefore propor- 
tional to the Surfaces in contact between two Corpuſcles, or 
their Coheſion is ſo much the greater, by how much the Sur- 
faces are larger in which they touch. 

978. Hence, according to the various Figures of Particles, 
they touch by different Quantities of Surface, and cohere with 
different Degrees of Firmneſs. Thus, for Inſtance, if all 
were nearly cubical, they would touch by a great Quantity of 
Surface, and conſtitute a very hard and firm Body. But on 
the other Hand, if we * Particles truly ſpherical, they 

C 2 will 
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will touch but by a very ſmall Portion of their Surfaces, and 
cohere very lightly; and of Courſe, will conſtitute a Body 
whoſe Parts will be very eaſily moved among themſelves, and 
yield to any impreſſed Force, which Caſe we call the Fluidity 
of Bodies. Hence Bodies receive their various Degrees of 
Hardneſs and Softneſs, Fixity and Fluidity, Firmneſs or Looſenefs 
of Texture, and all other Qualities depending thereon. 

979. That this Power is exceeding great appears by many 
Experiments. Thus two Balls of Lead, having their Surfaces 
pared ſmooth, will cohere with a Force equal to 150 lb. tho 
they touch upon no more than 4 of an Inch ſquare. TW 
Braſs poliſhed Planes, 2 Inches 3 ſmeared over with 
Greaſe and put together very hot; will, when cold, cohere ſo 
firmly as to require 9505 Ib. to ſeparate them. And Wires of 
ſeveral Sorts of Metal /, of an Inch Diameter required the 
Weights to pull them aſunder, as in the following Table are 


ſpecified, 
Lead ͤ— — 201 lb. 
Tin — — - 49. bb. 
Copper — —— - —— 2997 Ib. 
Braſs — —— ——— 360 lb. 
Silver — — 370 Ib. 


Jron — — —— — — — 450 lb. 


Gold — — — - co bb. 


980. Though this b acts with ſuch prodigious Force 
near the Sarfate, it decreaſes in ſuch a Manner as to become 
nearly inſenſible in the leaſt ſenſible Diſtance from the Surface; 
not only ſo, but at a certain ſmall Diſtance it is converted into 
another Kind of Force, or. at leaſt, it acts in a Manner exaQ- 
ly contrary to what it did before; for it now cauſes the Parts 
of Matter to recede from each other, and to remain at certain 
equal Diſtances or Intervals among themſelves. And thus mo- 
dified, it is called the Repulſive Power in Matter. 

981. That this is Fact we are aſſured from divers Experi- 
ments, and many Phenomena of Bodies. Thus the Magnetic 
Needle will be ſtrongly attracted by either Pole of the Magnet 
in contact with it, but at a very ſmall Diſtance the ſame Power 


becomes repul/; a ve in one Pole, and — the ſaid Needle from 
it, 
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it *. So the Particles of Fluids cohere by this Power, while in 
a State of Contact, but when ſeparated by Heat, they repel 
each other, and exiſt in the Form of VATOUR or STEAM. 
Again, *tis well known by numberleſs Experiments, that in all 
ſolid Bodies there is a certain Matter which, while in contact 
with the other Parts, does firmly adhere, and is ſtrongly con- 
nected with them by this Force; but when by natural or artifi- 
cial Fermentation, it is diſengaged or ſet at Liberty, it imme- 
diately (by a repellent Power among its Particles) expands in- 
to a fine etherial Fluid, every Way like common Air. But of this 
we ſhall ſpeak more hereafter. 

982. The Conſequence of ſuch a repulſive Power among 
the Particles of Matter, is, that they having attained an Equi- 
librium, act mutually upon each other, and become ſuſceptible 
of Compreſſion and Condenſation; and of Expanſion and Rarefac- 
tion; as is well known by common Experiments on Air, Va- 
pour, &c. Again, as Action and Re- action are equal (966, ) 
it follows, that when any Force is impreſſed upon the Parti- 
cles of ſuch a Fluid, they all jointly reſiſt the ſame ; and when 
the impreſſed Force is removed, by Virtue of this Power, the 
Particles all retreat to their primitive equidiſtant Stations, with 
a Force equal to that impreſſed. And this Renitency or reſti- 
tuent Force, is what we call the SPRING, or ELASTICIT of 
ſuch Sort of Bodies. 

983. We alſo further learn by Experiments of Thermome- 
ters, &c. that Heat augments and Cold diminiſhes this elaſtic 
or expanſive Force in Bodies; and that their natural Dimen- 
ſions are hereby continually altering, as is evident not only in 
Air, but in denſer Fluids, as Spirit of Wine, Water, and 
even Mercury itſelf. Yea, ſolid Bodies diſcover the ſame Pro- 
perties in ſeveral Degrees; Ivory is found to be very elaſtic ; 
Metals of all Sorts expand and contract with Heat and Cold, 
as we ſhew by the PYROMETER, and is otherwiſe Known by 
common Experience, 


984. The third Sort of Power, or Agent, (mentioned 97 55) 


is 

* Though it be denied by ſome, that the North Pole of the M 
net does attract the North End of the Needle juſt upon the Ends, 
it is certain, by Experiments, that this attracting Force appears ex- 


tremely near the Ends; and there at a _ iſtance it becomes 
repullive, 
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is a rentripetal Force, and this we obſerve to take Place among 
the largeſt Bodies or Syſtems of Matter. The Phenmena 
which demonſtrate ſuch a Power moſt ſenſibly to us are thoſe of 
heavy Bodies falling to the Earth, This Power we call Gr a- 
viv, and this Tendency of Bodies to the Earth is called 
Gravitation, F 

985. That this is a centripetal 
Force, or that Bodies are thereby 
made to tend to the Center of the 
Earth is hence evident, that all 
Bodies are obſerved to fall in right 
Lines to the Surface of the Earth 
every where. But becauſe the 
Earth is ſpherical, thoſe Lines 
which are perpendicular to the a 
Surface do all paſs through the 1 7 
Center of the Earth, as is evident from a View of the Figure 
annexed. For let AB D E be the Earth, C its Center, then 
ſuppoſe a Body (a) falling in the right Line a A to the Earth 
in A, that Line if produced muſt go through the Center C. 
The ſame is to be ſaid of any other Bodies at 5, 4, e. 

986. But any Virtue propa- 


: gated in right Lines to or from a H — — 1 


Center, will have its Energy on 


Bodies every where, as the ; 
Square of the Diflance from the FNF 
Center inverſely. For, ſuppoſe a TY G 
Cone of this gravitating Virtue 


be repreſented by IHC, termi- A 1 B 
nating in the Center of the Earth _ 
C. If then we make CA = 

AF = FH); the Energy of the | 

Virtue will be at thoſe Diftan- 


ces inverſely as the circular A- pj TY E 
reas A B, F G, and H I; for the more it is expanded and ra- 
rified, the lefs will its Effect be upon the ſame Body. But 

theſe circular Areas are as the Squares of their Diameters 
(840, ) or of the Semidiameters A a, F, He; which are as 

che Squares of the Diſtances CA, CF, CH, (by 656.) 
| | Therefore 


* 


f 


= 


Ov © 


F 3 6 


> 4 
- 
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Therefore the Energy of this Peter decreaſes as the Square of the 
Diſtance from the Center increaſes. 

987. But becauſe the Semi- FR of the Earth is near 
4000 Miles, and the greateſt Height to which we can elevate 
Bodies above the Earth's Surface being but a Mile or two, 
*tis evident this Force in ſo ſmall a Diſtance will not ſenſibly 
vary; and therefore may be eſteemed as acting uniformly through 
any Spaces near the Earth's Surface. | 

988. The Action of this Power is conflant or perpetual ; 
this appears from hence, that the Velocity of falling Bodies is 
conſlantiy accelerated or increaſing, as we know by Experiments, 
If a Body be put into Motion by a fingle or in/tantaneous Im- 
pulſe, the Velocity of that Body would be uniform (by Law I. 
963,) and its Motion reQilineal. If the Power which puts a 
Body in Motion be temporary, or acts only for a certain Time, 
the Velocity during that Time will be accelerated, and af- 
terwards become uniform. But if the Power acts inceſſant- 
ly, the Body is every Moment impelled, and its Velocity muſt 
every Moment increaſe. Such therefore is the Power of Gra- 
vity. 


989. Since Gravity acts conſlantly and uniformly, the Velo- 
city of Bodies will be equably accelerated in their Deſcent to the 
Earth ; for ſince the Impulſe communicated each Moment is 
the ſame, it will generate equal Velocities in the ſeveral equal 


Moments, which conſtantly added together, make an uniform- 


ly increaſing Sum, and therefore an equably accelerated Velocity. 
For the Velocity at any Moment is equal to the Sum of all the 
momentary Increments of Velocity from the Beginning, 

990, Hence the Velocity (V) of the Fall is proportional to 
the Time (I). Becauſe fince the Action of Gravity is uniform, 
(987), whatever Velocity is generated in one Particle of Time, 
a double Velocity will be generated in twice that Time, a tri- 
ple Velocity in thrice that Time; and fo on A 
therefore it will be always T: V. 


991. The Space (S) deſcribed by falling Bodies will, in e- 


qual Times, be greater as the Velocity is ſo; and therefore in 


this Caſe, we have S: V. Allo. the Velocity remaining the 
ſame, the Space will be as the Time of deſcribing it (971. ) 
Therefore in this Caſe 8: T. Conſequently, When neither 


the 


— 


8 


thoſe Moments will be as the right 
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the Velocity nor Time is given, the Space will be in the com- 
pound Ratio of both, viz, S = T V. But it is T: V (990.) 
Therefore 8: T., or S: V“; that is, the Spaces deſcribed by 


falling Bodies are as the 8 quares of the Time or of the Velocity. 


And this we prove true by Experiments. 

992. Io illuſtrate this Matter o- 
therwiſe; let A B repreſent the Time 
of the Fall, and B C the Velocity 
acquired at the End of that Time; 
and draw A C. Then if we conceive 
the whole Time AB to be divided 
into an indefinite Number of equal 
Moments, the Velocity in each of 


o 


CI 
„„ „ 3 


tf 


TY: 


Line drawn from A B paralle] to BC, == 
correſponding to the given Moment. B or 
Now for a fingle Moment the Velocity may be eſteemed as 
uniform, and ſo the Space deſcribed that Moment will be as 
the Velocity (by 971,) therefore the Sum of the Spaces de- 
ſcribed in all the Moments (or whole Time AB) will be as 
the Sum of all the momentary Velocities, or right Lines which 
repreſent them, but the Sum of theſe Lines make the Area of 
the Triangle ABC; this Area, therefore, is as the whole 
Space deſcribed in the Time AB. And becauſe this Area is as 
AB, or B C* (670,) therefore alſo the Space (S) is as TI, or 
V*, as above (991.) 

993. Compleat the Parallelogram ABCD. Then if we 
ſuppoſe another Body (A) to commence Motion at the ſame 
Time with the falling Body (B,) and the Velocity of the Body 


. 
* 


(A) to be uniform and equal to the Velocity B C acquired at 


the End of the Fall; then it is evident the Space deſeribed by 
the Body (A) in the Time A B will be repreſented by. the Paral- 
lelogram A B CD; which Space is therefore double of ne 
A C B) deſcribed by the falling Body B. 

994. What has been ſaid of deſcending Bodies is in the 
ſame Manner applicable to aſcending Bodies. For the Motion 
in the latter Caſe will be retarded equably by the contrary 
Action of Gravity, as it was in the former Caſe accelerated. 
Thus let B C be the my with which any Body is pro- 

jected 


Les Aw oc A _-r 


of the Phyſico-Mechanical Matheſis. 17 


jected upwards from the Peint B, then in every Moment of 
Time there will be an equal Decrement of this Veloeity, fo 
that at the End of the Time BA it will be all deſtroyed, and 
the Space it will deſcribe in that Time will be as the Area of 
the Triangle ABC. Therefore, &c. 

995. Hence it follows, (1.) That the Velocity every 9 
at equal Inter als of Time from the Moments B and A, in the 
Aſcent and Deſcent is the ſame. (2.) That the Time of the 
Aſcent and Deſcent is the ſame, or half the whole Time of the 
Flight of the Projectile. (3.) That the Body by deſcending: 
acquired a Velocity equal to that (B C) by which it was pro- 
jected. All that we have hitherto ſaid of Motion, is upon a 
Suppoſition that the Body moves in Vacuo, or in a Medium ww1th- 
out Reſiſtance, 

996. From what has been ſaid, it is 1 that if the 
Space a Body deſcribes in any given Time in YVacus be known, 
the Space through which it will fall in any propoſed Time, will 
faom thence be known alſo. Thus by Experiments very accu- 
rately made *, it has been found, that a Glaſs Globe filled with 
Mercury, deſcended through the Height of 220 Feet in four Se- 
conds ; and that a Ball of Lead fell thro' 272 Feet in 43”, and 
allowing for the Reſiſtance of the Air, the Motion in both theſe 
Caſes was at the Rate of 193 Inches, or 16,11 Feet in the 
firſt Second of Time. For the 4” in Air will make but 3, 75“ 
in Jacuo; then 3,757 220 F.:: 1* : 16,11 Feet, for the 
Space in the firſt Second, (by 991.) 8 

997. Hence 11: 16,11 F.:: T': S; therefore 16, 11 12 
S = the Space deſcribed in any Time T expreſſed in Seconds, 


Hs alſo T = 7 S = Time of deſcribing any given 


Space 8. | | 

998. The Power of Gravity (G) will be as the Velocity 
(V) generated in the ſame Time, becauſe that Velocity is the 
whole Effect of the Power, and Effects are always as their 
Cauſes ; therefore G: V. Again, Gravity (G) will always be 
inverſely as the Time (T) in which the ſame Velocity is ge- 
nerated ; for 'tis evident, a double Force (2 G) will generate 

Vor. II. D the 


dee the Principia, Kdit. 3. p. 346. 
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the ſame Velocity in half the Time (2 T) that the Force (G) 


does; or the greater the Force, the leſs will be the Time for pro- 


_ ducing the ſame Effect; therefore G: = : Therefore when neĩ- 


ad . 
ther the Velocity nor Time is given, we have G To or GT 


= 
G 
999. Since when the Time T is given, G is as V, andin 


that Cafe Vis as $ (991,) therefore alſo G will be as 8; or the 


' Power of Gravity will be as the Space deſcribed in any given Time. 


rooo. Since GT = V = 7 (97 ,) we have GTM 
Q, and when the Time T is given it is G M Q; that is, 
the whole Quantity of Motion in falling Bodies is compoutided of 
the accelerating Force (G) of Gravity, and the Maſs of Matter 
(M) in the Boch. 

| SM 


1001. Since T = 8 (998,) = WW (972,) therefore Q 
= GSM. Hence whence the Space (S) is given, it is QV 


= GM. But we have always G: V (998.) Therefore it is 
always Q: M; that is, the Quantity of Motion (Q) is always 
proportional to the Duantity of Matter (M); and ſince Gravity 
(G) is always the ſame near the Earth's Surface, the Velocity 
(V) of falling Bodies will be every where the ſame too; be the Quan- 
tities of Matter in what Proportion you pleaſe. | 

1002: Since Q: M, therefore the Momentum, or Force, by 


which Bodies tend towards the Earth's Center, is as the Quan- 


tity of Matter. But this Force or Tendency of Bodies, is 
What we vulgarly call their Wxz1GHT ; hence it appears, that 


the WerGnTs of Bodies are always proportional to their Ynantities 


of Matter. And thus having premiſed the eſſential Principles of 
Philoſophy, we next proceed to the Laws of Metion, obſerved in 


firiking Bodies; for nothing uſeful can be known, till they are 


firſt aſcertained, 
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- The Philoſophical TRORY of PERCUTIENT Bo- 
' DIEs, and of the ComposITIoN and ResoL v- 
; TION of Forces. 
100g. 26d determine the ſeveral Particulars relating to the 
4 Motion, Velocities, and Direction of Percutient B5— 
dis A, and B; we repreſent the Quantities of Matter by M 


and m, and their Velocities by V and v; then will Q=M V 
(970, = Momentum of A, and q = mv = Momentum of B. 
= I004. If the 
Body B ſtrikes X 
5 the Body Ain 
of Motion, and 
7 both move the ſame Way, or towards the ſame Parts, (as from 
X to Z) then the Sum of their Motion towards the Part Z, will 
be M V uv, and the Velocity of both the Bodies after 
| MV +mv 
* the Stroke towards the ſame Part, will be — ISS =P}. 
5 For the Velocity i is always as the Momentum, divided by the Maſs 
of Matter (970.) 

1005. If one 
of the Bodies, 
as A, has a con- 
trary Direction, 
* or tend towards | 
4 X, in which Caſe the Bodies will meet, then the Aamentum of 

| A will have a negative Sign, viz. — MV; and fo the Sum of 
the Motions towards the ſame Part Z will be my—M V; and 
the Velocity after Colliſion will be — 2. 

1006. Becauſe in what we have hitherto ſaid, we ſuppoſe 
the Bodies A and B deſtitute of Elafticity, therefore after the 
Stroke, there being nothing in the Bodies to cauſe a Reſilition 
or Separation, they will both go on uren with the ſame Ve- 
locity J. 

1 1007. The Sum of the Motions towards the ſame Parts is 
the ſame before and after the Stroke. For let them both move 
; D 2 the 


or hes * 
1 — 
— 
9 
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1 

| the ſame Way (1004,) and let B ſtrike A; then by that Im- 

Wil pulſe, the Motion of A, viz. Q, will be augmented and be- 

* 111i come Q+ x after the Stroke; but becauſe Action and Reaction 
is equal (g65,) the Body A will re- act upon B, and produce an 
equal Effect by the Stroke, that is, it will diminiſh the Motion 
of B by the ſame Quantity x, ſo that its Motion after the 
Stroke will be q— x; but the Sum of the Motions of both 
Bodies after the Stroke Q+t+ x + q4—x=Q +9, the Sum of 
the Motions before the Stroke, ſee (1004.) And the ſame is 
to be ſhewn, if the Bodies meet, as (1005). 

1008; The Magnitude of the Strate will be proportional to 
the Quantity (x,) becauſe that is the whole Effect or Mutation 
produced in the Motion of each Body. The Greatneſs of the 
Btroke is therefore meaſured by the Loſs (x), which the moſt 

powerful, or percutient Body ſuſtains in its Motion, 
4 I | 1009. In the above Theorems (1004, 1005,) if the Body 
1 A be ſuppoſed at Reſt, then V = * and M vanithes ; the 


un — ' ̃˙ e , , tt een en rs Se 


= J; and fo v = 


n 
NI + m * 
FM+nV. Whence Y: v; : M + m, and v = 


* 5 
1010. If we ſuppoſe the Bodies equal, viz. Ag B, or 
M = nz; then if the Bodies tend the ſame Way, the Velocity 
aſter the Stroke will be V VV; or V —v=F, if they 
meet. : 
1011. If * Bodies are equal, and one of them at Reſt, 


Velocity then after the Stroke is 
M + m 


r er 


| | then Mr =-=F; or the Velocity after the Strate is equal ta 


hal af If that of the A u%ing B ody. 
1012. If A at Reſt exceed B infinitely in Magnitude then 

becauſe n is infinitely ſmall in reſpe&t of M + n; therefore fo 

is Vin reſpect of v (1009,) conſequently / will vaniſh, or the 

5 Body B impinging againſt any firm immoveable Object, will 

| | after the Stroke be at Rd. 

EE: 1013. If equal Bodies moving with equal Velocities, meet ; 

| | | they will mutually deſtroy each other's Motions ; for in this 

| Caſe MV = 146; therefore MV — n v = 0, conſequently 

[-f FF 1 * — 2 
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MV —mv _ © 
MTM Mn 
at Reft after the Stroke. 
1014. The Momentum of the Body B, after the Stroke is 


20s or both the Bodies renain 


MVn Km v M Vn Nm v 
mV = WHIT (1004,) therefore m v — RE 
5 a hon x VU = theLoſs of Motion in 


m+ M MY 
the Body B after the Stroke; but 1 is a conſtant Quan- 
tity ; therefore the Loſs of Motion in B is as V, and con- 
ſequently the Magnitude of the Stroke in Bodies tending the 
fame Way, is as V — v; and as V, if they meet (1058.) 
And if A be at Reſt, then V = o, the Stroke will be as v, 


the Velocity of the percutient Body. 


1015. If the impinging Bodies A and B are perfely elaftic; 
then this ela/tic Force is ever equal in its Action to the compreſ- 


ſing Force (982.) And whatever Action is exerted upon A by 


the Impulſe of B, the ſame is doubled by Virtue of this reni- 
tent, or elaſtic Force; and the Re- action of A upon B is dou- 
bled likewiſe (965 3) and as the Parts of each Body are mutu- 
ally compreſſed and flatted by the Stroke, ſo thoſe Parts are 
thrown out again by an equal Force, and by this Means the 
Bodies are made to recede from each other, after the Stroke 
with the ſame Forces, or Momenta, by which they came * 
ther, or ſtruck each other. | 

1016, But ſince the Force of Collifion is as V = v, (10144) 
that will alſo be as the Force of Reſilition, or that by which 
they ſeparate after the Stroke. Let x and y be the Velocities of 
the Bodies A and B after the Stroke; and then V = xX; 
andy VD x, and ſo M x = the Motion of A aſter the 
Stroke, and that of B will be ny=mV HUN Nx. And 
ſince the Sums of the Motion before and after the Stroke to- 
wards the ſame Parts are equal (1007,) we have MV += mw 
= Mx +mV HUK Nx; and thence Mx + mx= MV 


E | . . MVY+man—anal . ©. 
— —— — 


1017. 


gz .' INSTITUTIONS 


1017. Alſo the Velocity of B, after the Stroke will be 
MV—mV=+2mv ' 


5 2 VVT Vu M — 


2MV MU v 
M + m : 
dies tend the ſame Way, the Motion of B will be always poſi- 
tive ; but when the Bodies meet, the Body B will proceed or 
recede, according as M is greater or leſſer than 2 MV 


M D. 


1018. The Momentum of A after the Stroke, will be 
M'V—MnV= — : And that of B will be 

e 
2MV Nn MuK v 


= _——_ : Whence the Motion loſt in A 


; M*V— MmnV+2Mmv _2MmV=+2Mnv 
willbdeMV — ga = ur gu = oz, 
and that gained in B will be found the ſame; whence it is evi 
dent, that the Effet? of the Stroke on each Body is equal, and double 
of that in non elaſitc Bodies (1014.) 

1019. If the Body B be at Reſt before the Stroke, then 


© = o, and the Theorem becomes + x — MV — 2 * = 
| M + m 
M — mn 


TSX V. Hence it appears, the Velocity of the Body 
| (A) after the Stroke, will be affirmative or negative, that is, 


forwards or backwards, as M is greater or leſſer than m, or as 
A is greater orlefler than B. : 


1020. If B be at Reſt and equal to A; then v g o, and 


From whence *tis evident, if the Bo- 


M=m, and ſo II = 0; that is, the Body A will in 


this Caſe be at Reſt after the Stroke; and the Body B will move 


on with the Velocity of A, for y = V in this Caſe, (by 
1016.) * 


1021. 


After we 7 the Phy/fical Principles of the Newtonian Phi- 
& fophy, we ſhall illuſtrate and confirm every Poſition and Doctrine by 
xperiments, and deſcribe the Machines by which they are perform- 
ed in the beſt Manner; and in that Part the Reader will ſee how ex- 
acily all the Caſes of utient Bodies here premiſed are verified by 
a practical Inſtance of each of them, MPa 


. 
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1021. Let A, B, C, be three | 
Rodies; and let A ftrike B at 


Reſt; the Velocity generated in 
"I the Stroke, will be y = 


A. e ſince v=0;) and therefore the Momentum of 


B will be _ — —=my. With this Momentum B will ſtrike 


C at _ 1 contiguous to it; the Velocity generated in C 


will be — 5 and its Momentum will be — — 285 


ſtead of y, we reſtore its Value M ; the Momentum of C 


will be C 2 MV 4M VNC 
mr C MT Mn TMC TCT 

1022. If now we make B a variable Quantity, while A and 
C remain the ſame, we may determine the Proportion of B to 
A and C, that ſhall give the Momentum of C the greateſt poſ- 
ſible, by _— the Fluxion thereof equal to nothing, viz. 
4 M* C* V m—4MCm = 
MC+M m + mC+ I 
nn So; and therefore MC rn n. Whence M: m::m: 
C, or A: B: B: C; therefore B is a mean Propertimal between 
A and C. 

1023. Hence if there be any Number (n) of Bodies in a 
geometrical Ratio (7) to each other; and the Firſt be A, the 
Second will be r A, the Third * A, Cc. to the laſt, which 
will be * A: Alfo - Velocity of the Firſt being V, that of 


and if in- 


-= 0. Whence we 9 


2 MV 2 AV 2V 
the Second will be 2— (for N MI = Ln” PF” 
that of the Third I 5 4 * v e to the Velo 


i+r 8 


city of the laſt, which will be = V. The Moments, or 
ene of the Fuſt A V, of the Se- 


cond EP of the N and to the laft 
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AV: 
1025. If a 100, and r = 2, then will the firſt Body A be to 
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fel, I 9 - 
I 2 AV, as they are exhibited in the following Series 


VIZ. po 


Miles, A, 1A, A, „ Sr. e 
L 2 8V R . 


7 1 T7 14 7 1 r 


3-16AVr* E | 
Motions, AV, * es AVr All bl AV. 
+7 ITr 1+r 1+" * 4 


1024. If the 8 N 7 Bodies be 10 = n, and = 21 
= will A: -A: : 7 : Ci; AW V4 


7 * n: : :1:0.026: * 38,45: 1. Laſtly 


r 
"ICY: 2 | 243 13755 · 


1 Ir 


Veloctes V, 


the laſt "=" A, as 1 to 633825300,000000000000000000000 


nearly, and its Velocity to that of the laſt, as 2710220000000 


©0000 to 1 nearly, and the Momentums will be as 1 to 
. me near, 


1026. Let = R, and let the Moton of the firſt Bo: 


1 — 
dy be to that of the laſt, as 1 to M, that is, let M = = N 


z if L= the * . El oy L, M21 n R. 
L, M L, MXL, R 
Alſo 5 CGR +71 = 22h N 1 
1027. 3 theſe Theorems, whatever relates to the Motion 
of Bodies elaſtic, or non elgſtic, acted upon by a ſingle Impulſe, 
may eaſily be determined. I ſhall therefore now proceed to 
conſider the Motion of a Body, as ated upon by two or more 
Forces at once, and determine the Direction thereof by the fore- 
going Laws; as upon this Doctrine depends the whole Ratio- 
nale of the Mechamcal Philoſophy, (which alone can be true) and 
therefore it is of «the higheſt 8 to be thoroughly and 
rightly underſtood, 


* 
- - 


Thus 


— 
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Thus let C be a 

Body impelled in _.: 
the Direction AD g. 0 
by a Body A, with . $< 
ſuch a Force as . &5:.5.\* 
ſhall cauſe it to 
move uniformly o- 
ver the Space CD 
in a Second of 
Time. At the ſame 
Inſtant let it re- ————— 2 
ceive a Stroke by F E 


another Body B, in the Direction B F, with ſuch a Force as 
ſhall cauſe it to paſs over the Space C F in the ſame Time. 

1028. Now it is evident the Body C cannot move in both 
theſe different Directions; and therefore will not move in ei- 
ther, but in a Direction compounded of them both, which is thus 
determined. Draw DE parallel to B F; then, though the Ac- 
tion of B prevents the Body from proceeding in the Right Line 
CD, yetit can no Ways alter its Velocity of approaching to 
the Line D E in the given Time, by Virtue of the Force im- 
preſſed by A. At the End therefore of a Second of Time, 
the Body C will be ſomewhere in the Line DE. By the fame 
Way of Reaſoning, it will at the End of the fame Time be 
found ſomewhere in the Line F E, parallel to C D; and there- 
fore in the Concourſe of both, in the Point E. Its Courſe 
then is the Line CE, which is a Right Line by Law L 
(963). 

1029. Hence appears the Method of compounding a direct 
Force CE, out of any oblique Forces C D, and DE; and on 
the Contrary, of reſolving any direct Force C E into two other 
oblique Forces C D and DE, Wherefore repreſenting any tuo 
oblique Forces by the two Sides of a Parallelogram, the direct 
Force equivalent to them will be the Diagonal thereof. And 
the Truth of this Doctrine is abundantly confirmed by Experi- 
ments. 

1030. Thus for Example; if the Body C be drawn with a 
Weight of 3 Ounces in the Direction C D, and by another of 


2 Ounces in the Direction CF; then make CD to CF as 3 
Vor. II. E to 


1 


„eee ·—·—·˖[ꝶ·ö1?k 


#64 4 5008 „ neu) 


* 
9 
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to 2, and compleat the Parallelogram C D E F, and draw the 
Diagonal CE, which will meaſure 4 upon the ſame Scale, 
(when the Angle DCF is of a certain Magnitude) which 
ſhews the Body C is in the ſame Circumſtance, as if it 
was drawn by a 4 Ounce Weight in the Direction C E; and 
this is proved true, by cauſing a Body as G, of 4 Ms to 
draw the Body C the contrary Way, viz. from C to G, for 


then the Body 0 will remain at Reſt, or be in Equilibrio with 


all the F CR 
1031. Hence it farther appears, that if a Body C be ated 


upon by three different Forces at one and the ſame Time, thoſe 
Forces will be to each other, as the three Sides of a Triangle 
CD E, which. are ſeverally parallel to their Directions. This 
is ſo plain from what has been ſaid, that nothing more can be 
added. 

1032. Hence 
we learn how to 
eſtimate the Quan- 
tity of any oblique 
Stroke. For let the 
Body A ſtrike the 
Body Cin aDirec- 
tion paſſing thro' 
its Center, as A C.. 
Then it is certain, 
that it acts upon it | 
with its whole Force; and the Stroke is ſaid to be direct. But if 
the ſame Body A ſtrikes the Body C in any Direction AB, 

which does not paſs through the Center C, then the Stroke is 
faid to be oblique; and its Force to move the Body is thus 
found. At the Point of impact B draw the Tangent ab, paral- 
lel to which draw A G to meet B C produced in G. | 

1033. Let A B repreſent the whole Force of the percutient 
Body A; this is reſolvable into the two Forces A G and G B 
(1029,) of which the Former is parallel to the Tangent a b, 
and fo does not at all affect the Body C; but the other Force 
GB paſles through the Center C, and is that alone by which 
the Body C is compelled to move. But AB: GB:: CB: 


BH (6 57- That is, The whole Force, or direct Stroke, is to the 
reſidual 


tr. hoe Ne; Set. oa 
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reſidual Force, or oblique Force, as the Radius to the Sine of * 
Angle of Obliguity BC H (710.) 

1034. But CB: BH:: CE: EF, or CD; and ae 
if in any Caſe C E denote the whole Force, the diminiſhed 
Force or oblique Stroke will be denoted by C D; and will be 
greater or leſs, as the Mingle of Obliquity FCE=BCH 
is ſo. 

1035. That the extenſive Uſe of this Doctrine of the Cam- 
poſition and Reſolution of Force in Mechanical Philoſophy, may ap- 
pear, I ſhall ſubjoin the following Examples thereof in the moſt 
intereſting Parts of the Science. 

Thus let A G be the perpendicular 
Section of any Plane, as the SA1L of 
a WINDMILL, &c. expoſed directly 
to the Stream or Current of any Flu- 
id, as Air, &c. repreſented by HIK; 
and let B G be the Section of the 
fame Plane in an oblique Situation 
thereto, Then it is evident (1.) That the Number of Avid 
Particles which ftrike upon the Plane in the dire/t Poſition A G 
will be to the Number of thoſe which fall on it in the oblique 
Poſition BG, as AG to DG ; becauſe all the Particles be- 
tween H and I will paſs by the Plane B G, and not touch it. 
(2.) The Force with which the Particles ſtrike the Plane in the 
direft Poſition, will be to that with which they ſtrike it in the 
oblique Poſition B G, as A G to DG (1033.) herefore the whale 
Force of the Fluid upon the Plane in the direct — will be 10 


the whole Force in the obligue pne, as AG to DG , or as the 
2224 of the Sine hay Angle 2 
clination. 

1036. Let AB be the Axis 
of the WIN DMILI, C D one 
of the Sails placed in an ob- 
Jique Poſition E C to the Di- 
rection of the Wind GC, 
which is parallel to the Axis 


AB. If then G C expreſs 
che abſolute Force of the Wind upon the Sail in a did PG: 
E 2 ſition, 


28 INSTITUTIONS. 


fition, GE will expreſs the Quantity of the ſame Force in 
the oblique Poſition of the Sail, (becauſe G E is the Sine of the 
Angle of Incidence GCE to the Radius G C;) but the Force 
GE is reſolvable into the two Forces EF, and G F, of which 
the Latter being parallel to the Axis avails nothing in turning 
the Sail about it. But the Force A F being perpendicular 
thereto, is wholly ſpent in compelling the Sail to turn 
round. But the Force G E is to the Force EF as (G C to 


CE,) GE to TE. which therefore will expreſs the 


Force which is employed to turn each Sail. 
1037. If therefore we put the Radius GC = a, and EC 


'= x, we have GE =aa—xx, and conſequently the Force 
CE x GE _aax—xxx 


— 3 —; Which if we make it a Maximum 
GC 17 1 

* 8 » . | | ad 

its Fluxion aax— Zxx+=0, and ſogg=3xx and x = 3 


which in Logarithms is 9. 42221 9. 76149 che 


2 
Logarithm Sine of 35: 16/ equal to the Angle CGE, and 
therefore the Angle E C G is equal to 54˙: 44, when the Sail 
receives the greateſt Force from the Wind. 

1038. If AB be the Rud- N = 
der of a Ship AH, placed in 
the oblique Situation F C, 
and the Water ftrike againſt 
it in the Direction GC; 
then making CE Radius, © DP E 8 
the Sine of the Angle of Incidence will be E F; and ſo the 
Force of the Water againſt the Rudder in a direct Poſition, is 
to the Foree againſt it in the oblique Poſition FC, as CE 

to EF'; but E F may be reſolved into the two Forces E D, 
and F D; of which the firſt is parallel, and the laſt perpendi- 
gulac to the Direction of the Ship. Therefore F D is the Force 
which compels the Ship to turn. But the Force EF is to the 


| Force FD (as CE to CF) as EE to Se that is, 


(by 


n ” I” * 
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(by putting C E= a, CFH. A: ; whence the 
Angle of Incidence EC Fg 54® : 44 (as before) when the Force 
of the Water againſt the Rudder to turn the Ship is a Maximum. 

1039. After a like Manner is determined p IQ 
the Angle of Poſition BAE AB E of the | 
GArES AE, BE of a Lock, or SLUICE | 
upon a River PQRS; ſuch that the ſaid 
Gates ſhall reſiſt the Preſſure of the Water 
with the greateſt poſſible Force. For ſince 
the Reſiſtance of the Gate A E diminiſhes in 
Proportion as the Preſſure of Water, and as 
the Length of the Gate increaſes; and in 
the ſame Depth of Water, both theſe are as 


the Line AE; therefore A E* will expreſs the whole Reſiſtance 
of the Gate AE. On the Diameter A B deſcribe the Semi- 


circle AD B, and continue AE to D, and draw BD and EC; 


then becauſe AE': AC*::AB*: AB by ſimilar Triangles ; 
and ſince AD' is inverſely as AE, it will expreſs the Force 
of the Water upon the Gate, or the Strength of the Gate re- 
quiſite to ſuſtain it, which increaſes as the Reſiſtance of the 
Gate decreaſes. 

1040. Again, the Force with which the Gates preſs each 
other is proportional to the Magnitude of the Angle AEB; 
let BE expreſs the Force with which the Gate B E preſſes the 
Gate AE obliquely, this is reſolvable into the two Forces 
DE, which is parallel to AE, and BD which is perpendicu- 
lar to it; therefore that Strength of the Gate A E (equal to the 
Force of the Water, multiplied by the perpendicular Preſſure of 


the Gate BE, vis. AD* x BD, ) ought to be a Maximum. 
Wherefore putting AB = a, and BD = x, we have BA 
=aa—xx, and ſo AD x BD Sa -, whoſe Fluxion 


aax—JXXxX o, gives x 2 =; which ſhews the An- 
gle BAE 35*: 10, as in the above Examples. 


1041, 


and becauſe the Angle at A is given, the Ratio of C to A F is 


Piece BC, B D will expreſs ſo much thereof as . the 
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1041. Let AD be a Beam in the hori- 
zontal Poſition, ſupported at the End A 
by the upright Piece AE, and it is re- 
quired to find the Angle of Poſition of a- 
mother Piece BC, of a given Length, 
ſuch that it {hall fupport the Beam AD 
with the greateſt Force poſſible. Let BC 
= a, and AC==x, then if BC expreſs E 
the abſolute Strength of the Piece BC; CF will et] ſo 
much thereof as ſupports the Beam AD, wherefore this perpen- 
dicular F orce multiplied by the Diſtance AC, or Lever“, is to 


be 3 a Maximum. Now CF = AB = Va- xx, 


andſoCF x AC=x x va aa— x x,whoſe Fluxion x Va - xx — 


& X 4 


So; which gives a 4 - K * 2 3 — 3 
er 4 8 * Va- xx 


and fo x = * which fhews the Angle ABC = 45 De- 
grees, or Half a right one. 


1042.” Let AE be a Beam, or Piece of Wood, fo fixed in 
A as to make a given Angle E A B with the Horizon AB; it is 


required to find the Poſition of another Piece BC, of a given 
Length, ſuch that it ſhall! ſupport the Beam A E with the grea- 


teſt poſſible Force, From C let ſall the Perpendicular CF; 


allo given, which let be as „ to m; and put BC —a, and 
B DS =; then if BC expreſs the abſolute Strength of the 


Beam AE. Now as CF:AF::BD:AD= : = xs and DG 


N. B. What relates to the Diſtance A C. confidered as a Force 
derived from the Lever, will be explained in the next Chapter. 


- Ol is 


uw c_ 1 — 
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3¹ 


= f aa —xs, whence AC===# Nee, which 
Diſtance, or Lever A C multiplied by DB muſt be a 1 


m . r 2 mn 
mum, Viz. — xx K VA , whoſe Fluxion 1 
EF | 5 | 


t 
x* 4 2 m 
4 aa—xx— — = o, whence ＋ * V2a—xx 


v aa ppg 
nn ———_— = ©, and by Reduction we fhall have «x = 
aa—x 
A 244 Kan, which will determine the a of Poſition 
ABC. 
Note, The Equation above requires the acute Angle A BC 
to be the Compliment of this obtuſe one AB C to two right 


Angles. 


1043. If we put this Value of x into the Equation 
+txf/ 2a—xx 1222 we ſhall have ACx BD =— 
wk 


aam + Zam nm T2 


— —— „when the Angle is obtuſe; and 


| 2 1 

— 2 ES D, =ACxBD, when the Angle is 
acute; whence *tis evident, the Poſition of the Piece in the firſt 
Caſe is much more advantageous than in the laſt. 


CHAP YT. 
The Application of the foregoing PRINCIPLES 7s 


fuch MAcHINES as are called MECnani- 
CAL PowERs. | 


— 


1044. H AVING conſidered the Laws of Motion and mo- 
17 ving Forces, under the Circumſtances of Colliſian 
and Percuſſion ; we now proceed to conſider thoſe Forces which 
are otherwiſe applied; particularly in ſuch Caſes where they be- 
come ſubſervient to all the Purpoſes of moving heavy Bodies, and 
overcoming Reſiſtances. And as this is effected by Machines 
properly applied, ſo this Part of Philoſophy has acquired the 
Name of MECHANICVs. 


1045. 
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1045. The Force 77 | 
of Bodies acting 
upon each other, 
either immediately, 
or by Means of a 
Machine, is ſtill de- 
rived from the ſame 
Principles of Mat- 

ter and Velbcity (908, \ 

969.) When therefore any two Bodies A and B act — 
other, by the Interpoſition of the inflexible Rod A B (the moſt 
ſimple of all Machines,) *tis eaſy to aſſign the Quantity of 
Motion in each, while they move about any given Center of 
Motion F. 

1046. For ſuppoſe the Rod AB to be moved out of its horizon - 
tal Pefition into the oblique one a F b, then will the Space deſcribed 
by A be the Arch A a, and that deſcribed by B be the Arch Bb. 
Theſe Spaces then as they are deſcribed in the ſame Time, by 
the ſemilar Motions of A and B, will be as the Velocities of 
thoſe Motions (by 971.) But fince the Sectors A F a, B Fb, 
are ſimilar, it will be Aa: BGH:: AF: BF (657.) Therefore 
the Velocities of A and B will be denoted by their Diſtances 


from the Center of Motion, viz. A F and BF. 


1047. If the Bodies be homogeneous, or of the ſame Kind, 
their Quantities of Matter will be as their Bulks A and B (973,) 
and ſince their Velocities are as AF and B F; therefore the 
Momentum, or Quantity of Motion in A will be as the ReQ- 
angle A AF; and that of B will be as BN BF (by 970.) 
The Expreſſions of their Forces as required. 

1048. This Theory is general, and holds good for every 
Sort of Motion, which Bodies fo circumſtanced are capable of. 
But that Sort of Motion which reſults from the Action of Gra- 
vity, ought to have the Velocity expreſſed by the perpendicu- 
lar Spaces ac and bd, by which one accedes to, and the other 
recedes from the Center of the Earth. Becauſe Gravity acts in 
thoſe Directions only (985,) and therefore its Force muſt be 
eſtimated thereby in given Quantities of Matter. But becauſe 


of ſimilar Triangles a c F, and h F, it is ac: bd::aF :bF:: 


AF 
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AF: BF. Whience it appears that A X ac, and B * 5d 
are the ſame Mamenta as thoſe above (1047. 
1049. Hence for Bodies in Motion there is a threefold Ex- 
preſſion of their Forces, as follows : 


— EY = BxBb 
For A jy Q=AxAF For B\Q=B x BF 
3. Q AN a Q=BxXxda 
050. If we ſuppoſe the Forces in the two Bodies equal, 
that is, AXAF=BxBF, or AX AA = BN BI, or 
Axac=Bxbd, then it is, A: B:: BF: AF:: BI: A 
: bd: ac. Therefore in caſe of an Equilibrium, the Bodies 
are inverſely as their Diſtances from the Center of Motion, or as 
the circular Arches, or the perpendicular Spaces deſcribed in the 
| ſame Time, and this is the fundamental Principle of every me- 
N- chanical Power, Machine, or Proceſs whatſoever. 
ed The LEVEX. 
. roßr. To apply this 
dy Doctrine. Suppoſe B a 
4 very heavy Weight laid 
9 
re 
es 


upon the End of a long 
Pole or Rod A B, ſuſ- 
tained by, and moveable 
upon the Prop, or Fulcrum F; 200 inſtead of the Weight A, 
d, ſuppoſe a Perſon's Hand were applied at the End of the Lever 
A, to raiſe or move the Weight B. Then the muſcular Force 
i of the Arm is now to be compounded: with the Velocity of 
Motion to conftitute a Force equivalent to that of the Weight 
*) BB. And ſince, in ſuch a Caſe, the Force of the Arm is to the 
Weight of the Body B, as BF to FA, it is evident, that 
Y chough the Weight B encreaſes in any Proportion, and the 
f. Fintenſive' Force of the Arm remains the ſame, yet by taking 
the Diſtance AF to B F, in the ſame Proportion in which B is 
encreaſed, the Perſon will ſtill have it in his Power to move the 
Body B. And this will be the Caſe in what Manner or Form 
ſoever the Lever be applied. 
ag 1052. From what has bern ſaid, the Nature of the Ba- 
ſe Mrance muſt fully appear ; for this is nothing more than a 
Leer, whoſe Brachia, or Arms AF, BF are equal; in which 
F cate the Weights A and B appended at each End will have 


Vol. II. F equal 
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equal Velocities; and therefore, in Cafe of an Equilibrium, the the 
Weights will be equal alſo (by 1047.) But the Weights of by 
Bodies are as the Quantitigs of Matter (1e02,) whence equal ITI 


Quantities of any Sorts of Matter are eaſily determined by the II tt 
E pr of the Balance, which is its only Uſe, 


1053. The STERLYARD | is evident nothing wa a faſpended 
Eever, where the Weight A is applied at different Diſtances 1 
from F, the Point of Suſpenſion, to make an Equzlibrium with 


B, the Body to be weighed ; and when this happens, then on - 
the Arm EF is ſhewn how many Times the Diſtance C F is ch 


contained in G P, and juſt ſo many Times is the Weight A con- 


tained in B, the Thing required to be found ®. . 
The PULLEY. 
14. A Tackle of Pullies is another me- v. 
- ehanical Power, which Action or Force is deriv'd A = 
from the general Principles of (1045, 1046, 1047.) = 
For let W be a Weight to be raiſed (by Means of - 
the Tackle of five Pullies AB) by the Power, or y 
Weight P. Then it is evident, that when the ſaid 
Weight W is raiſed one Inch, each Rope belong- 4 
ing to the lower moveable Box of Pullies will be 
ſhortened one Inch, and the Rope to which the ki 
Power P is appended will be lengthened juſt ſo _ | le 
many Inches; conſequently, the Spaces paſſed  ' [jM: C 
through in the ſame Time, and therefore the Ve- ' | UF P. 
locities of the Bodies W and P will be to each P 5 - 


other as Unity to the Number of Ropes — to 


Note, The Beam of the Steelyard is . ſed to be without 
Weight in what has been ſaid; and in — the Weight of the 
Steelyard is compenſated by a large Weight D; and 4 it is - 


the 
of 
ual 


he 


N 


from the Axis at A; and it evi- 
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the Iower Sheave of Pullies, which i here as 1 to 5; therefore 
by ſuch a Structure of Pullies the Force of P is encreafed five 
Times. And in this Manner you compute the Force of every 
other Form or Conſtruction of Pullies. APE 

The WHEEL and Ax LE. 

1055, The Axis in Peritrochio, 
or WHEEL and AXLE, is another 
mechanical Machine, in which the 
Power P hanging from the Peri- 
phery of the Wheel CD, acts a- 
gainſt the Weight W hanging 


dent when the Wheel moves, 
the Spaces deſcribed by the Bo- 
dies P and W, and conſequently 
their Velocities, will be as the Pe- 
ripheries of the Wheel and of the 
Axle, and theſe are as the Dia- 
meters (823 ;) therefore in caſe of an Equilibrium, we have 

the Power P: the Weight W.: Diameter of the Axis: the Di- 

ameter of the Wheel; which in the Fig. is as 1 to 12; and 

thus the Force of P is encreaſed 12 Times. Hence as the Pe- 
ripheries RS, TV, are leſs, the Effect of the Machine is 

alſo leſs in Proportion: And on the other Hand, the Force of 

the Machine is encreaſed by Means of the Spokes I F, in Pro- 

portion as the Diſtance I F is greater than CD, as is extreme- 

ly obvious from (1047.) | 

The IN LIN ED PAN E. 

1056. The IxdCIINVED PLANE does not (like other Ma- 
chines) become a mechanical Power, by encreafing the Veloci- 
ty of the Agent, but by diminiſhing the abſolute Weight of the Body 
to be moved; which it does by its Reſiſtance or Re- action, thus; 
let the Body A lie on the Inclined Plane B D; and from the. 
Center C let fall the Perpendicular CG to the Baſe of the 
Plane H D, cutting the Plane in F ; alſo draw CE perpendi- 
cular to the Plane BD. Now ſince the Body gravitates to- 

eas F 2 wards 


be obſerved, that in Practice we do not the Reſiſtance of the 
Air to the Weight B, by which its real Weight will be a ſmall Mat- 
ter diminiſhed, as we ſhewed in our Treatiſe en Alk, in the Young 
GENTLEMAN and Lady's PHILOSOPHY. 
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wards * Fanh in the Direction CG, let CF 3 tho 
Whole, or abſolute Gravity of the Body. This Force is re- 
ſolvable into two others, viz. CE and E F ( 1027,) of which 
CE is that by which it acts on the Plane directly, and is de- 
ſtrayed by the equal Re-aRion of the Plane (965, ) the other 
Part E F is parallel to the Plane, and conſequently, that by 
which the Body is carried down the Plane, and is es the 
refidual Gravity or Weight of the Body. 

1057. Now this reſi- 
dual Weight which is to 
be pvercome, 1s to the 
abſolute Weight, as EF is 
toCF ; but becauſe the — ; | 
Triangles CFE, DFG, W 
DB H are ſimilar, it is EP: CF: FG: FD: BH: BD. 
Therefore the Weight of the Body A is diminiſhed by the 
Plane in the Ratio of the Length of the Plane BD to its 
Height HP. Hence the more inclined the Plane is, or the 
leſs the Angle at D, the more eafily will a Body be moved 
thereon. Therefore when BD coincides with D H, or when 
the Plane becomes horizontal, the whole Gravity of the Body is 
deſtroyed; and hence it appears that the beavie/t Body laid upon 
an horizontal Plane ( perfeftly ſmooth ) may be moved with the leaſt 
Force; as having in that Cale no reſidual Weight to overcame. 

_ 1058. The edge has been hitherto, 
bye all Writers, reckoned among the ſim- 
ple mechanical Pmwers ; ; but when it is 
conſidered that any Wedge AC is only 
a double inclined Plane, or compoſed of 
the two ſingle Ones ACH and BC, 
it will eaſily appear that the Medge is the 
{ame Thing with the inclined Plane; for to 
double any Thing makes no Alteration in 
its Natyre or Properties, and conſe- 
quently cannot make it a different Spe- 
cies ; this Sort of Logic does not besome Matheraticians whoſe 
Cbaracteriſtic it is to uſe the Juſigſi Method of Reaſoning. Be- 
i des, it is idle to pretend that the Force which overcomes the 


chen of Wood is derived from the Hedge, when it is ſo evi- 


dently 
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dently no other than the Mamentum of the Bittle, or Sledge 
which drives it into the Wood; the Wedge being uſed as a con- 
venient Inſtrument only, to keep the diſſevered Parts of the 
Wood, &:. aſunder. Therefore we take the Liberty of diſ- 
charging the Wedge from the Office and Rank of a mechanical 
Pawer. 

1059. We muſt alſo treat 
the Screw with the ſame Free- 
dom, as it is fo evidently no- . 
thing more or leſs than an u- 
clined Plane of a ſpiral Form 
applied to a Cylinder AB, 
and 'tis as plain that whatever 
moves up and down upon a 
Screw moves all that whize up- — 
on an inclined Plane in a circu- 
lar inſtead of a rectilineal Di- 
reftion, In this Scretu- plane the Length is the Circumference of 
the Cylinder, and the Height the Diſtance between two neareſt 
Threads or Helices, which is ſeldom in greater Proportion than 
10 to 1, a Trifle to mention for a mechanical Power. The Le- 
ver F G added to the Screw-plane, make a compound mechanical 
Pawer of very great Force and Uſe, for Motion, Power, Com- 
preflion, Qc. as is too well known to be farther inſiſted upon. 
Here the Pawer is to the Force as the Diflance of the Helices to the 
Circumference deſcribed by the End F of the Lever F G, which may 
be encreaſed at Pleaſure. We therefore reduce the Number of 
ſample mechanical Powers to four only, making the moſt of them 
at the ſame Time; for it is certain the Lever, Pulley, and Axis 
in Peritrachio, differ only in Form, and not in their Properties 
whence their Power is derived, which is the ſame in them all, 
as we have ſhewn. We therefore refer it to the Metaphyſician 
to determine if there be really any more than two abſolutely & f 
ferent mechanical Peers, viz. the Lever and the inclined Plane. 

1060. Ir is alſo, on the other Hand, a Wonder that we meet 
with nothing in our mechanic Treatiſes, on the Subject of an Arch 
conſidered as a mechanical Power, as its Nature and the com- 
mon Uſe we make of it ſeems to entitle it to that Denomina- 
tion, and eſpecially that the n. Curve ſhould be paſſed 
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dy in ſuch general Silence, when it is a Subject that merits in 
the higheſt Degree the Conſideration of every Mechanic, Archi- 
tet?, or Engineer, as we have heretofore obſerved , and may 
more largely ſhew in a future Part of this Work. 

1061. In the fimple mechanical Powers, I have ſuppoſed no 
Friction, or Impediment thence ariſing to the moving Power, 
to interrupt the Theory; yet becauſe there are no Bodies in Na- 
ture which move one upon another without ſome Degree of 
Reſiſtance or Friction ariſing from the Roughneſs of the Parts, 
this muſt be accounted for in Calculation of Forces, and it is 
not to be found but by Experiments, by which it appears to be 
(at a Mean) about a third Part of the Weight in Machines in 
general; in ſome it is much more, and in others leſs. 

1062. To one or other of theſe Machines, moſt of the 
Inſtruments uſed in the common Affairs in Life are reducible. 
Thus a LADDER to be raiſed up upon one End, is one Sort of 
Lever; a WHEEL-BARROW is another; as alſo the CROW, 
for forcing up Shrubs and ſmall Trees by the Roots. The 
HAMMER applied in drawing a Nail is a third Sort; the 
Scis8AaRs, and SHEARS act on the ſame Principle. The Cap- 
STAN and WINDLASS, is the ſame with the J/heel and Axle; 
the Jacx for ra:fing up Bodies is the ſame in Effect. The 
KI E and the Ax are both in the Nature of the inclined Plane 
and every Body that acts with any Kind of Force upon another, 
will be found when rightly conſidered, to do it on the Prin- 
ciples above explained. 

1063. As to compound Machines, their Force or Power 
may eaſily be eomputed, and the Reaſon of their Effects may 
be clearly underſtood, from the Nature of the ſimple Machines 
of which they are compoſed. Or thus, let the Machine be 
ever ſo complicated, conſider the Velhcities of the Motion of the 
Power and Weight, and their Ratio will expound the Force of 
the Engine, as well as in any of the foregoing ſimple Ma- 


chines. For the Principle of (1045, &c.) holds good of all 


Kinds of Motion whatſoever. But leſt we ſhould be thought 
deficient in not giving ſome further Account of compound En- 


gines, the following general Theory is ſubjoined. 
1064, 


1 See Miſcellaneous Correſpondence for July, 1756, and the Plate of 
a Bridge there conſtructed on ſuch Arches, 
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1064. Suppoſe the Power P 
by Means of the Wheel AK! 
20 its Pinion BL O, ſuſtain 
in Equilibrio the Weight W, 
hanging from the Axis EMN 
of the Wheel GFH; then 
putting AC a, CB =b 
„ D. * 


W P 
have (by 1045, 1046, 1047, ) Dl : - —5¹ 3 ＋ 
W 4 


= — and therefore Pac = W 5d. Or thus, let (v) be 


the Weight equivalent to Pon the Wheel AK I, and its Axle 
BLO, then P: w:: ö: a; therefore ge =w. Again, let 
w be now conſidered as a Power with Regard to W on: the 


Wheel GFH, and its Axle DN, then w:W::4:c; and 


Wd P 
therefore w= I , as above. Now fince the Ma- 


chine is at Reſt, the Point A is urged with the whole Power of 
Gravity or Momentum of P; but if the Weight W be dimi- 
niſhed to a leſſer Weight x, the Machine will move, and the 
Point A will have a Motion conſpiring with that of P. Let 
V = Velocity with which the Point A endeavoured to deſcend 
with the Gravity of P, and v = Velocity of the Point A ari- 
ſing from the Diminution of the Weight W; then will V — v 
be the relative Velocity with which it would endeavour to de- 
ſcend by the ſame Power P, counterpoiſing the Weight x at 
Reft. But the Effects of the Power P with the Velocities V, 

and V — v, in a given Time, will be as the Spaces through 
which it would deſcend in that Time, which are as the Squares 


of thoſe Velocities, viz. as V* to V—v . And theſe Effects 
are as W and x, who counter-at them; therefore ſince V* : 
r': 'W:x, we have V-z=WxV—v, and v V x 
N Xr VY/WmyY/W x v; whence v = 


45 — X. =, But when the Machine is in Motion, 


the Velocity of the Power P, or v, is to the 3 of the 
Weight 
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Weight x, as ACXDF =ac, teCBxDN=6b4; orac 


W 
2b8:: ot , * N = Velocity of the 
ac ac 
Weight x. Which Velocity FP. ig by the Weight , will 


give e 5 * E — Effet of the Machine. 


1 If now x be a variable Quantitity, and all the reſt 
conſtant, the Value of x may be determined, when the above 
Expreſſion of the Effect of the Machine is a Maximum, or the 


greateſt poſfible, by putting its Fluxion equal to nothing. 


; baqV 
Now the Fluxion of - WIDE is # 


* F - — = =0, whence we have W 


ar and ſo 20 Wx Z x, and x W. Hence 


af any Engine bs charged with + of ſuch @ Charge or Weight as will 
 Juft keep it in Equilibrio, it will produce the greateſt E fett poſſible. 
1066. —— — inſtead of x, we ſubſtitute its Equivalent 
W 22 bdVW 4 VP 
4 W, we 3 of — = I 
WA 
(becauſe P = N when the Engine is in its greateſt Perfec« 


Alſo putting 4 W for x in v = ah, NE we 


tion. 


have v = V. Laſtly, if we divide — 


have _— = Velocity of the Weight x, when the Machine is 
in its utmoſt Perfection. 
1067. If the Power P inſtead of a Weight, as here repre- 
ſented, were a Current of Water, Air, &c. then is V the Ve- 
locity. thereof = V — v,. the Difference. or relative Velocity 
with which the Fluid ſtrikes the Floats of the Wheel. Whence 
*tis eaſy to apply the foregoing Calculus to any mechanical En- 
gine whatſoever, as we ſhall more particularly ſhew under the 
Subject of Hydraulics, in the Theory of Mill- wort. 
1068. The Velocity here mentioned is ſuppoſed to be that 
of an uniform Motion; for though all Machines actuated by 4 


conſtant 
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conſtant bores Hall are d Moan at firſt accelerated for 
ſome Time ; yet will the Increments of Velocity continually 
decreaſe by the Friction, or Reſiſtance of the ſeveral Parts, till 
at laſt they become totally deſtroyed, and tlie Motiori, by that 
Means, rendered equable and uniform. 


2 - 
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GH. 
The Method of inveſtigating the CENTER of 


RAVITY in Bodies. 


10069. HAT Point F, which in the Lever was called the 
Fulcrum, (fee Fig. to Art. 1051; ) is otherwiſe 
called the common Center of Gravity; for as in every ſingle Bo- 
ay there is one common Point which tends to the Center of the 
Earth, with the united Forces of all the gravitating Particles. 
t Ewhich compoſe that Body, and which therefore is called its Cen- 
er of Gravity; fo in any Syſteni of two ot more Bodies, which 
are any how connected or depend on each other, there is one 
certain Point in which their whole Forces of Gravity are united, 
and which being ſuſpended, keeps the Bodies in Equilibrio, ſuch 
as is the Point F with reſpect to the Bodies A and B, and! it is 
therefore their common Center of Gravity. 


| WS; 8 

1070. If to the Bodies A and B, we ſuppoſe two others 
added, as C and D, at ſuch Diſtances from F, that C: D:: 
DF: CF; then CX CFS DN DF, (by 1037, ) and be- 
cauſe it is alſoA AF = BNB F; therefore theſe Equa- 
tions added together, make Ax A'F AT Dx DF = =B x BE 
+ Cx CF. Thus it appears the Point F is the common 
Center of Gravity of all the Bodies, - 

1071. Hence a general Rule for finding the Diſtance of the 


common Center of Gravity from any given Point E ip a right 
Vor. II. G Line 


* n.. r — — 
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Line E B paſſing through all the Centers of the Bodies A, B, 
C, D. Thus put A= 4, ED =, EF=x, EC e, 
EB = 4, then AF = x 4, DF = x -, CF = c— x, BF = 
d— x. Whence the general Equatien above (1070) will become 10 
Az=Aa+Dz—Db=Bd—Bxz+Cc—-Cx And the c 
by tranſpoſing the Terms we have Ax TBT CTI Dæ — 
aſe 

Aa+Bd+Cc+Db. Conſequently HEE . 
= EF the Diſtance required. . 

| 1072. The general Rule therefore for finding the Diſtance 
of the Center of Gravity from the extreme Part of any Body, 
is this, dfvide the Sum of all the Momenta by the Sum of all th il © 
Weights, and the Quotient will be the Diflance required. Hence = | 
in a right Line AB we may conſider all 33 
the Particles which compoſe it, as ſo A C 8 
many very ſmall Weights, each = &, 

which is therefore the Fluxion of the Weights, or Line A B 
= x. Therefore the Weight + multiplied by its Diſtance 
from A, biz. x, is x &, its Momentum ; that is, x & is the Flux- 
ion of all the Mamenta in the Line AB; whoſe Fluent 2 x x 
is the Sum of all the Momenta, which divided by the Sum of 
all the Weights x, gives 4 x = 4 AB, the Diſtance of the Cen- 
ter of Gravity C from the Point A. 


Ina PARALLELOGRAM. 

1073. Thus in the PARALLE- 0. 
LoSRAM B E GF, whoſe Length WO — Xx 6 Le 
AD x, and BreadthGE = y,if i ö [| T 
you draw ab infinitely near E G, = en on en 
the Areola 425 E G = y# will be the 1 — K 
Fluxion of all the Weights y, which fo 
make the whole Weight of the Parallelogram, which multi- th 
plied by the Diſtance AD = x, gives y x &, the Fluxion of A 
the Momenta ; whoſe Fluent * is the Sum of all the Mo- A 
ments, which divided by the Sum of all the Weights (x y), i .. 


quotes * AD = AC, the Diſtance of the common 
Center of Gravity from A, as required. 


In 
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_ in a TRIANGLE. 


1074. In the TxIANCTE AB G, 
the comman Center of Gravity is found 
thus; draw AD (ga) to biſect the 
Baſe BG (3) in the Point D, and 
the Parallel EF in the Point C. Put 


AC=x, and we have 3: 5: 


= EF. Which (as a Wight) multiplied by &, gives — 
= Fluxion of the Weights; this __ multiplied by x = A C 
(the Diſtance from A) gives — = Fluxion of the Mamen- 


ta; whoſe F ** or Sum of the Moments 35 divided by the 


Fluent of the Weights =, quotes 3 * = 2 AC, for the Diſ- 


tance of the Center of Gravity from A in the Triangle AE F; 
and when x = AD, then ; AD gives the {lame for the Tri- 
angle A B G. 


In a TRAPEZZ IU. 


1075. To find the Center of 
Gravity G of the Trapezium BD. 
Let the ſame be divided into two 
Triangles ABC and A CD, and 
find their Centers of Gravity F, E 
(448.) Join E F, which divide in 
ſuch a Manner in the Point G, 
that it may be FG: GE: 
ADC: ABC, which is done by this Analogy, ABCD: 
ACD::EF:FG, and the Point G is determined as requir- 
ed. This! is evident from (10 50, and 648.) 


G2 tn 


In the PARABOLA, 


1076. The Center of Gravity 
in a PaRABOLA BAC. Let AD 
x, and BC=2y= xz; then will 
px :'22 (740;) and putting p = 
1, it is x; zx, and x: ( x7). 


Whence z &: # x*, the Fluxion of | | 
the Weights, which multiplied by x gives # + xx*, the F luxion 
of the Mamenta; whoſe Fluent 2 I 1 divided by the Fluent of 


A 3 | 
3 x*, viz. 2 *, gives 3x AD = AG, for the Diſtance 
of the Center of Gravity from the Vertex A. 


in the ARCH of a (GOLD: 


1077 To find the Center of Gra- 
vy N of the Arch of a Circle 
MEF fixed to the Radius C E. 
Tis evident the Particles M, F, 
equidiſtant from E, have their 
common Center of Gravity at DO, 
in the Radius C E; and ſince the ſame is true of all the other 
Particles, it is manifeſt the common Center of Gravity of the 
whole Arch ME F is ſomewhere in the ſaid Radius C E. Put 
MC = a, MD=PC==x; then PM (= DC) = 


Vi (828.) And PM (= NV M, 


(SO M= . 4 Mas the Fluxion 
ag——XxXx. 


of the Arch ME = z. Now the Fluxion of the Weights * 
multiplied by * Diſtance of the. Center. of Gravity CD = 


PM, gives x V = Flunlon of 


the Mamenta; che Fluent of which, viz. ax = MCM OD, 
MCx MD 


ada — KK 


divided by the Weights or Arch ME, des E 


EN, the Diſtance from C required. 
| 1 


on 
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In QUADRANT. 


1078. Hence when * _ E M becomes: the Qua- 
DRANT AE then 2 = Ip =CN, the Diftance of the 


Center of Gravity. of the Semicirele AEG. If CM 1, 
then will the Quadrant AME = 1, 570%, (ſee 826,) and 


Me = , 6366 = CN, the Diſtance of the Center of Gra- 


1 
vity from the Center of the Circle C. 


In the SECTOR of a CIRCLE, 


1079, To find the Center of 
Gravity N, of the SECTOR of a 3 
Circle MC F. Deſcribe the Arch 21 
me , and draw the Chord mf. F 
Put C E = a, ME = z, Ce 


2 * 
x; theng:; 2:25; — 2 


f | 
4 
A 


putting M D = , we have 3: 50: : *“: 24 Now 


mdxCe _ bx 


—, is the Diſtance of the Center of Gravity of 


Wes; @ 


the Arch m e f (1077,) And the Arch me = — ” multiplied by 


x, gives — = the Fluxion of the Weights, which we 


by the Diſtance of common Center of o — — —— 


= Fluxion of the Menu, whoſe Fluent Fo id „ the 


Fluent of the Weights = 77 gives IT (or when x = a) 
Z 
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SphereaD b. The Fluxion of the Segment „ 
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. Sruremcrx. 
1080. Hence when the Arch ME F becomes a Semicircle 


AEG, we ſhall have < E — . = Diſtance of the eommon 


. Eenter of Gravity of the Semicircle A E G, from the Center C. 


If Radius A C = 1, then that Diſtance will become 


2 
— 5 471237 
=. 424 +. 


In a Cxlix px. 


1081. To find the Center of Gra- 
vity in the CyLinveR EC BF. 
Put AD = x, and the Area of the 
r B F = x@þ(830;) then 
is ap x = Fluxion of the Weights; 
and 4apxx = the Fluxion of the | 
Momenta; whoſe Fluent 5 ap x x, divided by the Fluent of the 


Weights 2 4 p x, gives ; x = 3 AD = the Diftance of the 
faid Center from A, | 


1 


2682. To find the Center of Gravity in 
a Cont AH B. — F of the Cone 


(or Weights) 9 (337 and the 


2 
Fluxion of the Moments 122 


a þ x* ap x) 
Fluent 757 divided oy 2 7 will quote 


48 2H C, the Diſtance of the Center from H. 


3 whoſe 


In the SEGMENT if a Srurnz. 


1083. To find the Center of Gravity in any Sz6MENT of a 


2a? 


{ſee 


of the Phiyſico-Mechanical Matheſis. 4 
(ſee Fig. to Art. 8 36,) and the Fluxion of the Momenta will 


therefore be p — » Whoſe Fluent 3 p x —1 2 di- 


vided by the Fluent (of the Weights) 3 f x* ——. quake 
5 x = Diſtance of the Center of Gravity from D. 


In an HEMISPHERE. 


1084. Hence when x =4, or Dc = DC, that is, when 
the Segment becomes the Hemiſphere AD B, then the Diſtance 
of the Center of Gravity will be 5 of CD from the Point D, 
or + CD from the Center C. In like Manner you will find 
the Diſtance of the Center of Gravity in the Semi- Spheroid 
AB D to be 3 of CB from the Center C. 

1085. From this Method of finding the Center of Gravity in 
Bodies, there reſults a general Rule or Canon for finding the ſu- 
perficial and ſolid Content of Bodies, viz. The Periphery deſcri- 
bed by the Center of Gravity, multiphed into the generating Line or 
Plane, is ever equal to the Superficies or Solid generated by the Rota- 
tion of the ſaid Line or Plane about an Axis. For Example; the 


Diſtances of the Center of Gravity in a Semicircle is 4 T 


(1080.) Anditisa:p:: 5 : 3 a = Periphery deſoribed by 


the Center of Gravity. Now the generating Plane or Semi- 


= Solidity 


circle is === (830,) then 4 4 x 25 = 1744 
ef the Sphere, (by 836, 837.) | 


CHAP. 
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CHAP. VII. 
The Method of computing the CENTER of Force; 


or PERCUSSION, in moving Bodies. 


1086. 1 is nothing of greater Conſequence to be 
rightly underſtood in all mechanic Arts, than the 
Doctrine of Momenta and Forces of moving Bodies. The For- pen 
mer of which we have treated of; and the Latter, viz. the tog 
Forces Bodies in Motion, and what is called the Center of cor 
Force, er Percuſſion in a firihing Body, comes now to be cons A 
ſidered. C. 
1087. In order to render the Idea, or Notion of this percuf- ſtr 
ſive Force as natural and eaſy as poſſible, we are to conſider, Fo 
that what has been hitherto delivered concerning the Moments eq 
of Bodies, reſpects them in a State of Reſt, under the Influ- an 
ence of Gravityz but when we conſider the Body in a4 
Motion, there will another Force ariſe from the Velocity of that 
Motion ; by which Means the Body will be rendered capable th 
of 2 upon anothet, in the Mode we call Striking, or Percuſ- 


1 1088. This . percuſſeve Force, therefore, ariſes from three ar 
= vis. (1.) From the Maſs of Matter in the percutient in 
(2.) From its gravitating Force, in regard to its Di- 


Nc 
= ? From the Center of Motion; and (3.) From the aftual Vele- C 
city of the Motion itſelf. The two firſt of theſe make the Mo- ri 
mentum; and this compounded with the Latter, conſtitutes the al 
percuſſiue Force. v 

1089. Thus, ſuppoſe any uniform Rod 4 5 e 1 c 
AB, were to move or vibrate about tze * 1 
Point or Axis A; let it firſt be ſuſp ended t 
in the horizontal Poſition A B at the Extre- 6+ „ t 
mity B; then will every Particle DO, C, B 1 F t 
have a Tendency to deſcend in Proportion 5 0 
to the Quantity of Matter in each (968 ;) 2 | 
this Tendency will be farther augmented in proportion to the | 
* Diſtance from the Center of Motion (1047, &c.) and this makes i 


the Momentum of the Particle at D, C, and B. Laſtly, if the 
. Rod 


4 at 


t! ES. an A A 
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Rod A B be left at Liberty, it will comnience Motion, and 
the actual Velocity of the Particle D, C, or B will enable it 
to ſtrike an Obſtacle at G, F, or E, with a Force propor- 
tional to the ſaid Velocity, conjointly with the reſpective Mo- 
ment um. | 

1090. Now though each Particle in the Rod has a percuſ- 
five Force greater on all theſe Accounts; as it is more remote 
from the Point A, if we conſider it ſingly in itſelf, and inde- 
pendent of the reſt; yet when we conſider them all connected 
together by the Force of Coheſion, their ſeveral Forces will 
conſtitute one compound Force of the whole Line or Rod 
A B, which will not be greateſt at B, but in ſome other Point 
C, between the Extremes A and B; and this Point C will 
ſtrike a fixed Obſtacle at F in ſuch a Manner, that the whole 
Force of the faid Rod will be exerted upon it, and by the 
equal Re- action of the Obſtacle, it will be deftroyed (965, 
and ſo the Rod in the Poſition AE, will be motionleſs at the 
Moment of the Stroke, though diſengaged from the Point A. 
And this Point C is therefore called the Center of Percuſſion in 
the Rod AB. 

1091. In order to this, it is neceſſary this Point C ſhould 
have the whole percuſſive Force on each Side, in the Parts AC 
and CB, equal; for if it were greater in the Part AC, than 
in C B, the Part A C would, after the Stroke, move forwards, 
not being counteracted by an equivalent Force in the Part 
CB; alſo if the Force in the Part C B were ſuppoſed ſupe- 
rior to that in A C, then it would continue to move forwards 
alſo after the Stroke, and ſo the Motion of the whole Rod 
would not be ſpent upon the Obſtacle, as it is when the per- 
cuſſive Force is greateſt of all. 

1092. Now ſince when this percuſſive Force is not equal, 
the Rod (ſuppoſed diſengaged from the Point A at the Time of 
the Stroke) muſt turn upon the Obſtacle as a Center of Mo» 
tion, it follows, that the Force of each Particle on each Side 
of the ſaid Center, or Obſtacle, will be as its Momentum multi- 
plied into its Velocity, or Diſtance from that Point (1089,) a- 
bout which it then vibrates; and that therefore the Momenta 
the Particles nuft be reciprocally as their Diſtances from the Point 

Vor. Ih = (C) 
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(C) which ſhall be the Center of Percuſſion, or Point of concentrated 


Forces. 


— 


x 
1093. But to exemplify this Matter, and A * 
to inveſtigate: a general Rule for finding the | the 
Center of Percuſſion in all Bodies, let us 4 * 
firſt ſuppoſe the leaſt compound Caſe, viz. of x3 
two Bodies B, C, fixed to an inflexible right 3 
Line A C, and call their Maſſes of Matter 
Q, ; let their Tendency to Motion, or the G Ro 
Diſtance A B, A C, be G, g; and their 
actual Velocity in Motion, be V, v. Then Th 
if each of theſe Bodies be conſidered by itſelf fon 
in Motion, the whole percufſeve Force of B, S8.— Ari 
and C, upon Obſtacles at D and E would | 


be denoted by QG V, and q gv. And the Sum of theſe For- 
ces united, viz. QG V +qg v, is the whole eonjoint Force = 
exerted upon an Obſtacle, ſtruck by the Center of Percuſſion. Fl 

1094. Let G be the Center of Gravity between the two 
Bodies, and N the Center of Percuſſion to be found; put AG 


= m, and AN=n; then will D LE = m (10453) alſo an 


ſince B Nn — G, and NCS gz; it will be QG: 
qg::g—n:n—G(1092,) Whence Q - Q 9 
— oh andſoQGn+ggn=QG+;28, and ſo a di 
N or (becauſe G is as V, and g as v) it is 


80 5 72 = AN; that is, the Sum of the Forces of the | 
two Bodies divided by the Sum of the Momenta, quotes the Diſ- = 


tance of the Center of Percuſſion from the Point of Suſpenſion A. * 
Which is the general Cannon required, a 


1095. Coroll. Put the Maſſes of Matter in both Bodies 4 


Q = M, and the Sum of the Forces QG V +qggv=F; L. 
then becauſe QG+gg=Q + gxm= Mm; we ſhall have 
F 1 t 
=n, or F=M Dries. > JE: i 
Nun, mn, whence we have FSA Which 6 
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Theorem it will be of Uſe hereafter to remember. 
| . 


1096. 


2 3 
dt —_—_ V- — ns. 
PPP 
* —— - i >» er agyty * 
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1096, Let the Line AB (in Article 1089,) be denoted 
by x; then will the gravitafing Force of the Point B be as 
x, ( 1088; ) and the Velocity of the ſaid Point, when in 
Motion. about A, will be as x likewiſe; therefore ſuppoſing 
the Line in its naſcent State at B, it will be then as #, and 
& X x x = F = Fluxion of the Forces; the Fluent of which 


3 
5 will be as the whole percuſſive Force in the moving Line, or 
Rod A B. But the Sum of all the Moments is as (by 1072.) 


Therefore -) " (= 2 Diflance of the Center of Percuſ- 
3 29 3 


fon from the Point of Suſpenſion A, by the general Rule at 
Art. (1094. ) | 

1097. Thus alſe in the Parallelogram BE GF, (1073) 
moving about the Axis B F, the Fluxion of the Mamenta was 
y x3, and fo the Fluxion of the Forces will be y x x x, whoſe 
Fluent 4 y x?, divided by the Momenta + y *, will give 4 x = 
2 AD, for the Center of Percuſſion from the Axis of Motion. 
1098, Again, the Fluxion of the Momenta in the Tri- 
angle ABG (1074) was found = =, therefore the Flux- 
— „ the Fluent whereof _ 

a 4 a 


ion of the Forces will be 


divided by the Momenta _ will quote 2 x AD, the Diſ- 


tance of the Center of Percuſſion, from the Axis of Motion 
at A. : 

1099. Thus alſo the Center of Percuſſion TEC 
is found in a Cylinder E BC G (1081) vi- 
brating about an Axis in the Point A. For 
the Fluxion of the Mamenta was Lapxzx, and 
therefore the Fluxion of the Forces will be 


zap x* x, Whoſe Fluent < E divided by 


6 
2 
the Moments = will quote 4x =2 AD 


for the Center of Force from the Axis A, 
the ſame as in the right Line (in 1072.) 


H2 
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1100. Ty find the Center of Percuſſion in a CYLINDER 
EB CG, vibrating about any diſtant Point L. 

Here it muſt be conſidered, that if two or more Bodies con- 
nected together, ſo as to move with equal Velocities, then will 
the Sum of the Forces of theſe Bodies be equal to the Force of 
their common Center of Gravity. And thereſore the Sum of 
p a x 


the Forces of all the Particles in the fluxionary Circle ( 


=) CFGH, will be equal to the Force of their common Center 
of Gravity D, or the Momentum of that Point multiplied by its 
Diſtance from the Center of Motion L D. Wherefore put- 


a þ x | 
ting AL ==, and AD = x, as before; we have — x 110 


b + x 2 2 . 8 = Fluxian of the Momenta, which pen 
2 2 Bod 


again multiplied by ö + x, gives the F — of * Forces the) 


bbapsz +2 Pa Ed ELLE n £8 2 þ - 
"4 

—.— , divided by the Sum of the Mamenta, = * 

as 

+ — „ will quote r IS for the Diſtance re- PI: 


39+ 3x A 
quired from the Point L. Or, if we put LD =g=b+=x, the 
then will x = 2 — 6, and the Expreſſion will become on 
Nr Be 
1101. From what has been ſhewn, it is evident, that | 
ſince a Walking-cane is generally but little tapering, and 
when a Stroke is made therewith, the Center of Motion 
is in the Hand, the Center of Percuſſion will be near the 
Part which is 4 of the Cane from the Hand, but ſomewhat 
nearer to the Hand, on Account of the Cane's not being a 
perfect Cylinder, but really the Fruſtum of a Cone. So like- 
wiſe a Stroke made with a Sword, (becauſe the Blade is nearly 
of a triangular, or rather of a pyramidal Form) will be in a 
Part much nearer to the Hand than in the other Caſe ; but to 
determine preciſely where that Point is in a Sword, (or any 
Bedy not of an uniform Figure) by an analytical Proceſs, 
would 


t 


cul Ie V 
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would prove too intricate an Affair for this Place z but it may 


be eaſily found by Means of a Pendulum, as ſhewn in the next 
hapter. 


— 5 . ah ac * E * ; my 
P - 


CH A P. VIII. 


Of the DESCENT of BoDIEs on INCLINED PLANES, 
and the DOCTRINE of PEeNDULUMSs, 


1102. HE Doctrine of 
PENDULUMS de- 
pends on that of the Deſcent of 
Bodies on inclined Planes ; which 
therefore comes next to be con- 
ſidered, It has been ſhewn 
(1057) that an heavy Body (as 
A) upon an inclined Plane AE, 
has its Gravity diminiſhed in the Ratio of the Length of the 
Plane A E to the Height A B. About the Height of the Plane 
AB, as a Diameter, deſcribe the Semicircle ADB cutting 
the Plane in D, and join DB; then is the Angle ADB a right 
one (645,) and fo the Triangles ABD and A Eg are ſimilar ; 
and therefore AE: AB:: AB: AD : : abſolute Gravity of the 
Body : reſidual Gravity, by which it deſcends on the Plane. 

1103. Again, ſince Spaces deſcribed in the ſame Time are 
proportional to the accelerating Forces of Gravity (999 ;) the 
Forces which are as AB and AD, will carry the Body A 
through the perpendicular Space AB, and the ſlant Space A Din 
che ſame Time; that is, in the Time a Body would fall freely 
from A to B through the Height of the Plane, another will arrive 
from A to D upon the Plane, 

1104. By the ſame Argument it is ſhewn, that a Body will 
deſcend on any other Plane A F (of the ſame Height) to the 
Point G in the ſame Lime it would deſcend freely through the 
Height AB; and therefore it follows, any two Chords A D, 
AG of the Semicircle will be deſcribed in the ſame Time. 


11056. 


* 
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iT05. Suppoſe AG =D B, then becauſe the Angle FAB 
= ABD, we have the Angle AFB DBF; and ſince both 
the Planes A G and DB are equal, and both alike inclined to 
the Horizon, it is evident a Body will deſcribe them both in 
the ſame Time; and ſo the Time of deſcribing the Chord D B 
will be the ſame as is ſpent in deſcribing AD. Thus the 
Time of Deſcentin AG and G B will be the ſame. Conſe- 
quently, the Times of Deſcent thro' any Chords D B, GB, will 
be equal. 
1106. Since the Times of Deſcent.through AD and A B 
are equal (1103,) the Time (t) of Deſcent through AD (or 


AB) is to the Time (T) of Deſcent through AE, as V AD 
to the V AE (991 ;) and fo t“: TT:: AD: AE; but (be- erp 
eauſe AD:AB::AB:AE)wehave AD:AE:AD*: AB: WM" 

(672) and therefore t“: T*:: AD*: A B*; and ſo t: T: 


AD: AB:: AB: AE. That is, the Time of the perpendicu- = 
lar Deſcent through A B is to the Time through the Plane A E, as 227 
the Height of the Plane to the Length. 3 


1107. The Velocity acquired in falling from A to D is to 47 
the Velocity acquired in deſcending from A to B, as AD to | 
AB, (for ſince they are generated in the ſame Time, they will | 
be as the Powers which produce them, (998.) Alſo the Ve- 


Jocity at D is to that at E, as A to VS AE (9913) let 
that is v: V:: VAD: VAE, and ſo v: Væ:;: AD: AE; Di 
but becauſe AD: AB:: AB: AE, it will be AD: A E:: 9 
A D*: A B*. Therefore *: V*:: A D*: ABA; and ſo v: as 
V:: AD: AB. Hence, ſince the Velocities at B and at ci 
E have the ſame Ratio to the Velocity at D, they muft be th 
equal to each other (198.) 

1108. In the ſame Manner it is fhewn, that the Velocity 
acquired in the Point F, in deſcending through the Plane AF, 


is the ſame with that at B. Conſequently the Velicities acquired h 
in Deſcents through any inclined Planes AE, AF, of the ſame 
Height, are equal to each other. W - 


1109. 


of the Phyfico-Mechanical Matheſis; 
1109. Hence a Body deſcend- 
ing through ſeveral inclined Planes 
AC, CD, D E, contiguous to. 
each other, will acquire the ſame _ 
Velocity in the Point E, as it 
would have at B in falling through 
the ſame perpendicular Height 
AB. For at C the Velocity is the ſame as it would be in Fl 
ſcending through FC(r107;) and at D, it is the ſame as it 
would be in deſcending through AD; conſequently it is the 
DW fame at E as it would be in deſcending through A E, that is, 
the ſame as it would be in deſcending from A to B, the fame 
perpendicular Height: 

1110. If now we ſuppoſe the Number of thoſe contiguous 
Planes infinite, and their Lengths infinitely ſmall, they will 
then conſtitute a Curve Lins; whence it follows, that a Body 
* deſcending through the Arch of any Curve Line A B, will acquire 
2. the ſame Velocity at the loweſt Point B, as it would have at B, by 

diſcending through the ſame perpendicular Height A B. 

1111. On the Diameter AB deſcribe the 
Semicircle AGB, and draw any two Chords 
DB and GB; join AD, and from D and G 
ee fall the Perpendiculars DE, G F to the 
; Diameter AB. Then will the Vihatizs ac- 6 
: quired in deſcending through the Chords be 
as their Lengths reſpectively. For the Velo- 
cities acquired through D B and GB will be 
the ſame as would be acquired in the perpendicular Deſcents 


through E B and FB (1105,) that is, as E to SFB 
( 991. ) But fince AB: DB: : DB: EB ( 659, ) we 


have A B = . ; in the ſame Manner it is ſhewn, that A B 


488 DR TR 

= 7x1 hwcſore <p F: and fo BD: G B *: 
EB: FB; conſequently DB: GB:: EB: FB:: ve- 
locity acquired through D B: Velocity acquired through G B. 
2. E. D. 


1112. 


\ 


' Jarly ſituated, or alike inclined to the Hori- 


will be to that on AE, as V CD to AF. 


move freely by the Force of Gravity, it 
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1112. If two Planes A E and CD ſimi- 


zon B E, then the Time of Deſcent on CD 


For the Time on C D is to that of the Deſcent 
thro' CB, as CD to CB, and the Time on 
AE is to that through AB, as AE to AB 


(1111.) But the Times through CB and AB are as Is 
to AB. But we have (by ſimilar Triangles) “ BC: A 
: BCO: VAE. Conſequently the Time on DC is to 0 


Time on AE, as BC to the AE. 


1113. APENDULUM (or pendulous 
Body) is in any Body A hanging at the 22 
End of a String AC, and moveable a= /- 
bout the fixed Point C as a Center. 
Hence tis manifeſt, if the ſaid Pendulum 
be in the Poſition AC, and there left to 


will in its Deſcent deſcribe the Arch of a — 
Circle Aa E; and when it arrives at the B E 

loweſt Point E, it will there acquire a Velocity equal to what it 
would have acquired, by falling freely through the ſame per- 
pendicular Height G E (1108; 1109.) 

1114. The Body having deſcended to E, will, with the Ve- 
locity there acquired, continue its Motion forwards ( 963, ) 
and deſcribe an Arch E F in its Aſcent equal to A a E, (ſuppo- 
ſing the Motion were in an unreſiſting Medium, and without 
Friction at C;) for there muſt be the ſame Time ſpent in ge- 
nerating and deſtroying any given Quantity of Motion by the 
ſame Agent acting uniformly, and conſequently the ſame Space 
or Arch E F will be deſcribed in the Aſcent, as was before de- 
ſcribed in the Deſcent. | 

1115. Draw the Chord of the Arch A E, then will that be 
an inclin'd Plane, whoſe Height is AB GE. Now 'tis evi- 
dent, that when the Arch A@E is very ſmall, the Chord A E 


will nearly coincide with it, and the Motion of the Body de- 
| ſcending on the inclined Plane or Chord, ang that of the Pen- 


dulum 
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dulum in the Arch will nearly agree in their Properties, or at 


leaſt be inſenſibly different. 

1116. Hence, if there be two Pen- 
dulums of different Lengths CA, CD, 
the Times in which they will deſcribe 
the Arches of Deſcent AB and DE, 
will be as the Square Roots of the 
Lengths of theſe Arches, or their re- 
ſpective coincident Chords AB, DE 
(by 1112.) But becauſe of ſimilar 
Triangles ABC and DEC, it will be 
AB: DE:: ſCA:y/ CD 
::t:T, Therefore C A: CD:: t“: 
T*. That is, the Lengths of Pendulum: 
are as the Squares of the Times of Vibration. 

1117. The Time in which the — would deſcend a- 
long the Chord A E, (fee Fig. of Art. 1113, ) is eaſily deter- 
mined, being that in which it would deſcend through D E 
(1103, 1105,)=2AC ; and the Time in which it would paſs 
from A to F on the two Chords AE and E F, will be equal to 
that in which a Body would deſcend perpendicularly through 
a Space = 4 DE = 8AC (991, Cc.) But this is not 
the Time in which the Pendulum will vibrate through the 
whole Arch AEF. And therefore to determine what relates 
to the Time of a Pendulum's Vibration, (which is a primary 
Conſideration) we muſt take to our Aſſiſtance the Properties 
of the Curve called the CycLoiD, which muſt therefore be 
next demonſtrated. 


SSD 
Gs 


I. K F os 


1118. If a Circle ABC inſiſting on a Right Line A L begin 
to revolve from A towards L, the Point A will by its twofold 
Vol. II. I Motion 
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Motion deſcribe the aforeſaid Curve or Cycloid AC DIL, 
Whence we obſerve, (1.) The Baſe A L is equal to the Peri- 
phery of the generating Circle A B C. - (2.) The Axis of the 
Cycloid FD is equal to the Diameter of the Circle. (3.) The 
Part of the Baſe K L is equal to the Arch of the Circle I K. 
(4.) Therefore KF (= ME) is equal to the remaining Arch 
IH=GD. (5.) The Angle HIK being always a right 
one, the Chord KI will be perpendicular to the Cycloid, and 
the Chord I H a Tangent thereto in the Point I. (6.) Laſtly, 
Drawing IE parallel to the Baſe AL, the Tangent IH will 
be parallel and equal to the Chord GD; and IK to GF. 
1119. Parallel to E I draw e i indefinitely near, and I n per- 
pendicular thereto ; then by ſimilar Triangles DG E, DGF, 
I z;, we have DE: DG::DG:DF ::1I n:1: ; that is, (put- 
ting DF g a, DE x, DIS) : H:: Var a:: 
#: 2 =Ij= —== = Fluxion of the Arch DI, whole Flu- 
a x 
ent is 2 J ax (803)=2DG=DLI Whence the Semicy- 
clad DIL =2DF, the Diameter of the generating Circle. 


1120. Let AID be a Semicycloid inverted ; and ſuppoſe a 
flexible String faſtened at one End in A, and ſtretched along 
the ſaid Curve AID, ſo that the other End of the String may 
- coincide with the Point D, and thus the Length of the String 
will be equal to that of the Curve. If now a Ball or heavy 
Body were tied to the End D, and left freely to deſcend, it 
would deſcribe in one Vibration the Cycloid D C L, provided 

| there 


cle, 


FEET 
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there be placed on the other Side another Semicycloid A EL. 
Of this J might here give a Demonſtration, but it is needleſs. 
1121. The Velocity acquired by the Pendulum deſcending 
through any Arch RC of the Cycloid, is the ſame a Body 
would have in deſcending thro' the ſame perpendicular Height 


O C(1109,) and therefore is as VOC; but {becauſe OC: 


$SC::SC:KC=1,) / OCis as the Chord SC=2RC 
(1119.) Therefore the Velocity in the lowef! Point C, is ever pro- 
portional to the Space paſſed through, or ta the Arch of the Cyclaid 
deſcribed in the Deſcent. 


1122, But in all Kinds of Motions, the Space (S) is as 
the Rectangle of the Time (T) and Velocity (V,) that is, S: 
TV (by 971, Cc.) therefore if in any Caſe (as that above 1121) 
it be S: V, it will be T: 1, that is, the Time of the Motion 
will be a given Quantity, or always the ſame. Hence all the 
Vibrations through any Arches of a Cycloid, great or ſmall, are per- 


formed in equal Time. 


1123. If we put CK =a, K O g x, then 2SC=RC 
= 2LL aa—ax. If the Deſcent be from L to R, the Ve- 
locity at R will bas W KO=\y/ (III.) Now (by ſi- 
milar Triangles) it is CO (a - 4): CS (24 42) (: 
CS: CK Sa) :: RSS (i): Rr = —== 


2218 


aa—ax 


Fluxion of the Arch L R, which divided by the Velocity Vx, 


a x a x 1 
gives = = — = T = the 


aax—axx f/ ax—xx . 


But . 


aK = x X 


circular Arch K &, ( 875. ) ( therefore 2K S is the Fluent of twice 
0 Conſequently the Fluent of 


Fluxion of the Time. is the Fluxion of the 


that Fluxion, viz. — 
GK — & 


2KS Hence when S co- 
V a 


incides with C, LR will become LC; and ſo the Time of 
2 


the Time of Deſcent through L R is 


Deſcent thro' the Semicycloid L C is 
I 2 


1124. 
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1124. Therefore the Time of a Vibration through the 
whole Cycloid L C D is © 


el But the Time of Deſcentthro' 


able 
a 
come 
the Perpendicular KC= Sa, is as 20 a*; therefore we have ¶ ame 
2 2½ a:: 2 KSC a. That is, The Time of Vi- _ 
a the 


Bration in the Cycloid, is to the Time of Deſcent through Half the ¶ any 
Length of the Pendulum, as the Circumference H a Circle to the will 
Diameter, or as 3,14159 to 1 the 

1125. Let the Time of 1 of the Pendulum AC tanc 
be = 1 Second, then its Length is thus found, It is known and 
by Experiments, that a py deſcends freely through the per- dea 
pendicular Height of 193% Inches in a Second of Time. And Par 


ſince the Spaces deſcended are as the Squares of the Times 3 
(991,) therefore 2 14159 v.23; 420735: 19. : AC; = 
whence A C = 39,2 Inches. And ſince the a alſo are M 
as the Squares of the Times of Vibration (1116,) therefore pe 


4:1: : 39,2: 9,8 Inches = Length of a Pendulum vibrating 80 
in z a Second. 

1126. Hence ſince the Length of a Second Pendulum is fo 
conſiderable, the Bob will deſcribe (without the cycloidal & 
Cheeks AID, AEL,) an Arch of a Circle f C þ, which 
will nearly coincide with the Cycloid for a ſmall Space 5 g. 
Hence all the Properties of the common Pendulum vibrating 
through very ſmall Arches hg, will have the ſame Properties 
as though it moyed in the Arch or Curve of the Cycloid. 
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8 
vr. Therefore T = YE = (becauſe V: 5) but the Flu- 


ant of 7 is 2 N= 2 ½ 2, when 8 = 4. (See 803, 804.) 
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1127. Let A B be any Sort of Body 
ſuſpended from an Axis @ b, and move- 
able freely about it; then will it be- 
come a Pendulum, and vibrate in the 
Ve ame Manner with the common Pen- 
dulum CF. For if it be taken out of 
the perpendicular Poſition A E into 
any other A B, and there let go, it 
will by its Gravity deſcend, and paſs 
the ſaid Perpendicular A E to a Diſ- 
tance on the other Side equal to E B, 
and ſince every Particle in the Rod en- 
deavours thus to deſcend, and all thoſe 
Particles are connected together, their 
Forces will be all united in one parti- 
cular Part as G, and that Force will fo 
act upon the Body A B, as if all the 
Matter thereof were collected in that Point; and hence the 
Point G is called the CENTER oF OSCILLATION in ſuch a 
Sort of Pendulum. | 

Y 1128. Hence it follows, that any Body A B being hung upon 
1 an Axis to vibrate, the Time of a Vibration will always be e- 
qual to the Time of Vibration in a ſimple Pendulum FC, 
whoſe Length is equal to the Diſtance A G of the Center of 
Oſcillation from the Axis of Motion in the Pendulum AB. 
And therefore a Method is hence obvious of finding the ſaid 
Point G, or Diſtance AG in any Body whatſoever, viz. by 
taking a ſingle Pendulum F C that ſhall vibrate in the ſame Time. 


1129. From the above Definition of the Center of Oſcillation, 
it is eaſy to underſtand that it is the very ſame with the Center 
of Percuſſion in the Body or Rod AB, for ſince the Point G is 
that in which the Forces of all the Particles are united to gene- 
rate Motion in the Body, and the Center of Percuſſion is that in 
which alone the Motion of the Body can be all deſtroyed (1090;) 
it neceſſarily follows, they are both one and the ſame Point; 
and therefore if A B be of an uniform Figure, it will be iſo- 
chronal (or vibrate in the ſame Time) with the common Pens 


dulumFC=AG = AB, (1099.) 
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62 INSTITUTIONS 
1130. From what has been premiſed concern- 

ing the Center of Oſcillation, 'twill be eaſy to « 
ſolve the following Problem, wiz. Any Body B being C 
fixed to the End of an inflexible Line C B void of 
Gravity, 'tis required to find the Diſtance of the Cen- 

ter of Oſcillation, when another Body A is fixed to the + 
fame Line, ſuch that the Pendulum compounded of 
thoſe two given Bodies, ſhall perform its Vibrations in 
the haſt Time poſſible. Let CB =a, CA= x, 
and CD = », the Diſtance of the common Cen- 
ter of Oſcillation, which muſt be a Minimum by 
the Condition of the Problem; now an = 
aaB+xxA 
aB+xA 


2x+4AB + * + A? —aasAB 
fore be 2 0, 
aBTxA* 
* a aB 


which will give x x 4 = Bs whence by IL 


- 


(1094,)- whoſe Fluxion muſt there- 


the beware, and Zi the Root, we ſhall find x —= 


VEBTTB—2D. 


1131. Having thus found x = CA, if we ſubſtitute its Va- 


B 
— N che Diſtance C D of 


the Center of Oſcillation of the compound Pendulum "TOR tf 
known, and thus any ſingle Pendulum of the Length CD= », 
will vibrate. in the ſame Time with the compound one. 

1132. Since the Lengths of Pendulums will alter with Heat 
and Cold (as we ſhall hereafter ſhew by the PyRomeTER) the 
Times of their Vibrations will vary alſo on that Account (11 16,) 
and therefore when applied to Clock-work and other Uſes, the 
Compound Pendulum will be preferable to the ſingle one, in as 
much as the Body A may be conſidered as a Corrector of the 
Motion of the Pendulum CB, fince its Center of Oſcillation 
D may be always kept on the ſame Point by moving the Ball A 
up or down by Means of a Screw on the Rod CD. But in 
this Caſe great Skill and Caution will be required for a proper 


>| > 


lue in the Equation n = 


Adjuſtment. 


1133. 


It 


— 


CE on nt OW * 


W METRY,. &c. and thoſe too, where 
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1133. Henee it appears, the Nature of the Pendulum (of 
any Sort) conſtitutes it one of the beſt Kind of Crronome- 
TERS, or Inftrument for meaſuring Time; and alſo by this 
Means it is applicable to ſome CaſewdfALTIMETRY, Lonct- 
ngonometry is either 
wholly deficient, or cannot be ſo eaſily applied. It moreover 
ſerves for the Meaſure of Forers of Percuſſun, Reſiſtance, Velbeity, 
Sc. and in ſuch Caſes where the common Methods of Art will 
fail us, and which yet make the moſt eſſential and fundamen- 
tal Part of the genuine Theory of GUNNERY. The PENDULUM 
is alſo the only Original and Philoſophical STANDARD of Mea- 
ſure of LENGTH and if the Length of the Pendulum vibr:- 
ting Seconds, had at firſt been made the STanDarD Yarp, 
to all Nations, we ſhould have had no Doubt about their cther 
Meaſures, or Dimenſions, which now lie involved in the grea- 
teſt Uncertainty and Obſcurity ; all theſe Carriages. wil fully 
appear in the Sequel of this Work. | 


— * * — 


» —— — — 


CHAP. H. 


The Phyſico-Mechanical Px1NnciPLEs of BALrs- 
T1iCs, or the Doctrine of PRoOJECTILES 
applied to the Solution of all Caſes in Gu N= 
N E Rv. 


1134. [* uniform Motion, or that whoſe Velocity is always 
the ſame, if the Time (T) be given, the Space (8) 
paſſed over will be as the Velocity (V); and if the Velocity be 


given, the Space will be as the Time; but if neither the Time 


nor Velocity be given, the Space deſcribed will be as the Product or 
Refangles under both, vis. S: :: TV: tv This we have 
largely ſhewn (971, Sc.) 

1135. If the Motion be not uniform and equable, . books 
celerated by a continual Action of the Force which generates 
the Motion; and this continual Action of the Force be equa - 
ble and uniform, or in every Moment the fame, then will the 

Velocity, 
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Velocity be equably and uniformly accelerated, or increaſe e- 
qually with the Time, and will therefore be proportional to 
the Time; and this is the Caſe of Bodies falling by their 
Weight or Gravity, which near the Earth's Surface is every 
where the ſame. Therefore in this Sort of Motion T : t : : 
V: v. 

1136. Now though in reſpect of any large Interval of of t 
Time, the Motion of falling Bodies is accelerated, yet in the 
fluxionary Moments of Time the Acceleration is ſo ſmall or 
inconſiderable, that with reſpect to any proximate Moments Spa 
the Motion may be eſteemed equable; and conſequently the I V: 
Space deſcribed in thoſe Moments will be as the Rectangle under 

the Moments or Fluxion of the Time and Velocity, that is, 8 Thb 


— n - 
e 
e 


25 * 
SI — —— ů ¶ů ˙*- . ⏑ 
. 


p 7 oe I: — 
* . 3 we — — 222 ee ov — 
* 


, 4 
=tv(1134-) Alſo ſince T: t:: V: v; we havet 9 and 51 
l 

ak v. which if ſubſtituted for i in 3 = f v, we ſhall I ,_ 


have 8 = 0 v; and therefore 8 = ZR vv. M hence the Space *, 


V 2V 

deſcribed by a Body falling freely by its Gravity, is akways propor- dur 
tional to the Square of the Velocity, ſince T and V are given Quan- be 
tities. This agrees with what was ſhewn in (991, &c.) the 
| ; 8 : | the 
1137. Since t = 3 plain the 1 r the 
Motion is rectilinear, and the Space de- g n: 
ſcended ſuch as may be repreſented by 5 3 ; th: 
a Triangle, one of whoſe Sides repre- 5 RELIC v3 
ſents the Time, the other the Vellcity. 4 

Thus, if the Triangle A B C repreſent Og 
the Space deſcended through in any gi- Þ Ta be 


ven Time A B, and BC be the Velocity acquired at the En 
of that Time ; then will the Triangle ADE be the Space de- A 
| ſcribed in the Time AD (992,) and DE (parallel to BC) will MY ti 
| be the Velocity acquired in that Time. And fo the Triangle th 
iP ABC(S):ADE(s): AT (T*):AÞ* (v) ::BT (v5): fff » 
| DE (v*). And therefore A B (T): AD (t) :: BC (V): 0 
DE (v); (671) which gives the Equation, expreſling the Nature 
of a Triangle, as above, C 


1138, d 
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1138. Hence we may eaſily compare the Spaces paſs'd thro? 
by a Body moving with an accelerated Velocity in the Time 
AB, and afterwards with an uniform Velocity, equal to the 
laſt acquired Velocity BC, in the ſame Time. For the Flux- 


ion of the latter Space is s t VS DAG; and the Fluxion 
of the Former, or that deſeribed by the accalerate 28 is 


8 3 
322 V 9 = Dede E, whoſe Fluents t V and * vv are the 
Spaces enter; 3 but * by the Suppolition T St, and 
V =: v3 therefore t V: vv :2TMVMV:TWV: : 2:2 


That is, ble Space de oferibed by the eguable Motion is to that by the 
accelerate, in the ſame Time, as 2 to 1; or as the Rectangle AB © F 
10 the Triangle ABC. (See — 

all 1129. If the Times are not in the fimple Ratio of the Ve- 


Jocities, but as any Power t* to any Power v“; that is, if 1: 
„ * 


ace , and ot: v; then ſince this is a Ratio expreſſing the Na- 
ture of a Parabeliform Figure, tis evident the Motion will now 
n. be Curvilinear; and the Tract which the Body deſcribes will be 
the Curve of ſome Kind of Parabola. If n = 1, and 2, 
then t: Y; or AD: BLE, then will the Curve A E C which 
F the Body will deſcribe, be that of the common Parabela. If 


n=1, and m = 3, then will t: *; and the Curve will be 
that of 1 Parabola. If n = 2, and n = J; thent*3 


Da, or t: of, and the Curve will be that of the Semicubical Pa. 
rabela; and fo of others in mnfinitum. 
1140. Here alſo, the Space deſeri- 
bed is repreſented by the Parabolic A- 
d rea ABC, which is to the Space 
AB CF deſcribed by an equable Mo- 
l tion in the ſame Time A B, and with 


e the laſt Velocity BC, as 2: 3, or 28s — TIN 

; nn & n, as we have before thera | | 
(827.) | V5 
1141. This accelerated Alien in 4 B x c 


Curve of a Parabola is the ſame with the 
Motion of a PROJECTILE, For if the Body be projected . 
Vor. II. | K from 
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from a Cannon) from the Point A, in the horizontal Direction r 

AF, it will proceed with an equable Motion; and therefore 
the Spaces A H, AG, A F will be as the Times of deſcribing 

them; but while the Body is going from A towards F, it is con- 21 
ſtantly acted upon by Gravity, and drawn downwards towards 
the Earth's Center, and therefore in a Direction A B, perpen- 
dicular to A F; by which Means the Motion towards F is not 
at all impeded. 

1142. Therefore ſuppoſe in the Time it would by the equa- 
ble Motion arrive at F, it deſcends dy its Gravity through the 
Space AK, then drawing KI parallel to AF, and HI to AB, 
*tis evident by this compound Motion the Body will be found 
at the End of the Time AH in the Point I. But AH, the 


Time, is as AE, the Space deſcribed by the accelerated 
Motion, or AK is as AH „or =T, conſequently the Point 
J is in the Curve of a common Parabala (740, &c.) and the 
ſame may be proved of all the other Points E, C. Therefore 
the Path of a Projectile is the Apolonian Parabola. 

1143. If the Projection be 
not in the Horizontal Direc- N 
tion, but in oblique Direction 2 v, 
A N, then alſo will the Curve 
or Path of the Projectile AEM 
be that of a Parabola, as is 
demonſtrable in the very ſame 
Manner, as before in the other 
Caſe. 

1144. As the equable Mo- 
tion, or that in the Direction 
of the Ordinate K I, is in the Point A and every where the 
ſame; but the accelerate Motion, or that in the Direction of the 
Abſciſs A K, is nothing in the Point A, but there begins and 
conſtantly encreaſes; it muſt happen at ſome Point in tbe 
Curve that the Velocity of the accelerate Motion is equal to the Velo- 
city of the equable Motion, viz. there where the Fluxion of the 
Ordinate and Abſciſs are equal. Which Point is thus eaſily de- 
termined from the Equation of the Curve Px = yy; which, in 
Fluxions, is þ x = 2y3, and making & , we have þ=29, 

| or 
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ory = Ip; therefore pP Px; hence x = Lp = 
AK; whence K is the Focus of the Parabola. 

1145. Hence, if in the Axis produced, we take AL = x = 
z of the Parameter of the Point A, then will the Point L be 
the Altitude, from which if a Body fall, it will in the Point 
A acquire ſuch a Velocity, that if it be from thence reflected 
in the Direction AF, it will deſcribe the given Parabola 
AEC. 

1146. Now ſince it requires the ſame Force to project a 
Body from the Point A to the Altitude L, as the Body will 
acquire in the Point A, by falling from the ſaid Altitude L, it 
follows, that this Altitude is given from the Time of the Aſ- 
cent and Deſcent of the Ball projected perpendicularly up- 
wards from the Muzzle of the Cannon ; and conſequently the 
| Trajectory or Curve which the Ball will deſcribe, when projec- 
it ted with the ſame Charge of Powder in any Direction AF 
e whatſoever, will be given alſo; and the Solution of the common 
* Problems of Gunnery very eaſy. 


1147. Thus, for Example, if about A L as a Diameter 
= you deſcribe the Semicircle AK L; then as AL is the Mea- 
ſure of the Effect of the direct Force of the given Charge; fo 
| the Chord of the Circle AH will meaſure or repreſent the 
Effect of the ſame Charge in the oblique Direction AH. For 
the direct is to the oblique Force, as Radius A L to the Sine AH of 
the Angle of Incidence ALH=HAD; as is evident from the 
Reſolution of compound Forces, (1027, &c.) 
1148. Now ſince AH is as the Force of the Engine in 
that oblique Direction, ſo this may be reſolved by two o- 
K 2 thers, 
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thers, vi. H D perpendicular to the Horizon, 1 A D pa- 
rallel to the ſame, Therefote will HD = B E, be the gtea- 
teſt -Height to which the Ball will riſe in that Projection; 
and 4 AD = AM, the horizontal Diſtance, Random, or * 
Amplitude thereof. For ſince AL.: A H.:: AH: HD; the | 

Height to which the Ball will riſe with the. Celerity HD is tl 
to the Height it will riſe with the Celerity A Hy as HD- 

: AH*::HD:AL; but AL is the Height with the Cele- 
rity A H; therefore H D is the Height with the Celerity HD. 
Again, the horizontal Velocity A D, being uuiform, will carry 
the Body through twice the horizontal Diſtance A D in the 
Time it will riſe, to the Altitude H or E; and therefore thro 
four times A D, while it aſcends and deſcends thro" the Alti- 
tude DHorBE. 

1149. But theſe Matters are beſt inveſtigated by Fluxions, 
in the Method a Haximis & Minimis, by finding, the Rela- 
tion of the Abſciſs AD to the. Ordinate D I. In order to 
which let Radius, Sine, and Coſine, of the Angle of Elevation 
HAD be called 1, 5, Cc. and put A D = x. Then will 
65 rite: AH. And c:5: FT DE. 

1150. Alſo let m = Space which the Body would deſcribe 
by an equable Velocity in the Time t, and # = Space it 

would deſcend by its own Gravity in that Time, Then : f 
tx * 


: — = Time of deſcribing AH =. And as *: 
nc c 


— : e N., the Space 8 which the Body 
m* c 2 | 


deſcends in the ſame Time. (1136,) 
1151. Hence DH Hl =Z—= 


* mf =- 1 
e - app 
= DI, which is to be determined to a Maximum, by making 


SM a= Inxs 
its Fluxion h — 2 o, 6018 which giyes ca 


es m 
'=2nx; and therefore x = — = AP, becauſe nowDIis 


TE J * * 
a MAuxim mmi, and — B E — n =z the Ileight of = Pro- 
jection. 3 9 ene . 
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c - 
c 


. 1152 If we makeDI = = 


=0; then'cs m 


c 5 m* 


= nx; and therefore *=——=A M, the ; Amplitide of 


the Projection. And then — \ will become _ = the Time 


of the whole Projection, 

11583. If we make the Angle H AD @ Right one, then will 
AH coincide with AL, and AL wilFbe the Height, or In- 
* of the perpendicular Projection, and will be equal to 


5 becauſe 1 in this Caſe 5 = 1 in the Expreſſion of the Height 


m © 
1154. If now we put AL = 7 Saz then will the Height 


of the Projection in the Direction A H be BE = as, and the 
Amplitude AM —=4acs. And ſince 1:5: : 4:4 AH; 
therefore I: c:: 44: 4 AD S AM, as was ſhewn be- 
fore, (1148.) 

1155. Hence tis plain the greateſt Random or Amplitude 
will be AM, made upon the Elevation A K, of an Angle 
KAD= 45, becauſe then A D becomes a Maximum, or 
equal to CK, and the Height of the Projection will be BE = 
ACS ALS EAA; and therefore the horizontal Ran- 
dom A Mis in this Caſe the rs and B the Focus of 
the Parabola A E AZ. | 

1156, In this Caſe only the Perpendicular H D touches the 
Circle in the Point K; in every other Caſe it will interſect, it 
in two Points H, H, which therefore give two Elevations 
AH, AH, for ſtriking the ſame Object M on the Horizon, 
either of which may be taken as the Exigence of the Caſe ſhall 
require. 

1157. There is, beſides the above, another Method very con- 
ciſe and ſimple, and yet general for all Caſes in the Science of 
BALISTICSs, by Means of the Tangent inſtead of the Sine 
and Cofine of the Angle of Elevation as before. Thus, put 


AL = a, the Velocity of the Projection will be as 4 
4145.) 
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agreeable to (1156.) 
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(1145-) Alſo let A H t, and HI=z. Then for the Di- 


rection A H we have f: 2 2: 4: z (992.) Whence r 
Se | 

1158, Again in the Triangle AD H, we have Radius: 
Tangent :;1t:ni:AD:DH, and putting AD = x, and 
DI=y, we have DH Ax; and HI=DH—DI=—nx 
— y = %. | 

1159. Alſo A H* = HD*+A D“; that is, if I *. 
Hence ** + * * = 4 @ 2, (1156) and therefore z = 

* + * K* | c h | 

| = — (1157 3) from whence we get 4 a n x 
—4ay=x* +n*x* = x* x 1+nn. From hence the prin» 
cipal Caſes of Gunnery are eaſily ſolved, | 


nx—y = 


1160: CAS E I. 


With a given Impetus (or Charge of Powder) a, to firike a groen 
Point O, at a given horizontal Diflance A B. 


C 

Put AB =, 
and OB S 
then will x , 
and y c, and | . 
the Equation a- 
bove ( 1159, ) 
will become 
an+1Xbb | 
=4nab—z, 0 
ac, from hence l A 
we get the Tan- 4 ant 
gent of the re- | i 


, 


7 
WW hl 


Elevation z — 


2 4 1 — 
TETV 46 —4ac—F. Whence it appears there are 


two ſuch Angles or Poſitions of the Cannon that may be taken, 


1161. 


m 
tt 


| 
{ 
4 
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1161. If the Point O be in the Horizon, then OB e, 


andn= FEN —#; and if O be below the Ho- 
non, it will be negative, or — c; and then 8 2 —_— 


1 + 4ac—3Bb. In every Caſe 4 aa muſt be equal to, 
or greater than 4 ac + , elſe the radical Quantity will be ne- 
gative and render the Solution impoſſible. 


1162. Cas E II. 


To find the Elevation that ſhall produce the greateſt horizontal Ran- 
dom poſſible, with a given Charge of Powder. 


4 nt 
n+ 1 
8 will give * = 1, orn=v1I=1, and ſhews 
that the Angle ſought is 45, (as in 1155.) 


Here we have A M =x= - X a, whoſe Fluxion 


1163. CASE III. 
To fond the Charge of Powder requiſite to firike the given Point O on 


a given Elevatiam of the Piece. 
In this Caſe we have 22888 bb = a, which gives the Ve- 
4nb—4c | 


locity of the Ball at the Muzzle of the Gun, (1146.) 

1164. If we make the Fluxion of this Value of (a) = 6 
it will given =; ee; and if this be ſubſtituted 
for u, in the foregoing Equation, we ſhall have a= c + 5 
y bb+ cc, the leaft Charge of Powder that will throw the Ball 
on the given Object O. 5 

1165. Join AOS ο⏑ bb + c c; then ſince the leaſt Im- 
petus a= AL = : BO + IAQ; if inOB continued out we 
take OC=AO; then BC is the Tangent of the Angle BAC, 
and A C the Elevation of the Mortar, for ftriking the 2 
—_— O with the leaſt Charge. For Radius: Tangent : : 


N INS TITUTIONS 
b(= AD): BO OC) whence n= 
r 


— 


—, as before. 


1165. In this Caſe, ſince A OS OC, the Angle O AC = 
OCA, and ſince B C and AL are parallel, the Angle A CB 7 
— CAL; and therefore the Angle CAL = C A B, whence ( 
| 
( 


it is evident, the Line of Direction AC biſects the Angle 
LA O. 


1167. Therefore if E 7 be a reflecting plain Surface, placed 
on the Cannon, perpendicular to its Axis, and the Cannon be 


moved up and down, *till an Eye placed over the Glaſs,” ſees oh 
the Object O in the Pependicular AL (conſidered as a Plumb- 1 
Line) then that will be the required Elevation of the Piece for oy 
ſtriking the Object O with the leaſt Charge. And this mecha- fur 


nical Method was firſt invented, or obſerved from the Theory 
by the late Dr. HALL Ev. 

1168. We might here largely inſiſt on ſtating the Ratios, 
and finding the Values of the Time, Direction, Height, Ampli- 
tude, Impetus, &c. of Projections ; but as they are eaſily de- 
ducible from the foregoing Theorems, and we are not now on 
the practical Part of Gunnery, it will be beſides our Purpoſe to 
dwell any longer on this Head. 

1169. And eſpecially, if it be conſidered, that this Theory 
of Projectiles in Jacus is only of uſe in two Caſes, viz, of 
Swift Motions in Vacuo, ſuch as thoſe of the Planets ; and Slow 
Motion in a Re/iftong Madium, as that of Spouting Fluids, c. 
but for Swift Motion in a Refifling Medium, ſuch as is that of a 
Bullet or Bomb in the Air, it can be of little or no Service; as 
we purpoſe to ſhew further on, when we ſhall treat profeſſedly 


on the ELEMENTS of MiLiTary PHiLosoPHY, and from 
thence deduce a NEW and GENUINE THEORY of GUNNERY, 


which though the moſt neceſſary, has hitherto been the leaſt 
improved Part of the MEcHAnicaL PHiLosoPHY, 
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+: + © 


Of the PROJECTILE and CENTRAL Forces by 
which Bodies deſcribe CIRCLES, or any Species of 
Circular Mor Iod; 4 Compariſon and Computa- 
tion of the Fox CBS, VELOCITIES and periodi- 


cal TIMES, 


1170. | P21 C be any large 
- attrafting Body, A 
any leſſer Body attracted by it 
at the Diſtance A C; again, 
ſuppoſe a projectile Force im- 
preſſed on the Body A in the 
Direction A H, perpendicular 
to A C, and in ſuch Proportion 
to the attractive Force of C, as 
that the Body being at Liber- 
ty, and urged by both, may D 
deſcribe the Circle A F P B A about the central Body C. 
1171. Let AF = x, be the fluxionary Arch deſcribed in the 


3 firſt Moment; and from F let fall the Perpendicular FE, F G, 
| on the Right Lines AC, and A H; then will AG be to AE 
S (S GF,) as the Projeaile Force to the Attraftive Force, at the 
7 Diſtance AC. Which latter Force is called the Centripetal 
. Force, as being thereby carried towards the Center of Attrac- 


1 tion C. Draw the Radius C F and the Chords AF and BF, 
7 and put AC=x, and AB= d. Then by the Nature of the 


* Circle, AB: AF:: AF: AE 7 Now becauſe the 


Sine FE, the Arch AF, the Chord AF, and the Tangent 
AG are all equal to each other in their fir/t, or naſcent State; 


therefore = will in that Cale be === = #3 whence &: 2 


J ::£:4:: the Centrifugal Force : the Projectile Force; and be- 
Vor. II. L # 5 cauſe 
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cauſe æ is infinitely leſs than a, therefore à the Projectile Force 


does infinitely exceed #, the Central Force in circular Motion. 
1172. In any other Circle ILD, the ſame Things are re- 


preſented by Roman Symbols F = ; then we have &: K:: 


d 
2 * TE: 


T T that is, the Central Forces in two different Circles, are 


as the Squares of the Projectile Forces, or circular Velicities applied 
to the Diameters of the Circles. 


F, f, repreſent the Central Forces &, x, 
V; v, the circular Velocities z, 3. 
| & 2 the periodical Times or Revo- 
1173. Let < lutions, 
D, 4 the Diameters of the Circles, or 
Radu. © 
P. P. _ A F. of the Circles. 
Then will the Equation above = 


7 
> and ſo F: f:: VVV 5 : VV x =; that is, the Fore 


ces are as the Squares of the Velirities directh, and as the Diameters 


reciprocally, as before. 


1174. If the Bodies I and A ſo move as to deſcribe equal 


Areas in equal Times, (viz, ILC = AC, ) chat is, if ds = 
dz, then z:z::d; d; and ſo z*:; z*::d*:; “; conſequent- 
2 d 2 
ly r x: (5: I * BEE St d: d. That is, the Cen- 
trifugal Forces are reciprocally as the Cubes of the Diameters, (a 
Radii) of the Circles. 
1175. If D d, then F: f:: VI: ; or the Forces are di- 


rettly as the S 2 W the Velicities in the . Circle. If V = 3; 
thenF : f:: 5 7 d: D; or the Fortes are inverſely as the 


Diftances or Diamerers, when the Vehcities are equal. 
1176. Since the Motion in a Circle is equable, the Spaces 
will be as the Times; = therefore as V: P:: 1: T; hence 


TVS P, and ſo == = VF (becauſe & = 4/7 


1171 ;) 


«a. > 4 26 af 
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1171;) therefore P* = T*DF = 3,1416 DD;whenceT*F = 

351476 D; and ſince 3, 1416 is a conſtant Quantity, we 
D D 4 

ſhall have F always as I 3 orF:f:: =: =; that is the 

central Forces in different Circles will be as the Diameters directiy, 

and reciprocally as the Squares of the periodical Times. 

1177. When T =t, then F:f::D:4; that is, when 

the periodical Times are equal, the central Forces are as the Diſtances 


from the Center direcsqy. 


1178. When D = d, F: f:: 7: T2; or the Forces are 76. | 
ciprocally as the Squares of the periodical Times in the ſame Circle. 

1179. If F=f, then T. == andfoT:t::D: 
JT; that is, the periodical Times are in the ſubduplicate Ratio of 


the 0 e when the Forces are equal. Alſo then we have Ls 


=; and ſo V*:v*::D: d; or the Squares of the Veloa- 


ties are then as the Di i/tances directly from the Center. Hence alſo 


Ta :I): : Viv; that is, when the cent. Forces 
are equal in two different Circles, the periodical Times will be as the 
Celerities, 

1180. Again; when V v, wehaveT:t::(P:p::)D 
d; that is, when the Vellcities are equal, the periodical Times will 
be as the Diameters direfily. And when D = d, then T: t:: v 
: V; that is, in the ſame Circle the Times will be inverſely as the 
Velocities. | 

1181. Since when F = f, we had T: t:: D:/ 4; and 
when V = v, we had T: t:: D: 4; therefore when neither 
F, nor V are given, it will be T: t:: DVD: d½ d, or 
T*:&t::D*:4* ; that is, the Squares of the periodical Times 
are univerſally as the Cubes of the Diſlances of Bodies circulating 
about the ſame Center C. A 


1182. Or thus more generally; let F: f::D": df: J 


: ©; whenced*DB =D"dT*; ord*="t* = D*=" T*,and fo 
L 2 | P 
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T:t(::d 2 10 ::) D. = 124 Ness; 


then T: t:: D*: 45: 5: Ji; as before when Ff. 
When m 1, then T: t:: Dꝰ: 4%: : 1: 1. viz. when the 
Forces are as the Diſtances, the Times of the Periods will be equal, 
in any Circles whatſoever. Laſtly, if m = —=*; then T: t:: 


Dr: 4, or T*:t*:: Ds: 45; but in this Caſe F: f:: D* 
4 — :: dr: D*; that is, when the centripetal Forces are in- 
ver ſely as the Squares of the Diſtances, then will the Squares of the 
periodical Times be as the Cubes of the Diſlances. And this is that 
univerſal Law of Nature which is found to obtain in the Mo- 
tions of all the heavenly Bodies. | 
1183. In the above Theorems and Analogies, we have ex- 
hibited the Ratios of the Forces, Velocities, and Times of 
Revolution in different Orbits, but to- expreſs them in their 
proper Meaſures for any given Orbit whoſe Radius is r, we 
muſt proceed in the following Manner: The Force is meaſured 
by the Velocity that may be uniformly generated in a given Time, 
I. which let us expound by the Power * (the 2 Power of the 
Radius (r.) Then the Diſtance through which a Body will free- 
ly deſcend in the fame Time will be expreſs'd by Z (993.) 
Therefore if A F be an Arch deſcribed in the Time (t, ) the 
Diſtance AE deſcended in that Time, will be found by this 


en :: 32 EE =AE (992.) 


1184. Now from the Nature of the Circle, we have AF* = 


ABXAE=2ACxAE=2AExXAC=L Al 


& 72 
1* 
| | h | "+2 
TZ gr +: LEE 7 
e Sis, therefore A F = LL — = — — 


Space deſcribed in the Circle in the Time t. 


1185. But in equable Motions, the Spaces deſcribed with a 
given Velocity (*) will be as the Times (97 1;) therefore T: 
Fr 2 ::1:7 2 = thetrue Meaſure of the Celerity in the 

Circle, This might have been deduced from (1 173,) where 
ods — 55 
Vr = Vr; 
1186. 


Tin 


ca. 


ſc 


Circle may be Ne with Gravity. For ſince N 
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1186. Then by putting 4 = 3,14159, &c. we ſhall have 


n — — 
5 2327 8:12: Ag7 "2 = the true Meaſure of the periadi- 
cal Time. | 
1187. To find the Space S through which a Body muſt de- 
141 
ſcend, to acquire the Velocity r 2 , we have r: :: 
„„ 2 
* SL (992. ) The Velrity in 
the Circle therefore is acquired by a Deſcent through half the Radius. 
1188. To accommodate theſe Expreſſions for Uſe ; ſuppoſe 
the Force we ſpeak of be that of GRAviTY; then its Meaſure 
* 28 = 323 Feet, becauſe it is known by Experience, that 
+" =$= 16, Feet for the Deſcent in the firſt Second of 
n 11 
Time. Therefore g 28 r, andr > =/ 25r = 
the Velocity per Second, in any given Circle whoſe Radius is 


(.) 
1189. Again, & azrs: 2191 «fs — 27 
 2rs $ 
T, the periodical Time, as is evident from (1186); becauſe 


2r =D, the Diameter, and 2 r q = C = the Circumference 


of a Circle, therefore V Ds = Velocity, and — — = peri- 


odical Time; which Expreſſions are now in the moſt ſimple 
Forms. 
I 190. Suppoſe a Circle equal to "004 Miles, or 42000000 Feet 


in Diameter, which is nearly equal to that of our Earth's Circum- 


ference, and the centri petal Force beequal to that of Gravity; then 
will D = 42000000, and s = 16,083; and ſoV Ds = 26000 


Feet the Velocity ; and 2 — = 5075” = : 24 : 35” 


nearly the periodical Time, at the Diſtance * the Earth's Sur- 

face. ; 
1191. In any Circle, whoſe Dune is 4 and t the Time 

of Revolution in Seconds, then the central Force in ſuch a 


7, 


tion be made in Half a Second; 


therefore? . = 9,818 = the central Force, or that by which 


of the String, or Force by which it is ſtretched in the Direction 


(=45:AD(=g):: 1:5 = Tenſion of the String com- 


bs, ö: 1: 1 —— xe 
18, 5 I: cr: Whence rt , therefore 2h X 9 
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T, we have by (1 176,) tes : - : F: f, that is, (ſuppoſing 


| 92 
Gravity, or F = 9 50 -: 21 Bert r = f, the 
central Force 8 | 

1192. For Example, ſuppoſe A 
a Ball of one Ounce, whirled about 
the Center C, ſo as to deſcribe the 


Circle AB DE, and each Revolu- 


and let the Length of the Cord 
A C be two Feet. Then t = 4, 


String A 01 is FP ay viz. 10 Ounces nearly. 

1193. If the String and Ball be ſuſ- 
pended from a Point D, and deſcribes in 
its Motion a conical Surface ADB; 
then putting DC rb, AC = r, and 
AD Sg; and putting F = 1, the 
Force of Gravity, as before; then will 
the Body A be affected with three Forces, 
viz. Gravity acting in the Direction 
DC, a centrifugal Force, in the Direction C A, and the La 


DA; hence theſe three Powers will be as the three Sides af 
the Triangle CAD reſpectively, ( 1031) and therefore as CD 


pared with the Weight of the Body. 
1194. And CD (=bh):CA(=7)::1 2 uc that 
2 * 1 2 * 5 


725 2 | 
=stt; and ſo t. = or becauſe — = 1,2272, we 


have t 1, 108 þ= to the periodical Time. 1195. 
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1195. We farther obſerve, that att = $ = the Space any 
Body deſcends in the Time t, fince 1*:t®:: s: 8 (992, ) 
herefore ſince 2 h x = stt * 1*, we have 1* : 9* (= 
55747159) :: 25: (ſtt ) 8; that is, as the Square F the 
Diameter is to the Square of the Periphery of any Circle, fo is twice 
the Height of the Cone to the Space through which a heavy Body will 


diſcend in the Time of one Revolution. 
1196. Since the mean Diſtance of the Moon is nearly 60 


Semidiameters of the Earth, or 1257696000 Feet; if C be the 
Earth and A the Moon, (Fig. to 1170) then willAB=2515392003 
and the Circumference of her Orbit A FB A = 7897834380, 
which is deſcribed in 274: 70: 47 23605 80%. Hence the 
Feet paſſed over in one Second will be 3346 = AF=V. 
11128976 
2515392000 D 
= AE, the Diſtance through which the Moon would deſcend 
in the Time of one Second, if the circular Motion were to ceaſe, 
Now on the Earth's Surface Bodies deſcend in the fame Time 
1674, Feet; but 0,00443 : 16,14: : 1: 3643; which is very 
near as 1 to 3600, the Squares of the Diftances from the Earth's 
Center reciprocally ; and therefore confirms the Law of central 
Forces above laid down (1182.) x 

1197. Again, fince T* : t* : : D* : di, we have as D* = 
| 2260580 . 

3 


| 60* 

53”, the periodical Time at the Earth's Surface, nearly the 
ame as in (1190,) | 

1198. And ſince when D = d, we had T=; ti :: f: F; 

herefore as 24* = 14407, the Square of the Time of the 


Earth's diurnal Rotation is to L/, the Square of the periodi- 
al Time when the Force is equal to Gravity, ſo is 1 to 
I 
293z8 
„ Pof the Earth ariſing from the Rotation. Hence the centrifugal 
Force, viz. that by which Bodies endeavour to fly off from 

the Earth's Surface directly from its Center, is to Gravity, 
e nearly as 1 to 293,8 under the Equator, 


ng 
he 


Therefore A F* = 11128976; whence 


50: H:: T* = 2360580* : = t = bg" 8 


, or ſo is 293,8 to 1 = the central Force on the Surface 


at 


1199. 
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1199. But at all Diſtances from the Equator to the Pole, 
this centrifugal Force continually diminiſhes in the Ratio of 
the Velocities of the Places ( 1177); but theſe Velocities 
are as the Diſtances from the Earth's Axis, or as the Co-fines 
of the Latitude; therefore the centrifugal Force isevery where to Gra- 
vity as the Co- ſine of the Latitude to 293,8 ; the Radius being = 1. 

1200. Let AFB, and ILD be the Orbits the Moon deſcribes 
about the Earth and Sun (Fig. to1170); then will the Semidiame- 
ters of thoſe Orbits be AC = 240000, and IC = 8ooooooo; 


and if we put the Earth's annual Revolution, or periodical Time 


= 1, then will that of the Moon be 223 — 0.0748; the 


355 
Squares of which Times will be 1, and 0,005594. And there- 
fore ſince F: f: 2 . we have D 
t 1 o, oo5 594 


80000000 : 43800000 : : 800: 438: : F: f. That is, the 
Gravity of the Moon to the Sun is to its Gravitation to the Earth, 
as 800 to 438, or as 1,82 to 1 nearly, 

1201. Laſtly, we may compare in this Manner the centrifugal 
Forces arifing from the diurnal and annual Motions of the Earth, 
for the Times are, as 1 to 365, whoſe Squares are I and 133125; 
and the Diſtances in Semidameters of the Earth are, as 1 to 
3 2050 
2 _ 2 4 133125 1: : 15: 100. 
And ſuch are the Forces ariſing from the annual and diurnal 
Motions of the Earth, by which Bodies endeavour to fly off 
from its Surface. 

1202. What we have ſaid may ſuffice for the Doctrine of 
circular Motion and central Forces; in which, I preſume, we 
have been as full and as plain as the Nature of the Subje will 
admit; for this is a Species of Knowledge of great Delicacy as 
well as Uſe ; and is to be reckoned among the fir/t Principle 
of A/ironomy, and ſome other Sciences. We next proceed to 
conſider the Curves, or Trajectories, that will be deſcribed by 
a Body urged with different projectile Forces, compounded 
with a given centripetal Force, 


20500 ; therefore F: f: 
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CHAP. X. 


The general DocTrRINE of TRAJECTORIES, or 
OrBITs deſcribed about a CENTER, by a Given 
Force tending thereto, and compounded with a 
variable PRoJecTILE Force: Alf of the 
Proportionality of Artas and the TIMES #1 
which they are deſcribed. 


1203. H AVING diſpatched the Doctrine of Circular 
1 Motion, where both the Projectile and Centripetal 
Forces were given, or conſtapt Quantities, in every Part of 
the Curve; we will now confider one of them, (viz. the Pro- 
jectile Force) as variable, while the other remains the ſame, 
and obſerve from thence the different Kinds of Trajectoriem or 
Curves, that a Body impelled by ſuch a Compoſition of Forces 
will deſcribe about a given Center. And fince at any Diſtance 
from the Center the Projectile Force, by which it may deſcribe 
a Circle, is given (1187.) therefore that Force may be made 
the Standard for Compariſon, by which the Quantity.of other 
Forces whereby other Curves are deſcribed may be diſcovered ; 
as we ſhall ſhew in the following eaſy and perſpicuous Me- 
thod. 
1204. Let a + A_ RCDFG__ X 
Body be projec- / Tf == 
ted from the : WA 
Point A, with : 
ſuch a Velocity i / 
AC=1,ascom- \f | 
pounded with pt 
the centripetal V 
Force A E, may — 


cauſe it to de- Ro 
ſcribe a Circle | 
AKP about the 


hw or Center of Force 8. Then let it be projected from 
Vol. II. M - +. 
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the ſame Point, and in the ſame Direction A X, with any o- 
ther Degree of Velocity AD = n, to determine the Canic Sec- 
tion, or Curve it will deſcribe. 14 4} 

By Suppoſition A X is l to 10 8, let Eab be 


. drawn parallel to A X, cutting the Circle and Curve in the 
Points @ and b. Put AS d; the Semi-tranſverſe Diameter 
S2, the Semi. conjugate = 213 and AE = x. Then, will 


Nas Ee in the Circle; and - LETTERS 
Fr Ek, in the Conic Section. Now the Fluxios of the 


Ordinates E @ and E 5, 5383 3 . 
a 


2 ＋ * N 4 
6 will be as the Velocities in every Point 0 
Daa 


Curves in the Direction A X; but theſe ee are as 
e = | and = K . —=» (dividing each by 

| "w4 2 d Xx 72 pa 
and therefore when 8 o, then the Ratio of theſe 


- or a8 d: —= 


Wer : 
L 


N 2 5 


. 


12113 and ſon 


v7= = 2 and dere 02 My Whence 11 4d 


55. But ſinee in the Equation above, 7 r = 
— = d,) (766) therefore 20d bbs ad; whence, - 


= . Having therefore the Di- 


0 cr 
ameters 2a, and 2 2b, we have the Conic Section given in 


+a; 


8 2 Since in the Ellipſe 2 4 — d - 7 3 and in the Hyper- 


YA ae and in the Parabola 2 0 = =7 = Infii 


4 


ty - Therefore it is evident, that putting un = A "vb =2, 


the 


of tie Phyſieo-Mechanical Matheſis. $4 


the Equation above for (a), will be a — Ee : whence 711 
nite; and therefore the Curve deſcribed with a Velocity in 


the Vertical Point, which is as V2 x, will be a A | 
AMR. 
1206. If un be leſs than 2, then it is plain that @ will be 
afirmative, and þ negative, or + a, and — 6; and therefore the 
Curve deſcribed will be an ELL1iPs1s. If u be greater than 1, 
that is, if EV = AD, be greater than Ea=AC, then will 
the Ellipſis AL Q be without the Circle, and the Sun, or 
Center of Force in the upper Focus. But if u be leſs than 1, 
or E = A leſs than EA AC r, then will the Ellip- 
ſis AJ O be deſcribed within the Circle, and have the Sun or 
Center of Force 8 in its lower Focus. Laſtly, when n = o, 
the Body A will deſcend in a right Line AS to the Sun 8. 

1207. If an be greater than 2, then will d be affirmative, 
or + d; and conſequently the Curve A N T deſcribed will be 
an HYPERBOLA, 

1208. Hence it appears, that the Curves deſcribed with all 


Degrees of Velocity n, between o and V 2, will be ELLIir- 
SES, (for the Circle deſcribed with the Velocity a = 1, is really 


one Species of Ellipſes) and all the Velocities from “ 2 to In- 
finity will produce Trajectories of the hyperbolic Kind, by a 
Centrifugal Force. The PARABOLA with the Velocity = 


A being the common Limit between them; and where the 
— becomes a Centrifugal Force, or where SY may 
be ſaid to be changed into Levity. 

1209. In any determinate Orbit, deſcribed as abovemen= 
tioned, the Areas generated by a right Line connecting the 
Center and revolving Body, will always be proportional to the 
Times in which they are deſcribed ; the Velocity in any Part 
of the Orbit; the Times of deſcribing equal Parts, or Arches ; 
and the Expreſſion of centripetal Force every where, may all 
be determined and demonſtrated in a general Manner, as fol- 
lows. | 

1210. Let $ be an immoveable Center of Force or Attrac- 
tion, and A any Body, urged by a Projectile and Centripe- 
tal Force conjointly. In the Point A let the Projectile Force 

M 2 be 


% INSTITUTIONS: 
be ſuch, as would carry the Body through the Space A B in 
an indefinite ſmall Particle of Time ; then in the ſame Time 
it would deſcribe BF = A B, were it not drawn from the 
Tangent AF to ſome other Point C, by the Centripetal 
Force F C, acting in a Direction parallel to BS. In like 
Manner, in the Third equal Particle of Time, it would de- 
fcribe CH=CB, but is drawn to the Point D by the Cen- 
tripetal Force H D in a Direction parallel to CS; and fo on. 
1211. Now all theſe tri- 
angular Areas ASB, BSC, * 
CSD, DS E, &c. deſcribed 1 
about the Center S in equal E 
Times, are equal to each o- 
ther. For joining SF, the 
Triangle A8 B is equal to the 
Triangle B S F, as being upon 
b 3M and of the ſame per- 
pendicular Altitude. (635) Alſo 


the Triangles BSF = BSC 
as being both on the ſame Baſe 


BS, and between the ſame 
Parallels BS and CF; there- 
fore the Triangles ASB = 
BSC. In the fame Manner U 
the Triangle CS D is proved S 1 
equal to BS C, and therefore to AS B; and fo of all the 
Reſt; whence the Propoſition is evident. | 

1212. Hence, when the Particles of Time, or the Spaces 
A B, B C, Sc. are taken infinitely ſmall, the Polygon 
AB CD E, Sc. will become a Curve; and the Areas deſcri- 
bed by any Radius AS will be always proportional to the Times of 
their Deſcription; FI 1 9 8 

1213. Alſo, becauſe in equal Triangles 1 HB = 253, 
whoſe Baſes B, l, are unequal, thoſe Baſes are reciprocally 
as their Heights H, I, (viz. B:b::h:Hz) it follows, that 
the Velocities in every Part of the Orbit of the revolving Body ars 
reciprocally as the Perpendiculars let fall from S ta the Tangents of 
the Orbit in thoſe Points. / | 


1214. 
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1214. And becauſe Triangles * "_ Baſes are as 
their Altitudes, (via. 4 HB: 2 5B: h;) it follows, that 
the Times in which equal Parts, or 3 of the Orbit are deſcri- 
hed, are direcily as thiſe Perpendiculars to the Tangents, 

1215. Draw AG, GC, parallel to BC, BF; then will 
BG = FC, or be as the Centripetal Force in the Point B, 
and becauſe the Diagonal A C diſects BG in Q, and this is 
every where the Caſe ; therefore in every Part of the Orbit the 
Centripetal Force will be as the Sagitta BQ of the 3 
ſmall Arch A B C. 

1216. From what has been faid, it follows, that every 
Body which moves in a Curve about an immoveable Point 8, 

ſo that by a Radius drawn to that Point, it deſcribes Areas 

proportional to the Times, I ſay, ſuch a Body is urged by a 

Centripetal Force tending to that Point. For ſuch a Body in 

the Point B is drawn from the Tangent by a Force which 

acts in the Direction of a Line parallel to C F, that is, in 

the Direction BS; and in the Point C it acts in ſome: Line 

parallel to H D, viz. in the Line CS; and therefore in every 
Point, it acts in Lines tending to the Cunt 8. 

1217. But if the Areas are not proportional to the Times, 

tis evident that C F, HD, Sc. are not parallel to BS, CS, 

Sc. and therefore the Direction of the Centripetal Force is 

not to the fixed Point 8; but to ſome other uncertain and 

| variable Point, on this Side or that, as the Areas deſcribed in 

equal Times increaſe or decreaſe, as is evident from the Con- 

Rruction of the Figure. 
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CHA P. XII. 


A Determination of the L a w of the Centripetal 
Force, tending to a given Point any where placed 
in the Axis of 4 Conic SECTION, by 
which the Curve pertaining thereto may be de- 


 ſeribed. 


1218. O determine what the Law of the Centripetal 

Force muſt be, that if the Point to which it tends be 
placed any where in the Axis of a Conic Section, the Body 
ſhall be made to deſcribe the Curve proper thereto, is a Pro- 
blem of the greateſt Importance, and may be ſolved either by 
Lineal Geometry, or by Fluxions. In the firſt Way it has been 
often done, but it is moſt general and expeditious in the Lat- 
ter, which here follows. 

1219. LetVAB be a Part of the Curve, TVC its Axis, 
C the Center, S a Point in the Axis to which the revolving 
Body tends, A the Place of the Body, A B the Arch deſcribed 
in an indefinite ſmall Part of Time; AD = y, an Ordinate, 
VD = x, the Abſciſs belonging thereto, A T a Tangent, and 
AS the Diſtance of the Body; D H a Line drawn parallel 
to A8. Let VS d, AS=z; the Semi-tranſuerſe Di- 
ameter (a,) the Semi- conjugate (b;) and let the Abſciſs VD 
(= +) flow uniformly, ſo that its Fluxion & = A a, may be 
conſtant ; while the Fluxion of the Ordinate AD, viz. Ba 
= , is variable. 


1220. Then the Equation of the Conic Section being 


S8FTXx= IT > = Gon 


2533 and ſo x = — 22 Alſo Ae: eg:: A: TD; 
a b* _ 


that is, 34 1n—½ = T'D, the Sub-tangent. Therefore 
r 

DDR * aN x „N 79 * 
hs 

als, 8 


— 
— 
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dy 

- 1221. Again, DT —VD=VT = (EE — —=) 
by 
en ©. therefore T 8 = > fo. Lanta todpds, 
t- as x? aA N a 2 


by Reaſon of the ſimilar Triangles T S A, and T D H, we 
is, ¶ have T 8 = 2 ·˙ A En 


Ng a & ad 
2 

ed eee 

te, a Xx TAN dx 


d 1222. And laſtly, DS=d—x:DA=y::A@=z: 


el 2 yx 2 2 — 3 +35 

i- ac 2. ; and fo Bom + = — d — x ö 
D IF now the Triangle Bbc is ſimilar to 8 cd, and therefore to 
be SD Xx B 

* S AD, whence SA: S D:: Be: Bb; ry : 

ng LED LE . = Area of the Triangle AS B, 


; a which is the Fluxion of the Area 8 VA, or the Space that is 
b b I uniformly deſcribed in the ſame Time with #. 


; 1223. And becauſe y => Tax ©» 1 we have 3 = 


b 

n wn; thanked held Ve 
a Na xx za r rA 
lues of y and ſubſtituted in the above found Area, will bring 


je 0 his Expreſſion e 2 for the Time of 
284y/ 2axFxax 
deſcribing 
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* the conſtant Space &; or, if à ꝙ K = = and 
V 2ax-xx = n; the ſaid Area or Time will be abridged t 


1 bzxXax+4d — 
2 4 

1224. Then ſince the Body arrives de Point A with the 
Velocity r in the Direction of the Axis V . and with the Velc 
city 5 in the Direction of the Ordinate DA ; let DA be continue! 
on, and take AC = - in the Point A, and compleat the Pa 
rallelogram e a. And fince the Abſciſs flows uniformly, the 
| Body will arrive at the Point with a Velocity which will ſtill be 
as &, or the Space A @ uniformly deſcribed in that Time in the 19 
Direction VS: But the Velocity with which it arrives at B i 
te Direction 2 B or A D is different from q, or Ae; and is 
Ba, and ſo j — BA = B, which Ame 
Quantity being the Variation of the Fluxion 5, will be the {+ 


ares ll | ab x* 
Zar rv PS 271 


therefore will be as the Space paſſed over in the Direction AT 
or 4B, in the ſame Time with # by a uniform Velocity, gene 
rated in that Time in the Fluxion 5. 


a 5 2 


1225. dae nee theBpace e pale over | 


the indefinite Paniele of Time * — LE. — Wen 
che Space paſſed through in the coating Particle of Time = 1 
in the Direction D A, by the following Analogy of the Square 


2 22 7 dm 
Ar the Times to the Spaces, Viz, As 4 EE : 1”: 


4 
CLE qi" = pics deſcribed in 
12 54 * + d m 
giver Particle of Time 1, by the Velocity that is uniform. 
generated | in that Time m the. Body A, in the Direction A D. 
1226. Laſtly, ſince the Sers run over in equal Times ar 
as the Velocities, and the Velocities as the Forces by whi 
they are generated; tis evident, the Force by which 
Body is urged in the Direction AD muſt be every 


or in N given Particle of Time, proportional to the Space 
| 40 
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2 
2 n N 4 4 x > d m 
ſented by A #, and through # draw i ! parallel to the Tangent 
T A. Then will the Force A & be reſolved into the two For- 
tua ces Ji, and Ar; of which the Latter is in the Direction of 
elo A S, and therefore the ſame with the Centripetal Force by 
we which the Body A tends to 8, in every equal or given Mo- 
ment of Time. And becauſe the Triangle A & i is ſimilar to 

WD 4/, and therefore to A DH, we have the following Ana- 
1-be logy for the Expreſſion of the Force Ai, viz. As A D 


' 327 4.98 h 3 
B it DH —— 22 — . ——== 
. 4a ax+ 4 m by nXax+4dm 
ati 42 * 


BPXax+ dm 


-, Which Diſtance or Force let be repre- 


- = Az, the Centripetal Force required. 


1227. Becauſe 57 is a conſtant Quantity, the ſaid Centri- 


b 


AT Z 


petal Force will be every where as 5 = 1 
a x + Im ax + ad= >> 
AS 


= —————— becauſe DC Sax. 
DE TS 1 


1228, If now we ſuppoſe g a, or VSS VC, then will 

the Center of Force be in the Center of the Curve, and in the 
2 | %Z * 

„ n 
(becauſe we may puta = 1.) Alſo in the Hyperbola, becauſe 
is negative, or — a, we have —ax—da+dx=ax— 
* +ax = ===; and fo the Force will in this Caſe alſo be as 
Z. In the Parabola, a will be infinite, aud ax and & dx 


. 


'E ill vaniſh out of the Equation, and leave only =; 222 
rm 

D. {Wcfore. And therefore in every Section the Force will be di- 
g at ectly as the Diſtance 8 A. 

hi 1229. If the Center of Force be in the Vertex of the 
95 V, then d o; and the Force will be 1 where as 


+ When the Ellipſis becomes a Circle, then *r 2 = (660,) 


40 1 5 WH. . N and 


- 
4 
U 
. 
* 
x 
þ 
ay 
"mt 
1 
iz # 
* " : 
— * 
1 
3 
. 
. = 
* * 
i : 
1 ; 
#1 
$3 
. : 
; 
„ 
* 
29 
9) 
# 1 
* 
2 . [3 
[- q % 
Bn 
( \F 
Ly 7 N 
. E 
F * 
* N 
. 5 
1 5 
9 
114 
#4 
+53 
** il 
19 
= 
. f 
1 ' 
N 
4.07 
| | 
o 
0 
44 
* 24 
4 
my 
7 
ff 4 14 
q 
1 
[4 
4 
® | 
$3 + 
5 
70 
4 
11 
— 
7 
. 
4 
4 
7 
F4- S 
. 
of 
Tx 


— — 


90 INSTITUTIONS 


and the Force is every where as — Dr or inverſely as me fifth 


Power of the Diſtance from the Vertex. But if the Center S 
be removed to an infinite: Diſtance, then will the Force be as 
2 1 


— — 
— — 
an * 


2 
„ but — = 1, as being each in- 


finite and equal; whence, in this Caſe, the Force will be every 
where as 6A 

DC | 

1230, If the Center of Force be placed in the Focus of the 


Section; then (per Conics) we ſhall have AS = v/ AD* + DS* 


dq d 
mn — ==; and therefore — — i 
WW 4 * ＋ 4d dx 2 


1 Force A 1; That is, the Centripetal Force is every where 
inverſeh as the Square of the Diſtance, when: the Center of Force 
is in the Focus of the Settion, And this is the Caſe with reſpect 
to the Sun and Planets, and eſpecially the Comets, whoſe Orbits 


are very eccentric Ellipſes. 


1231. From the above Demonſtrations, we may obſerve the 
following Particulars, viz. that when the Center of Force 8 
was ſuppoſed in the Center of the Curve, then the Force was 
every where as the Diſtance z, which was demonſtrated alſo of 
the Circle; when, in different Circles, the periodical Times 
are equal; whence the periodical Times alſa in ſimilar Ellipſes are al 
equal, if made about the ſame Center C. 

1232. Or thus, more univerſally of all Ellipſes. Let A = 


Area of an Ellipſe, I = periodical Time. V = Velocity at 


the Vertex; therefore ſince & = (8 =) TV, we have 


, and fo in any other Ellipſe 7 =T; whence T: T:: A 


1 1 1 r 8 
v Ax yr ab x Tf * abx 7 and when. the Ellipſes have 


the ſame common Tranſverſe, that is, when a = a, it will be 


F: :: b N V v bat V. = => and 


ad 
}* 


T7777. c ISS 


—_ 7 


iftk 


* n ©F 7 


2 


of the Phyſico-Mechanical Matheſis. 91 


V 20%); and therefore ſince a d = ad, it is V: V:: 


b: ö; and ſo v b; conſequently T = T. So that univerſally 
Bodies revolving in ſimilar elliptic Orbits about the ſame common Cen- 
ter C, will all perform their Periods in equal Time. | 
1233. Since T: T:: ab 24H; and ab (a V ad 
V 4 * 
1 3 1 1 
—=nd*a*=) V d* a*, andab=nd* a*; therefore T: T 


22 * , and ſo T*: 7 *:; da?: 4a. Now let r and 
r be the Radii of two Circles, and t, t, the periodical Times 
of thoſe Circles; then it will be T*: t*::da*:dri::at : 13, 
(when d r); and in like Manner T*: “*:: (d a: d: :) a5 
*, (when d = r.) But ſince t“: “:: 5:1; therefore T* : 
T*::a* :a*; That is, The Squares of the periodical Times are 
as the Cubes of the tranſuerſe Axes, in Badies revolving in elliptic (as 
well as circular) Orbits about 4 Center of Force, poſited in the 
Focus. 

1234. Hence the periodical Times in Ellipſes are the ſame as in 
Circles, whoſe Diameters are equal to the greater Axes of the Ellip- 
ſes ; and therefore when the conjugate Diameter (or projectile 
Force) is = o, the Curve will become a ftrait Line, which 
the Body will deſcribe in 4 the Time it would deſcribe a Circle, 
whoſe Diameter is equal to that Line. 

1235. Since the Velocity of a Body is every where as the 
Perpendicular (= p) let fall from S to the Tangent to the 
Curve in the Point A (1213) ; and when the Point A is the 
Extremity of the conjugate Axis, then will the Velocity be V 


k f 
= ! = ! ———: —— ( by putting the Latus Rectum I= 1). Let 
a = Semidiameter of a Circle ; then ſince the periodical Times 


in ſuch a Circle, and the Ellipſis are equal; and in the Circle 


when T. is as a, we have J: "my every where; it follows, 
a 


that the Velocity of a Body revolving in an Ellipſi, is at its man 
Diſtance from the Focus, or Center of Force, equal to the Velocity of 
a Body revolving ina Circle, whoſe Semidiameter is qual to that mean 
Diſtance. 
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1236. The greateſt, leaſt, and mean Velecities of a Bod y re- 
volving in an Ellipſis Ap Q, and s p, will be as S Q, S A, and 
(ſee Fig. to Article 1204.) becauſe thoſe Lines are the Per. 
pendiculars to the Tangents in the Points Q, A, and p. In 
the Parabola, the Velbcity will always be as the Square Root of the 
Diftance from the Center of Force; becauſe the Perpendicular to 
the Tangent is always as the Square Root of the Diſtance in 
that Curve (1205.) 

1237. As in the Ellipfis, s, the Force is Centripetal, fo in the 

Hyperbela it will be Centrifugal ; but in the Parabola it will be 
neither one or the other ; for ſince the Center of Force is there 
at an infinite Diſtance, the Body cannot be properly ſaid to 
move to or from ſuch a Center. And in this Cafe the Direc- 
tions in which the Power acts are all parallel; and therefore, 
e converſe, when the Directions in which a Power acts upon a 
Body are parallel, that Body will deſcribe in its Motion the 
Curve of a Parabola. Whence it follows, that ſince the Cen- 
ter of the Earth is not at an infinite Diſtance, the Directions 
in which Bodies near :;s Surface are attracted towards it are 
not quite parallel, and therefore the Curves which Projectiles 


deſcribe are not truly (tho? very nearly) Parabolas, but really 
the Arches of very eccentric Ellipſes, 


„ 


CH A P. XIII. 


The ELEMENTS of a PLAN ET's Mor ION, dedu- 
ced from the foregoing PRINCIPLES, 


1236 WE have hitherto been confidering ſuch Phyſico-Ma- 

thematical Principles of Motion, particularly, with 
regard to revolving Bodies, as will enable us to account very 
naturally and eaſily for the Motion of a Planet, or Comet, in its 
Orbit about the Sun; and therefore the preceding Inſtitutions 
are to be regarded as the firſt, or elementary Principles in Aſ- 


tronomy, without which, the Rationale of that celeſtial Science 
can by no Means appear, 


133% 
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1239. The Motion of a Planet is known to reſult from a Pro- 


jectile Force, in the Direction of a Tangent to its Orbit, and a 


Centripetal Force directed to the Center of the Sun, both which 
are ſo compounded together, that the Curve which the Planet 
deſcribes, in Conſequence thereof, approaches very nearly to 
the Form of a Circle ; becauſe in the Caſe of the Planet, the 
Projectile Force is almoſt infinitely greater than the Force of 
Gravity, by which the Planet tends to the Sun; in which Caſe, 
an Orbit nearly circular muſt be deſcribed, as was ſhewn 
1171.) 
160 But in regard to the Comets, this Diſproportion of the 
Projectile and Central Forces is much leſs, if we conſider it, as 
put in Motion at the Aphelion Point, or greateſt Diſtance 
from the Sun, as is evident from (1206.) But if we conſider 
the Comet, as put in Motion at its Perihelion, then will the 
Projectile Force be greater, than that by which it would be 
carried about the Sun in a Circle at that Diſtance. 

1241, Hence we ſee the general Reaſons, why a Comet revolves 
in an Ellipſis about the Sun ; for when it is in the Aphelion, 
the Force in its Orbit is not great enough to carry it in a Cir- 
cle about the Sun at that Diſtance. It will therefore deſcend 
from that Point towards the Sun with a variable Velocity in its 
Orbit always increaſing (by 1213,) till at Length it arrives to 
the Perihelion Point, where its Velocity is greateſt of all. 

1242. But, as in this Situation its Projectile Force, or Velocity 
in its Orbit, is greater than that by which it can deſcribe a Circle 
about the Sun, it will neceſſarily fly off, and recede from the 
Sun to greater and greater Diſtances, but with a Velocity al- 
ways decreaſing, all which is evident, from the variable Ratio 
of theſe two Forces above and below what i is neceſlary to pro- 
duce a circular Motion. 

1243. But farther, it has been ſhewn, that a Body, actuated by 
a Centripetal Force, which is every where inverſely, as the Square 
of the Diſtance, muſt deſcribe a conic Section about that Body, 
or Point, ſuppoſed to be placed in the Focus of the Section 
(1230,) and in all Caſes where the projectile Force is to that 
which would carry it in a Circle, at the ſame Diſtance in a Ra- 


tio leſs than that of / 2 to 1, the Section will be an Elip/is 
by (1206.) 
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1244. When the projectile Force is nearly equal to that of the 
Circle at the ſame Diſtance, the Ellipſis will differ but little from 
a Circle ; and this we find is the Caſe of all the planetary Or- 


bits. And, on the other Hand, when the Projectile Force com- 


pared with that of a Circle (=1), is nearly equal toy/ 2, then 
will the Orbit be extremely elliptical, and its extreme Parts, or 
Apſides will nearly coincide with a Parabola, and ſuch are the 
Orbits we find pertaining to all the Comets, and this is the Rea- 
ſon why Aſtronomers generally make uſe of the Curve of a 
Parabola for calculating the Motion, Places, and other Phæ- 
nomena of Comets, in the perihelion Parts of their Orbits, 
which admits of greater * Expedition, and hardly any 


fenſible Error. 


1245. But to be more particular, with regard to the Mo- 
tion of the Comet in every Part of its Orbit, it muſt be remem- 
bered, that the Forces, circular Velocities and Diflances, were all 
defined by the following Equation FDvv=fdVV (1172.) 


And ſinee the Comet is actuated by the Force of Gravity, 


which 


— 
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which every where increaſes in Proportion, as the Square of 
the Diſtance decreaſes; that is, F: :: d* : D*; this will give 
v: v:: VA: B, or the circular Velocity will be every 
where inverſely as the Square Root of the Diſtances; but 
the Velocity of the Comet in its Orbit is every where inverſely 
as the Perpendicular to the Tangent. 

1246. From hence it will follow, that the Comet deſcends 
from the Aphelion A, towards the dun 8, becauſe its Velocity is 
there leſs than the cireular Velocity; as it deſcends to leſ- 
ſer Diſtances P S, its Velocity in its Orbit increaſes in a 
higher Proportion than the circular Velocity at the Diſtance 
PS; and this will be the Caſe every where, till the Comet 
arrives at the loweſt Point, or Perihelion B, where the Propor- 
tion of its Velocity to that which it had at A, will be as AS 
to BS, by (1213,) but the Proportion of the circular Veloci- 


ties at B and A will be, as V AS to V BS. Suppoſe 8 B 1, 
and SA = 4, then will the Velocity of the Comet at B be 
four Times greater than at 'A, but the Velotity in the Circle 
at B will only be twice as great as that in a Circle at A. 

1247. Whence it eaſily appears, that the Velocity in the Orbit, 
getting the better of that in the Circle, will carry the Comet off 
again from the Sun, when it has attained the loweſt Point B, 
ſince there it is greater than the Velocity of the Circle at the 
ſame Diſtance ; and, as it recedes from the Sun, the Velocity 
in the Orbit will decreaſe much faſter than the circular Velo- 
city; the Latter will prevail by Degrees, and cauſe the Co- 
met to deſcribe in its Aſcent a Semi-ellipſe B D A, equal to that 
in its Deſcent AE B, till at laſt, having attained the higheſt 
Point A, its Motion is then in the DireQion of the Circle AG, 
but for want of a ſufficient Projectile Force, to continue in 
that Circle, it will deſcend again from thence towards the Sun 
as before; Therefore the Velocity in the Circle prevailing in 
the higher Apſis A, and the Velocity in the Orbit in the 
lower Apfis B alternately, will occaſion the Comet to de- 
ſcribe the ſame Ellipſis perpetually about the Sun. We here 
ſuppoſe the Planet, or Comet, is not affected by any other Force 
than that of Gravitation to the Sun. 


oo 1248. 
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1248. To make this Matter ſtill more evident, we may conſider 
the Proportion of the Centripetal and Centrifugal Forces. We have 
ſhewn (12 30, ) that the Centripetal Force every where encrea- 
ſes, as the Squares of the Diflances decreaſe ; alſo it has been 
ſhewn (1174,) that the Centrifugal Force ariſing from the cir- 
cular Motion about the Sun S, does increaſe in Proportion, as 
the Cubes of the Diſtances decreaſe ; ſo that, when the Comet 
arrives to the Perihelion B, its Gravity is but 16 Times greater 
than at A; but the Centrifugal Force, or that by which it en- 
deavours to fly off from the Sun, is 64 Times greater than in 


the Aphelion A, ſuppoſing, as before, that AS be 4 Times 


greater than B 9. 
1249. Hence it will follow, that tho' Gravity prevails in the 


higher Part of the Orbit, the Centrifugal Force (as it increaſes 
much faſter) will prevail over it in the lower Part, and fo prevent 


the Comet from approaching any nearer to the Sun. But at B, 
as the Comet recedes from the Sun in its Aſcent, this Force 
will be conſtantly checked by Gravity, which, as it decreaſes 
in a much lower Proportion than the Centrifugal Force, will, 
at length, prevail ever it at the higheſt Apſis A, and there 
put a Stop to any farther Receſs from the Sun. Here the Co- 
met again begins to deſcend, by Virtue of a ſuperior Gra- 
vity, and fo alternately deſcends and aſcends, according as the 
Action of theſe two Powers prevails. 

1250. Such are the mechanical Laws and Principles of a pla- 
netary or cometary Motion; and it may be worth while to obſerve, 
that were the Centripetal Force to be in any other Ratio than 
that of the Squares of the Diſtances reciprocally, ſuch a re- 
gular and beautiful Order could not have obtained in the 


Syſtem. Thus, for Inſtance, ſuppoſing that the Centripetal 


Force as the Cubes of the Diſtance inverſely, (or that F: :: 
d* : Di) then from the foregoing Equation (1245,) we ſhall 
have D: d:: v: V, or the circular Velocities will be in the 
inverſe Proportion of the Diſtances. But that is the very ſame 


Proportion that the Velocities in the Orbit have at A and B. And 
therefore, ſince the Velocities in the Circles and in the Orbit 
at A and B, vary in the ſame Proportion, it is evident, that 
te ſame which prevails at one Diſtance, muſt prevail at the 

other 3 
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others; and therefore, if the Velocity in the Orbit at A be leſs 
than the circular Velocity, there the Comet will begin to de- 
ſcend, and it muſt always continue to deſcend, for the ſame 
Reaſon that it firſt of all began to do ſo, and conſequently will, 
after an infinite Number of Revolutions, fall into the Sun. But 
if, on the other Hand, the Comet be ſuppoſed at B, there the 
circular Velocity, being greater than that in the Orbit, will car- 
ry it off from the Sun; and becauſe it continues always in 
the ſame Proportion greater, the Comet muſt ever keep riſing 
in ſpiral Revolutions from the Sun. Therefore, in this Law 
of Gravity, the preſent Frame of Nature could not in the leaſt 
exiſt. b | 

1251. The ſame Thing would alſo appear from what we 
have ſaid of the Centrifugal Force; for as that Force every 
where increaſes in the reciprocal Ratio of the Cube of the Diſ- 
tance, which is the very ſame Ratio as that in which Gravity is 
ſuppoſed to increaſe, it muſt follow, that, if Gravity once pre- 
vail, as in the higher Apſis A, it muſt ever prevail over the 
Centrifugal Force, and cauſe the revolving Body conſtantly to 
deſcend in a ſpiral Orbit toward the Sun, But if, on the cone 
trary, the Centrifugal Force prevail in any Point, as at B, then 
that Force will ever prevail over Gravity, and not only make 
the Body begin, but cauſe it continually to recede from the 
dun. | | 
1252. If the Gravity increaſes in a higher Proportion than as 
the Cube of the Diſtance decreaſes ; then will the circular Ve- 
locity increaſe in a higher Proportion than the Diſtances decreaſe, 
and conſequently, in a higher Proportion than the Velocity in the 
Orbit increaſes from A to B; fo that, as the circular Velo- 
city exceeds the Velocity in the Orbit at A, it will much more 
exceed it at B, and conſequently, the Body will every where 
continue to deſcend to the Sun with an accelerated Velocity; and 
the higher the Power of the Diſtance is, to whick the Gravity 
is reciprocally proportional, ſo much the quicker, or in a lefs 
Number of Revolutions, will the Body deſcend to the Center 
of Force. On the other Hand, if once the Body recede from 
the Center, it muſt continue to do ſo for ever. 

1253. Again, if Gravity increaſe in the reciprocal Propor- 
tion of ſome Power of the Diſtance between the Square and 

Vor. II. Q Cube, 
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Cube, the Body will take more than half a Revolution to de. 
ſcend from the higher to the lower Apſis; for it takes half: 
Revolution, when the Gravity is reciprocally as the Square of 
the Diſtance, and it has no lower Apſis, when it is reciprocally 
as the Cube of the Diſtance, whence the above TENANCY is 
evident. 

1254. If the Gravity increaſe in Proportion as ſome Power of 
the Diſtance leſs than the Square decreaſes, the circular Veloci- 
ties will increaſe in a lower Ratio than that, in which the Ve- 
locity in the Orbit increaſes, and conſequently, the latter will 
more eaſily prevail; alſo the Centrifugal Force will ſooner ex- 
ceed the Gravity, and therefore the Body will deſcend to the 
lower Apſis in leſs than half a Revolution, and return to the 
higher Apſis, in leſs than a complete Revolution. 

1255. From all that has been ſaid, it appears, that were the 
Planets, or Comets, affected in their Motions by one attracting 
Body only, whoſe Power is reciprocally as the Squares of the 
Diſtances, then they would deſcribe what one might call a fixed 
Ellipſis, whoſe Apſides have no Motion at all. But if it hap- 
pens, that any foreign, attractive Force be added to that of the 
Sun, ſo as to make the Sum, or Difference of thoſe Gravities, 
vary in a higher or lower Proportion than that of the Squares oſ 
the Diſtances inverſely, it will occaſion the Apſides to move 
forward or backward, and the elliptic Orbit to become, as it 
were, moveable. The Excentricity of ſuch an Orbit will alſo 
be changed, and the periodical Times conſiderably varied; and 
this is really the Caſe with regard to the primary and ſecondary 
Planets, and Comets; but particularly in the Caſe of our own 
Moon, the gravitating Force of the Earth, added to, or ſub- 
ſtrated from that of the Sun, makes her Phænomena very va- 
riable in all the abovementioned Circumſtances. Alſo the For- 
ces of Jupiter and Saturn will ſenſibly diſturb the Motions of the 


Comets, in regard to their Velocity, Aphelion Diſtance, peri- 
odical Times 5 D . 


CHAP. 
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HA. 
The Method of eftimating and comparing the Circu- 


lar, Elliptical, Paracentric, and Angular VELo- 
ro crTIEs; alſo of CENTRIPETAL and CETRIFU= 
GAL FoRCEs, by which a PLANET 75 3 in 
in the different Parts of its OR BI r. 


ex 1256. S a farther Illuſtration of the aſtronomical Elements 

of a Planet's Motion, we ſhall next ſhew how to 
eſtimate the real Values of the Velocity of a Planet in its Or- 
bit, and of the Velocity in a Circle at the ſame Diſtance ; alſo, 
of the Planet's Paracentric Velocity, and of the Centripetal and 
"> i Centrifugal Forces for any given Diſtances of the Planets from 
the Sun. It has been already ſhewn, in a general Manner, what 
rel is to be underſtood by circular Velocity, and by the Velocity of 
"*P* WY Planet in its Orbit, and how the Ratio may at all Times be 
ſtated, but we have as yet ſaid Nothing of the Paracentric Velo- 


8 city of the Planet's Motion, by which we are to underſtand its 
Acceſs to, or Receſs from the Sun, eſtimated in a right Line, 


joining the Planet and the Sun. Thus, let a Planet be in the 

n three Points of its Orbit, P, N, M, in its Deſcent towards the 

Sun 8, and join SP, SN, and S M; onthe Center 8, with the 

Diſtance SN, deſcribe the Arch N p, and with the Diſtance 

S M, deſcribe the Arch Mn, then it is evident, when the Pla- 

net comes to N, it will be nearer the Sun than it was at P, by 

the Diſtance Pp; and at M it is nearer the Sun than at N, 

by the Diſtance N m; now theſe two Diſtances, or Lines, P p 

and N m, are called the Paracentric Velocities of the Planet's 

; Motion in thoſe Parts of its Orbit. 

45 1257. On the Center 8, deſcribe the Arch PV, and from P 
let fall the Perpendicular P v; alſo, from N and M draw the 
Perpendiculars N, Mo. Laftly, draw M » parallel to the 
Tangent LP, and L M parallel to S N, then V, or p g de- 
notes the Planet's Centrifugal Force at the Points P or N; alſo, 

b. * denotes the ſame Thing at M: And LM is the Expreſſion 

of the Centripetal Force, as is evident from what we have faid 

in the XIIch Chapter. 


O 2 1258. 
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1258. From 
the Points Pand 
M, draw the 
Lines Pv, Me, 
perpendicular 
to S N; then 
becauſe the Tri- 
angles P 8 N, 
NS M are e- 
qual, (the Times 
being ſuppoſed 
equal) therefore 
{ becauſe the 
Baſe S N is 
common to 
both) the Alti 
tudes PU, Mo 
are equal; take 
Nu = L M, 
then the Tri- 
angles PN v, 
Muse will be equal and ſimilar, and PN= M and NVU 
again, in the right Line 8 N (produced) finceS V = SP, and 
SM SM, we have NV = SP — SN, and NM SN 
SM; and conſequently NV = (Nv)no+Vv, andNm= 
Nx + no—om; therefore NV Nm=Vo+mo—Nz. 
1259. If now we put SP = y, then Pp =, and NV (or 
Pp)— Nm ; then becauſe Vy=pq== mo, therefore j = 
2 m» Nu, or Fluxion of the Paracentric Velocity. Now it 
is evident, that while the Paracentric Velocity 5 increaſes, its 
Fluxion 5 will be Negative or —j = Nn—2ms (932) till 
at Length it becomes Nothing, or j=2mo—Nn=o, in 
which Caſe 2mo = N n. After this, the Paracentric Velocity j 
decreaſes, and its Fluxion is affirmative, or / = 2m0—Nn; 
till the Planet arrives at B, where it entirely ne. From 
hence we learn 
1260. Firſt, that in the Deſcent of the Planet from its Aphe- 
lion Diſtance A, toward the Sun, its Paracentric Velocity, be- 


Zins ard increaſes till it arrives at a certain in after which it 
| de- 
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decreaſes continually, till it vaniſhes in the Aphelion Point B, or 
its Velocity of Acceſs to the Sun is accelerated in the firſt Part 
* of its Orbit, and retarded in the laſt; and vice verſa in regard 
d, to its Receſs in the other Part of its Orbit. | 
1261, Secondly, the Fluxion of the Paracentric Ve 
—j = Nn— 2 mo ſhews, that fo long as the ſaid * con- 
tinues to increaſe, or be accelerated, Twice the Centrifugal Force 
| (2 mo) will be leſs than the Centripetal Force N n. 
1262, Thirdly, when the Paracentric Velocity i is a 
| or greateſt of all, the Centripetal Force (N n) is equal to twice the 
1 Centrifugal Force (ma. 
| 1263, Fourthly, from the Time the Paracentric V 
continues to decreaſe, till it vaniſheth at B, the Centripetal Force, 
er Gravity (N n,) will be leſs than twice the Centrifugal Force (m o.) 
But that Gravity Nu can never decreaſe fo far, as to become 
2 equal to the Centripetal Force m e, even in the Perihelion Point 
B, is what we ſhall ſhew by and by. 

1264. Let the Triangles PS N and MS N be equal, or de- 
ſcribed in e b u, then will SNX Np=SM x Mam, 
then it will be Np: Mm::SM:SN, Let IK be the Latus 
Refium, or Parameter of the elliptic Orbit, and L* @ be a 

"1B conſtant Rectangle, equal to SM x Mm, Put SM = D, 


and 
ud IK =I. Then the Arch Mw = F. and Maw = 
= L* at 


M m a* 57 

I > and m0 = —— IM | (1172) = = —— = Centrif, Force. 
(or 1265. Again, the Centripetal ee or Gravity L M, is in- 
A as D*, or directly, as MN, (1264, ) or as A 


that is, (dividing by the conſtant Quantity + 1.1 = » Is as 


the Force of Gravity. Wherefore Gravity is to the Centrifu- 
gal Force, N 2 tot, or as D to 3 L. That is, The 
Farce of Gravity is to the Centrifugal Force every where, as the Diſtance 
of a Planet to a fourth Part of the Latus Rectum of the Ellipfs. 

1266. Let IOS ZIS = L, then in the Point I, Gra- 
vity is to the Centrifugal Force, as 18 is to I O, or as 2 to 1, 
" and conſequently, the Paracentric Velocity in the Point I, will 
4 de the greateſt of all, or a Maximum (1262.) 1267s 
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| 1267. That the Centrifugal Force is always leſs than Gravi- 
ty, will be evident, when we conſider, that the Perihelion 
Diſtance 8 B, does, in an Ellipſis, always exceed 8 O, or g of 


the Parameter, becauſe in a Parabola, which lies without the 
Ellipfis, the ſaid Line 8 B is then but juſt equal to 5 of that 
larger Parameter (742.) 

1268. Hence it will again appear, that a Planet in the A- 
phelion Point A, will defcribe a Circle A G, when the Force 
of Gravity is there equal to twice the Centrifugal Force. But 
if it be greater, the Planet will deſcend in an Ellipſis towards 
the Sun, and in the loweſt Point B, Gravity, being leſs than 
double the Centrifugal Force, can carry the Planet no nearer to 
the Sun from that Point; therefore, it muſt of Courſe begin to 
afcend with an increaſing Paracentic Velocity of Receſs, till it 
arrives to the Point K, where Gravity becomes equal again to 
twice the Centrifugal Force. After this, the Centrifugal For- 
ces leſſening much faſter than Gravity, the Latter will prevail, 
and the Paracentric Velocity of receding from the Sun will 
conſequently decreafe, till the Planet arrives to its Aphelion A, 
where it will entircly vaniſh. 

1269. And thus we ſee, more particularly now, by the Dif- 
ference of theſe two Forces, how the Planet is made conſtantly to 
revolye to and from the Sun, and in ſo conſtant and regular an 
Order, as to give us the cleareſt Ideas of a Uniformly Vari- 
able, and Perpetual Motion. 

1270. Beſides the Velocity of a Planet's Motion hitherto 
mentioned, there is one other, which is called the Angular 
Vlacity of a Planet in its Orbit. In order to eftimate this, 
It muſt be conſidered, that any Angle is greater in Propor- 
tion, as the Arch deſcribed with a given Radius is ſo. 
And alſo, when the Arch is given, the Angle will be leſs 
in Proportion, as the Radius is greater; and therefore every 
Angle will be in a Ratio compounded of the direct Ratio of 
the Arch, and reciprocal Ratio of the Radius, and far- 
ther we have juſt now ſhewn (1264, ) that in the Caſe of de- 
ſcribing equal Areas, the Arches are inverſely as the Radii; 
therefore, in this Caſe of a Planet's Motion, the Angles deſcribed 
i ea Times will be inverſely as the Squares of the Radii. 

14271. But it has been ſhewn, that the Force of Gravity is 
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every where inverſely as the Radius, and conſequently, directly 
as the angular Motion of a Planet in its Orbit; and therefore 
the Latter will be an adequate Meaſure of the Former. 

1272. Therefore the Impetus, or Sum Total of all the Im- 
preſſions of Gravity, which the Planet acquires in. moving 
from AtoP, is to the Impetus acquired at M, as the Angle 
ASP is to the Angle ASM. Hence likewiſe it appears, 
that the Impetus acquired in deſcending from A to I, is juſt 
Half that which is acquired in deſcending from A to B; and 
therefore the Impreſſions of Gravity upon the Planet, as it 
paſſes from I to B, are equal to all it receives before, in its Paſ- 
ſage from A to J. 

1273. Having thus ſtated the Ratios of the Velocities and 
Forces concerned in a Planet's Motion, we ſhall next pro- 
ceed to illuſtrate the ſame by a familiar Inſtance, where all 
thoſe Quantities will be expreſſed in proper Numbers, and 
therefore be more eaſily comprehended and underſtood... In 
order to this, let AS repreſent the Diſtance from the Center 
of the Earth to the Circumference H A G, a Circle on the 
Surface of the Earth; it was ſhewn, that a Body revolving in 
this Circle (1190) with a Centrifugal Force, equal to that of 
Gravity, muſt be projected from A with a Velocity of 26000 
Feet per Second. 

1274. Now, ſuppoſe it was required to find the Velocity, 
with which a Body ſhould be projected from the ſaid Point A, 
to deſcribe the Ellipſes AE B D; fo that 8 B may be equal 
to 1000 Miles. Then as AS is equal to 4000 Miles, the 
whole tranſverſe Diameter A B will be equal to 5000, and 
E D will be equal to 4000; and I K will be 3200; ſuch are 
the Dimenſions of the Ellipſis. Then by the Theory in 


bb 2000 X 2000 _ 


Therefore 1: V:: n : v, or 1: 26000: : 0,63246 ; 16444 
Feet per Second, the Velocity required. | 
1275. Thus, the Velocity in the Circle and the Ellipſis, at 
the Point A, is known, and the Velocity at B in the Circle 
is to the Velocity at A in the Circle as T toy/ BS, or 
as 2 to 1, that is, the Circular Velocity at B will be at the 
Rate of 52000 Miles per Hour (1245.) | 
1276, But the Velocity in the Orbit at B will be to that by 


qual to Gravity, which ſuppoſe to be 100 Pound Weight, and 
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which it was projected at A, in Proportion as AS to 8 B, or 2 
4 to 1. Therefore the Velocity of the Planet in B will be 
16444 X 4 65776 Feet per Second, which, as it greatly exceeds 
the Velocity i in the Circle, will prevent the Planet from revolv- 
ing in a Circle about the Sun, and carry it off in its own proper 
Orbit, in the Manner before- mentioned (1247.) 

1277, Then, as to the Forces, that in the Circle at A is e- 


we have ſhewn, that Gravity is every where to the Centrjpetal 
Force 6f revolving Bodies, as the Diſtance to + of the Parameter, 
that is, in the Point A, it will beas AS to $ 50, or as 40 to 8, 
or 5 to . Therefore the Centrifugal Force of the Body in A 
is but 20 Pound. 

1278. In the Point B, Gravity is 16 Times greater than at 
A, of equal to 1600 Pound Weight, and fince there the Gra- 
vity is to the Centrifugal Force as SB to S O, or as 10 te8, 
the Centrifugal Force at B will be equal to 1280 Pounds, which 
tho! it be conſiderably leſs than Gravity, will yet prevent any 
nearer Approach of the Planet to the Sun. 

1279. Laſtly, it appeats, that the angular Velocity of the 
Planet at A, is 16 Times leſs than that at B, or to an Eye placed 
at 8, the Space deſcribed in one Second at A will appear 16 Times 
leſs than that which is deſcribed in the ſame Time at B. agree- 
able to (1270.) Since AS r 48 B, (1274.) | 
1280. Thus we haye applied the Phyſico-Mathemafical Prin- 
ciples of Motion to the Theory of Aſtronomy, as far as it can 
be done without the Aſſiſtance of Orrics; but, as the greateſt 
Part of Aſtronomy, both theoretical and practical, depends 
entirely upon optical Principles, nor can by any Means be un- 
derſtood without them, it will be neceſſary here to deſiſt, and 
proceed to the Elements of the Science of Viſton ; nor will the 
Principles of common Optics be ſufficient to anſwer our Pur- 
poſe, with regard to finiſhing a complete Treatife of Aſtrono - 
my. The Doctrine of Ptr5PpeCTIVE muſt be well underſtood, 
as alſo the general Principles of the Projection of the SpHERB in 
Plano, and that too in a different Manner from that in which 
they have uſually been treated, theſc will all be found neceſſary in 
the various Branches of that Science. We ſhall therefore, inthe 
next Place, proceed to lay down a Series of Inſtitutions, con- 


taining the Principles of wniver/al Optics. | 
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Univerſal OPTIC S: 


The ELEMENTS of CAroprRics, Drop r Ries, 
and PERSPECTIVE. 


CHAP. I. 
The Phyſico-Mathematical ErzMenTs of Caror- 


TRICS, or V1sIon, by reflected LIGHT, from 
all Sorts of poliſbed SpECULUMs, or MikROxs. 


T2 &@F INCE the Particles of Light are found to 
de real Matter, they will obſerve the Laws 
BW WET of Motion common to all other Bodies a- 
riſing from Attraction and Repulſion; and 
therefore if a Particle of Light proceeds from the Point A to 
the Plane BE, and ſtrikes it in the Point C, it will there meet 
with a repulſive Force, by which it will be reflected from the 
ſaid Plane in the Direction C D, making therewith the Angle 
ECD. Now it is required, to find the Point C in the Plane 
BE, ſuch, that the Ray of Light impinging thereon ſhall be 
reflected to the Point D, ſo that its Paſſage from the given 
Point A to another given Point D ſhall be the leaſt poſſible, 
1232, Let the Perpendicular 
AB = a, and the Perpendicular 
DE = b; BE c, and BC 
= x, Then CE = c —- x1 
and AC=/ aa+xx; allo 
CD=\/ bb Cn IE 


1281. 


* 
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Now, fince AC+CD, that is, 44 + x x + 
qv bb * — Dee + * x muſt be a Minimum, and there» 
ion ——aomnm—men 3. enn 
8 Cas = i bb +ec aca xx 
= 0,, conſequently x + / 6b e- 2c + xx + x—c + 
at Crx Z= o. Thereforexx bb + cc—2cx + * 
S XV, or BC T CD=CE x AC, and ſo 
B C: AC:: CE: CD. Hence the Triangles ACB and 
DCE are equiangular (657 ;) and ſo the Angle of Incidence 
ACB = DCE, the Angle of Reflection; and that this is 
really the Caſe in regard to the Reflection. of Light, we ate 
well aſſured from Experiments. 

1283. The Nature | 


of the Curve AMD wx 
eh 3 1 Ph. e 
A 


the Diſtance of the lur 8 


minous Point B, and S i 
the Poſition of the in- NMR MA 
cident Ray BM being *%y 371 
given, it is required to | 


find in the reflected 
Ray M F, the Point, 
or Focus F, where all is | 

the Rays iſſuing from A —.—kk—— C0 


the Point B will de f. 115 


united. In order to 

this, let C M be the 

Radius of Curvature to 8 | 

the Point of Incidence M, and take the Arch M infinitely 
ſmall, and draw the right Lines B n, mF; on the Cen- 
ters B and F deſcribe the little Arches MR, MO; and draw 
the Perpendiculars C E, Ce, GG, Cg, to the Rays of In. 
cidence and Reflection; and ſuppoſe the Diſtance BM = A 
and ME or MG = a; then 'tis evident, that the Triangles 
MR n, MO n, are equal and ſimilar, and conſequently M R 


is = MO; and becauſe the Angles of Incidence and Reflec- 


tion are equal (1282,) therefore CE = CG, and Ce Cg 
and conſequently CE — Ce, or E Qis = to CG - Cg, or 


SG: And becauſe the Triangles B MR, BE Q., FMO, 


F GS 


) 
| 
e 
5 
4 
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FGS are ſimilar, it is, BM + BE (24—a) :BM (4) : 
MR+EQ, or M O + Gs: MR, or MO: MG (a): 


MF = 77 nt 


1284. If Fr radiant Point B fall on the other Side gf the 

Point E in reſpect of M, or (which is the ſame Thing f the 

Curve AMD be convex towards the Radiant B, then d will 
—ad 


be negative, or — d; and therefore M F = 2 
214 


ad 
2d+a 
tive, or on the ſame Side the Curve with the Point C; and 
the Rays after Reflection will diverge. 

1285, When the Radiant B is on the concave Side of the 


Curve, the Value of M F (= — will be poſitive when 
d exceeds 2 43 but negative Food d is leſs than 2 a; and infi- 
nite, when d = + a. 

1286. If the Radius of Curvature M C be infinite, then alſo 


ME = will be infos. et ns wn 3 os 
3 + W, 


= 4. In this Caſe the Curve, or ſmall Arch M becomes a 


Hence in this Caſe, the Focus F will always be poſi- 


trait Line. Therefore in both Caſes, when it is — d, or + d, 


the Rays, after Reflection, will diverge. 
1287, If any two of 


M 
the three Points B, C 
and M be given, the | 
Third may be found. 
Thus, if the Curve < a 
| B . 


AMD be an ELL1e- 

SIS, and the Radiant 

PointBbe in one Focus, 

'tis evident all the re- E a 

flected Rays M F will G 


be united in the other Focus F (772.) Whence M F — 


a d Lg 24 | d + 
77 — 2 ad a= 75, hence a * fi and 


therefore i: a: . J; that is, BM: ME:: 1 AD: 
* 1 MF. 
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M F. Hence likewiſe, when the Points B and M are given, 
the Point E or C may be found, fr then #= 3LL,, or 4 AD 


:MF :: BM: ME; and a Perpendicular on 8 Point E 
gives the Point C in a right Line MC, biſecting the An- 
gle BMF. Note, The fame Demonſtration ſerves for the 
Hyperbola, where a = == 2 
. 
1288, In the PARAB0OLA D 
AMD, the Focus F is re- 


moved to an infinite Diſtance ; Mc 
and the Radiant being in the 2 
Focus B as before, tis evident 8 
the reflected Rays MF A \B 

will be parallel to the Axis 5 C 
AG; and therefore ſince M F E. | 


. 
=f ==> is infinite, we have 2 d = a, or 2 BM = 


ME. Therefore a Perpendicular E C erected on the Point E 
will aſſign the Point C for the Center of Curvature to the Point 
M, in the Perpendicular M C. 

1289. If AMD be a CircLE, ſince 
5 —, we have 2 4 —- 2:4: : 4 


: þe If therefore in the Line B M con- 


tinued out, we make MO =2d— a; h E 
then it will be MO: ME:: MB: MF, A J 
whence the Point F, or Focus is found. 

1290. Since in the Circle the Radius of — 


Curvature is a conſtant Quantity, a Per- 
pendicular to the Point E will ever paſs through C the Cen- 
ter of the Circle; therefore when the Point M is infinitely 
near to the Vertex D, the Line EM = 4, will be equal to 


CD = 7 = Radius, and the general Theorem for finding 
ad 
Focus F, vix. MF = ——— „ will become g. a = 7 


in this particular Caſe; r hal aearda, 
the Curve, 


* 


1291. 
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1291, If the. Radiant B be at 
an infinite Diſtance, then 4 be- 
dr 
24 — 1 
r = f, or the Focus is then e- 
qual to Half the Radius. If 24 
be greater than r, the Focus F is 
poſitiue, or on the ſame Side with 
the Radiant. If 2 4 be leſs than 
r, then the Focus will be negative, | 
or on the contrary Side, in regard to the Radiant. If 4 be 
negative or — d, that is, if the Radiant be placed on the con- 
— Ar 
— 2d—r 


— T 
— 1 


ing infinite, gives 


— 
—— 


vex Side of the Curve, the Theorem becomes 


dr 
2d + r 
1292. Sincedr = 2 df + r f, and conſequently df + rf 
=dr — df, we have d T: d:: : ; that is, BC: 
B D:: CF: DF. And therefore the Axis of the Curve, or 
LineB C is harmonicalh divided in the Points C, F, D, B, as will 
appear, when we treat of Harmonical Proportions. 

1293. Let AM BD 
be a Semicircle de- 
ſcribed on the Dia- 
meter A D, and ex- 
poſed to parallel Rays; 
then thoſe Rays which 
fall by the Axis CB 
will be reflected to /, 
the middle Point of 
CB (1291, ) and thoſe 
which fall at A, as they touch the Curve only, will not be re- 
flected at all; and any intermediate Ray EM will be reflected 
to a Point F, ſomewhere between A and 7; and alſo, ſince 
every different incident Ray will have a different focal Point, 
therefore thoſe various focal Points will conſtitute a Curve- 
line A FF in one Quadrant, and F I D in the other, which 
Curve is called the Cauſtic by Reflection. 


= f, always poſitive, as before (1284.) 
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1294. Since d is infinite, we have - 


INSTITUTIONS 


d a 


24 ——4 - 


—=MF =41a=: 


ME every where; therefore if we biſe&t the Radius C M 
in H, and drawn H F perpendicular to M F, the Point F will 
be in the Cauſtic Curve ; for the Triangles MFH and ME C 
are always ſimilar, and give MH: MC:: MF: ME. 

1295. Alſo, ſince the Angle MF H is a right one by Con- 
ſtruction, the Point or Focus F will ever be in the Circumfe- 
rence of a Circle deſcribed on the Diameter MH = 2 M C. 
Therefore the Cauſtic AF f is a Semi-epicycloid, deſcribed by 
the Revolution of a Circle MF H, on the Periphery of a Cir- 
cle G H f about the Center C, whoſe Radius C H = MH, 


the Diameter of the generating Circle. 


1296. If the Angle ACM be Half a fight « one, than be- 
cauſe the AngleEMC=CMF=MCE, the reflected Ray 
MF will be parallel to A C, and will therefore touch the Cau- 
ſtic A FV in the higheſt Point F. 

1297. This Theory, with reſpect to the Cazſlic by Reflec- 


tion, is moſt evidently confirmed by Experiment; for if a cy- 


linder Bowl, or Glaſs, be expoſed to the Sun-beams, or Can- 
dle-light, this Curve A FF D will appear very ſtrongly deli- 
neated on any white Surface placed horizontally within the 


fame. 


—— — 


1298. 


ſtinction. 


CHAP. 


The popular Doctrine of CaToPTRICs, deduced 
From the foregoing Theory. 


(PLATE I.) 


IL 


CCORDING to the different Modification of 
the Rays of Light, they receive a threefold Di- 
(1.) They are ſaid to be parallel when they proceed 


in Directions equidiſtant, or parallel to each other; as at A in 


Fig. 1. (2.) Converging Rays are ſuch as tend to one Point 


* 


F, as thoſe at B. (3.) Diverging Rays are ſuch as proceed from a 
Point F, in different Directions, as repreſented at C. 


1299. 
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6 1299. With regard to reflecting Surfaces, uſually called SrE- 
cur uus, or MiRRoRs, there are likewiſe three different Forms, 
viz. (I.) A Plane Speculum, or Looking-glaſs, as AB in 
Fig. 2. (2.) Concave Speculum, which is the Segment of a 
hollow Sphere, foliated on the Outſide A V B, or poliſhed on 
the Inſide, as Fig. 3. (3.) Convex Speculum, the ſame Segment 
of a Sphere, but foliated on the Inſide A C B, or polifhed on 
the Outſide, as in Fig. 4. 

1300. If we conſider a ſingle Ray of Light DC, falling on 
theſe three Surfaces, as it reſpects but one fingle Point C in 
each of them, ſo the Law of Reflection will be the ſame in all, 
viz. That the Angle of Incidence DCE is equal to the Angle of 
Reflection E CF (1282,) E C being ſuppoſed perpendicular to 
the ſeveral Mirrors in the Point C. 

1301. Let AVB (Fig. 5.) be a Concave Mirror, E the 
Center, V its Vertex, and VG the Axis, Then let G be a 
radiant Point taken any where in the Axis, from whence a Ray 
of Light G C proceeds to auy Point C very near to the Vertex 
V, and draw E C, the Perpendicular to the Point C, and make 
the Angle ECF = GCE, and Cf will be the reflected Ray, 
meeting the Axis in 7, which is called the proper Focus, or that 
which reſpects the Diſtance G V only. (See 1283.) 

1302. All parallel Rays, DC falling on the Part CV, ex- 
tremely near the Vertex V, will be reflected to a Point F, fo 
that DCE the Angle of Incidence be equal to E CF the 
Angle of Reflection; which Point, or Focus F is the middle 
Point between E and V, or VF = z Radius VE (1291.) 
1303. And ſince this is the Caſe, with regard to the Sun- 
beams, which, by ſuch a Mirror are all reflected or converged 
to the Point F, that Point is called the Selar Focus, or Focus of 
parallel Rays; and is relative to ſuch Objects only as are at 2 
very great or infinite Diſtance, 

1304. Again, as the Point F is that where all the =" 
of the Sun, falling on the Speculum, are collected into a 
very ſmall Space, they will be there greatly condenſed, and 
their Action on Bodies, with reſpect to Light and Heat, ſo 
very much enereaſed, as to produce accenſion, or burning of 
any combuſtible Body placed in that Point F, whence w 4 
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Speculum, and divide that Product by the Difference between twice 
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called the Focus, or Burning Place, and all ſuch Speculums are 
called BURNING GLASSES. | 

1305. What we have ſaid of a ſingle Ray holds good for 
any Number, or Quantity of Rays iſſuing from a given Point; 
and hence it will follow, that all the Rays which flow from any 
particular Point of an Object on a reflefting Speculum, will all be 
converged to one Point nearly, or made to diverge from one Paint ; 
and that Point, therefore, will be a Repreſentation of the ſaid 
Point in the Object, and conſequently, ſince every Point in 
the Object may eaſily be conceived to be thus form'd in the 
Focus of the Speculum, the whole Object will be there repre- 
ſented, formed, or depicted in Imagery ; or there will be an 
Imace formed in the Focus of every diſtant Ogj cr to which 
it is expoſed. ES 

1306. To explain this Matter more particularly, let OB be 
any Object placed before any Speculum C V D, (Fig. 13.) at 
the Diſtance AV in the Axis; let E be the Center of the 
Mirror, through which, from each extreme Part of the Ob- 
Jeſt O and B, draw the Lines, or Rays OED and B E C to 
the Mirror, and as they paſs through the Center E, they will 
be perpendicular to the Surface in the Points D and C. Alfo 
from each Point O and B draw the Rays O V, BY, to the 


Vertex of the Mirror V. Laſtly, join O C and BD. 


1307. Now it is evident, that ſince the incident Ray OV 
on the Vertex on one Side the Axis A V, makes the ſame An- 
gle OVA, as the reflected Ray VM does on the other, 
therefore the reſpective Focus M will be on the contrary Side 
of the Axis from the radiant Point O. And the ſame is to be 
obſerved with regard to the other extreme Point B, and-its Fo- 
cus I. Therefore the Poſition of the Image I M before the Concave 
Mirror is inverted with reſpeft to that of the Object O B. 

1308. The Points O, A, B, in the Object being repreſen- 
ted by M, a, I, in the Image, it will be found by Computation, 
that the Form of the Image is curvelineal, when the Speculum 
CD is large, tho! very little ſo, when it is ſmall in Diameter. 
The Rule for finding the focal Diſtances MD, a V, IC, for 
the reſpective Diſtances of the Radiant OD, AV, BC is 
this. Multipiy the Diflance of the Radiant by the Radius of the 


the 
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the ard Diftang and the Radius; the Rent will will be the 
Focal Diſtance required. 

1309. The Object and Image ſubtend the ſame Angle at the Ver- 
tex V and Centre E of the Speculum. For at the Vertex they are 
both ſeen under the ſame Angle OVB; and at the Centre of the 
Angle which the Object ſubtends OEB SIE M the Angle 
ſubtended by the Image. 

1310. The Lineal Din ions, or Magnitude of the Obje&t and 
Image, are as their Diſtances from the Speculum. For OB: 
IM:: AV:aV. 

1311. Therefore when the Diſtance of the Object is equal 
to the Radius, (viz. when it is placed i in the Centre E) then the 
Image there meets it, -and is equal to it. 

1312. When the Diſtance of the Object exceeds the Radius 
EV, then will that of the Image be leſs; and the Image in all 
ſuch Caſes will be leſs than the Object. 

1313. On the contrary, when the Diſtance of the Obje is is 
leſs than the Radius, that of the Image will be greater ; and 
the Image will be in Proportion larger than N Objeck. 

1314. Thus ſuppoſe IM a ſmall Object placed at (a) 


between the Center and Solar Focus (1291) then will OB 


be its enlarged or magnified Image; and this is the Cafe and 
Structure of what is properly called a REFLECTING Micko- 
SCOPE, by a ſmall Speculum CVD. 

1315. If CVD (Fig. 14.) repreſent the ſame Concave 
Speculum and E its Center, then if I M be any Object placed 
nearer to it than the Solar Focus (or half VE, ) then by the 
ſame Reaſoning we ſhall have OB to repreſent its enlarged and 
magnified Image on the ether Side of the Speculum (1291); which 
Image is in this Caſe ere, or in the ſame Poſition with the Ob- 
jet. And thus it is, that all large Concaves become Macnirty- 
ING MIRRORS. 

1316. Thus it appears that a Concave Speculum has a poſitive 
and a negative Focus, and will magnify or enlarge the Appearance of 
an Object in either. And alſo, that it will ain Objetts in 
the poſitive Focus only. 

1317. If CVD be a Convex Speculum (Fig, 14) then' any 
Object O B placed before it will have a Virtual Focus only, or 
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the Rays will be ſo reflected from it as if they came diverging 
from a Point behind it (1291) thus the Ray OV will be fo reflected 
from V to B as if it came from the Point M, and the Ray By 
will be reflected diverging from the Point I, and the ſame may be 
ſaid of all other Rays from the Points O and B; therefore MI 
i | will. be the Image of the Object OB, 
1 1318. With reſpect to this Image we obſerve (1.) That it 
= is always on the contrary Side of the Glaſs from the Ob- 
Þ ject. (2.) That it is always erect. (3.) That it is ever leſs 
i N than the Object, the Proportion being that of their Diſtances 
5 IV to V © from the Vertex, as before. Hence a Convex Mirror, 
. when large, will exhibit a delightful Landſcape of diſtant Ofen 
which is its principal Uſe. 

1319. As to a Plain Mirrer or Common EookinG-GLass, it 
appears from the Theory (1286). (1.) That the Focus is al- 
ways Negative, or behind the Glaſs. (2.) That the Diſtance of 
the Image behind is equal to the Diſtance of the Object before 
the Glafs. (3.) That it is erect, and ſimilarly ſituated with the 
Object. (4.) That it is of equal Magnitude with the Object. 
(5.) Therefore at the Diſtance of the Object, its Image on 
the Surface of the Glaſs-will appear but of half that Length, 
and conſequently a Perſon of fix Feet Height will require a Glaſs. 
3 Feet long to view himſelf compleatly. 


— 


— 6—— — — — te 


CHAP. III. 


The Phyſico- Mathematical ELEMENTS f Dior- 
 TRICS, or VISION LIGHT refracted thro' dif- 
ferent Mediums, particularly adapted to LExSESG 
for Op rTIcAL Uszs. 


1340. W E are taught to underſtand, by Sir J. NzwTon; 
that there is a reflecting and refracting Power which 

acts near the Surface of every Medium, or Body, in ſuch Manner 
as to reflect the Rays of Light at one Inſtant, and at another to 
tranſmit and refract them thro? the Subſtance of the Medium. 
And 


es ct V 


wW we * * 


Power, in the Point C; and ſup- 1 
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And tho' the Modus Agendi, or particular Action of the Power 
be not ſo accurately aſcertained, yet that Author has made it 


moſt certain by Experiments, that ſuch a Mode of Action there 
is, and that its Effects on the Particles of Light are the Inflec- 


tion, Reflection, and Tranſimiſſion thereof in and thro' different 


Media. And the particular Modifications of Light from thence 
ariſing, he calls Fits of eaſy Reflection, and Fits of tafy Tran. 
miſſion. 

1321. Then admit D C were a 2 
Ray of Light incident in one Me- 
dium X, upon another Y of a 
different Denſity and refractive 


poſe it there in a Fit of eaſy Trani. 8 
miſſion, then if Y be the Denſer Me- == = „ 
dium, or has the greateſt Refrac- EX EEEPESSAHEE 
tive Power, the Ray, by the Action . N 
of this Power, will be bent or refrac- = = ——— 
ted from its firſt Direction DCE into another CF. * as to 
make the refracted Angle F CB of a leſs Quantity than the An- 
gle of Incidence DCA. The Line AB being ſuppoſed perpen- 
dicular to the Surface H O of the Medium Y in the Point C. . 
1322. Theſe Things premiſed, the next, and indeed the fun- 
damental Principle in Dioperies, is to ſhew that the Sine DL of 
the Angle of Incidence AC D has a conſtant Ratio, to the Sine 
I G of the Angle of Refraction BCG; and this will appear, 
if we conſider that when the Particle of Light arrives at or 
near C it is affected with a new and additional Force from the 
Medium, which Force acting in a Direction perpendicular to the 
Surface H O will cauſe the Ray D C to deflect from its Courſe 


* — 
— 


to E into ſome other Direction C G towards the Perpendicu- 


lar CB; which may be thus determined. Let C E be the Space 
deſcribed in a given Time by the Uniform Velocity of Light in 
the Medium X; then will the ſaid Line C E be as the Force 
which produces that Velocity, (998). From the Point E. 
draw E F parallel to C B, and let E F repreſent the new ac- 
quired Force 'of the Medium upon the Particle in the Point C, 
ang join CF, then will that be the new Direction of the Ray 
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and the Space deſcribed in the ſame Time thro” the Medium V, 
reſulting from the two Forces CE and EF (1028). But CF 
is to CG (or CE) as BF (or K E) is to IG. That is, the 
Sine of Incidence K E or D is to the Sine of Refraction 1 G as the 
| Vehcity C F, in the Medium V, to the Velocity of the Ray C E or DC, 
. in the Medium X. But theſe Velocities of Light in different 
b Media are as conſtant as the Powers of Nature which produce 
| them; therefore ſo is the Ratio of the Sines DL to I G in every 
=. Inclination of the Ray DC. 
1 1323. In the ſame Manner it is ſhewn, that if a Ray of Light 
$i] F C be incident from a Denſe Medium Y upon a Rarer Me- 
1 dium A in the Point C, then by the ſuperior Force of the 
1:8 Denſe Medium it will be deflected towards its Surface H C, and 
conſequently be refracted from the Perpendicular AC into the 
Direction CD, making DL to IG as FC to CD, as before, 
1324 Let B M be a Ray of Light incident on a Refracting 
Medium Y bounded with a curved Surface A M D, andlet MF 
be the Refracted Ray, and F the Focus to which all the Rays 
falling on or near the Point M will be refracted. It is re- 
- quired to find the Point F by having given the Nature of the 
Curve AMD, the Radiant Point B, the Ray B M, and the 
Refraction of the Mediums X and . 
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1325. In order to this, let M C be the Radius of Curvature 
to the Point M, and draw B m infinitely near B M, and join 
n F and n C; from the point C let fall the Perperdiculars C E, 
Ce, on the Incident Rays continued; and CG, Cz, on the 
Refracted Rays; and on the Centers B and F deſcribe the ſmall 


Arches M R, MO. And put B M d, ME S a, RE 
the 
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the little Arch MR = x, and MO = 3, and the Sine of Incidence 
CE to the Sine of Refraction CG as m to 7 (the Radius being 
MC=r7) then the right angled Triangles ME C, MR mz; 


MGC, MOm; BMR, BQE, are Similar; becauſe, if 


from the right Angles RME, C Mn, we ſubtract the Angle 
E M m, there will remain the Angle RMm = EMC; and 
if from the right Angles GMO, C Mm we ſubduct the An- 
gle G Mn, there will remain OMm= GMC. Therefore 
we have the following Analogies, ME: MC:: MC: Mm; 


aa: un. Again, MG: MC:: MO: 


M m; that is, 2 73 if 

S 4 % MOR . Then BM: BQ(=BE):: 

Qe; that is, d: d T 4:4 — 05 e 
Cg :: CE: CG: ::: C- CE: Cę - CG: : Q: Sg: 

ax + dx nax +ndx 
d mad h 

FMO and FS, give MO:Sg::MF:SForGF; there- 

fore MO - Sg: MO: : MF — 8 G, or M. G: MF; chat 


rx | 2 . 
= —35 therefore a = bx; and 


, 


=S$Sg. Laſtly, the Similar Triangles 


. bmdz. —aanx—ands bx bbmd 5 
r a2 Gbmg—aan—and 


MF, the Focal Diſtance _— 


1326. If the Curve AMD bea Circle, then CM =r is 
conſtant, and the Points E and G wyl be in a Semicircle de- 
ſcribed on the Diameter MC; and when the Point M is very 


near A the Vertex, then ME and MG are both equal to each 


other, and to M C; that is, a = b= rj and the Thsorem will 
become 
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| become — _— 72 — M /, in which Caſe the Focus 7 is in 


1 —.— 


2 — 
——  - 22 — ä th» · ·O — 
1 wi . 4 


3 — 222 


che Axis of the Sphere. | | 
1327. If the Diſtance of the Radiant B (4) be infinite, or 
5 | 0 mr 
the Rays parallel, then the Theorem will be Rm, MF 
Focus of the parallel Rays. 

1328. If the Rays fall diverging on the Convex Surface AMD; 
then d being Negative, or — d, the Theorem vill become 
| — bbmd bbma Ra: 
Soon and bmd—and+ aan” NF (Fig. 
to 1324) and when AMD is a Circle, and M inkanitely near 

; myr 4 
to A, then will the Theorem be ———— M/. 

1329. If the Curve AMD were ſpherically Concare to- 

wards the Radiant B, then will the Radius be Negative or — 7, 
— m4 

and the Therm i rr = MF the focal Diſ 

tance; which, becauſe mz is greater then , will be Negative, or on 

the ſame Side with the Raidant B, or the Rays after Refraction 

will Ai verge. 

1330. In the K of Parallel Rays falling on the Spherical 


Concave, we have — - =M 7 Negative alſo, becauſedis infinite. 
1331. But 3 Rays incident on the ſaid Concaye 
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will have eng =, which will be Poliive or Ne- 
gative, as a & + r is greater or leſs then md. 

1332. If the 
Surface AMD 
be a right 
Line, or the — 
Radius MC = 
= 7 infinite, F 8 B 
then the Theo- 
fem (1325) 

mb —— 

will be — MF, for in this Caſe a and b are alſo ;nfinite; 


and 


WELL TEUET TE CEE GEOTEC OI 5 0” ee 
. 
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and conſequently ſince aa = bb, we have — —=f, the focal 


Diſtance ; and therefore md = — nf, and ſou: m:: d: -; 
whence it appears the Ray will be refracted towards the Per- 
pendicular M C, having a negative Focus f on the ſame Side 
with the Radiant B (1321). 

1333- Theſe are the ſeveral Caſes of a ſimple Refraction, 
and they are the ſme when we conſider the Ray coming out 
of a denſer Medium V into a rarer X, only the Ratio of x to mz 
is in that Caſe to be uſed inſtead of m to n in this; or in the 
foregoing Theorems, putting u for m, and n for , inter- 
changeably, and other Things altered as required. 


— 
- 


7 — 
gr ir 
* wo a 
gy 5 N 2 * 5 — — 
* 2 1 = 
— — ov, — — — — 
— © — .* - Y — — - 
a — we. tp - = 
- L — 
— * . - 
— CEE "I 


1334. Thus for Example; Suppoſe it required to find the Fe» 
cas of Rays paſſing out of a denſer Medium Y into a rarer X in 2 
cogverging State, and refracted at a concave Surface of the Medium 
X. Then it is plain the Theorem in (1326) will equally 
ſerve here with the following Alterations, viz. (1.) Becauſe 
the Refraction is into a rarer Medium, we mult write » for m, 
and m for 1. (2.) Becauſe the refracting Surface is Concave, 
the Radius will be Negative, and the Sign where (r) is fount 
wult be changed. (3.) Becauſe the Rays are converging, the 
Diſtance is negattve, and the Sign where (d) is found muſt be 
changed, (4.) Therefore the Sign where d and r are both 
found, will continue the ſame. The Theorem therefore, with 

rnd 


all theſe Alterations, will become eee ne f =D f, 


the focal Diſtance required, 


1335. Now it is evident, that if the incident Ray MN in 
this Caſe be conſidered as Part of the refracted Ray M in the 
former (1326), then will the Focus F in that Caſe be the 
radiant Point in this; and therefore if we ſubſtitute f for d, and 

| ; put 
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put r-for the Radius of Concavity CD, the aſt Theorem will | 

bt = 
2 72 


1336. If now we ſuppoſe the two refracting Surfaces A M 
and N to be very near together, ſo that the Diſtance AD be 
inconſiderable, then may the Focus f be determined for the in- 


cident Ray B M after both Refractions at M and N; for the 
mfr 

Pe F A For D/. (Fig. to 

mfr mdr 


1326) Therefore, 8 and con- 


8 ndr r ; 
fequently we have mrd—nrd+mdr—ndr—nrc nd rp | 
Df, as required. 2 

1337. This Theorem may be abbreviated by puulhg 


9 


laſt Theorem gives 


= 45 (or if n= 1, and m—I=a) it will become 


dre 8 1 = 
pon a Dogg f; and is thus accommodated to all Opti- 


cal Purpoſes, and for a Lens A MN Dof any Sort, on which 
Rays diverging, parallel, or converging can fall. 
I 338. Thus if orale Rays fall an the —__ then AB= | 


being infinite, we n 25 — 1 


1 ar 
1339. If the Rays B 1 are converging, no. d being nega- 
—drr drr 
tive, we have — — - + 


Drafi rr Ne 
1340 If the Lens be equally Convex on both Sides, 0 orr=r; 
"4% 


chen the Theorem for diverging Rays is poop purely f; for 
parallel 
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parallel Rays where 4 is infinite, —=f. And for converging 


: — 
Rays, where d is negative; ==: —= = e f, al- 


ways poſitive. 
1341. If one Side ND be plane, or the Radius r infinite, 


then the Theorem for ſuch a 1 Lens, for diverging 


— z for parallel Rays — = f; and for conver- 
—dr _ dr 
8 n 
1342. If one Radius r be Negative, or the Side N D be Con- 
vex towards AM, then the Lens is a Convexs-Goncarve, or 
—drr 
adr—adr+ Ir 


Rays, is 


Meniſcus; and the Theorem for diverging Rays, is 


f; for parallel Rays, —.— g 
drt 


— 21 
an ade rr 


1343. If r=r, then for diverging Rays, = 4 f; for 


- = ; and for converging Rays 


parallel Rays, = = f; aud for converging Rays, d f. 


1344: If both the Radii r and r be Negative the Lens be- 
comes a do:b1z Concave, and the Theorem for diverging Rays, is 
2 — =f, always negative. For parallel Rays 
102 
—ar—ar 

| —drr 
— Sf. 
adr + adr —rr 

1345: If one Radius —r be infinite, then the Lens is a 
Plans- Concave z = the Theorems become _ f, for di- 

— Ar. 


— 1 


= f, ever negative. And for converging Rays 


verging Rays j — —— — f, for parallel; and - — 


converging Kio, 

1340. If the negative Radii are both equal, it makes an 

equally Concave Lens; where the Focus of diverging Rays is 
Vox. Il, R ſouod 
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DOGS: i ; | 
| found by this Theorem 7 7 3 f, and of parallel Rays 
— f, in each Caſe always negative. Converging Rays 
have — 5 f 
—2ad ＋ r 


1247. 1. Theſe are > all the Caſes that can happen in the Theory 
of common Dioptrics, and may all of them be very eaſily applied 
in Fractice by ſubſtituting ſuch Numbers for the Ratio of m to 
n as we lind by Experiments agreeing to Mediums we uſe: 


Re Water, m: n:: 4: 3, whence a = 0,3333. 
Thus „ Glas ws: : 31: 20 a = 0,573 
Diamend,m:n::5 :2 a = 1,5. 


But for a larger View of this Subject lee my New PRINCI- 


rr ES ol Oerics, lately publiſhed. 


CHAP. IV. 


The ThORY of DIoPTRICS continued; the Na- 
ture of the Diacauſtic Curve explained ; and the 
Method of finding a GEOMETRICAL Focus for 
Rays iſſuing from à given Point in the Axis of a 
LENs of 4 Mechanical Figure. 


3348] T has been ſhewn (1325) how the tn H, F, N, 
c. of any Rays B A, BM, BN, Ac. falling on 
the Curve A MD may be found, after Refraction, from pro- 

per Data; and the Curve N F H, which is the Locus of all thoſe 


3 is called the DiAcAus ric, or Cong by Refrattion. 


1349. If 


Of D IOP TR1 9 * D 123 
1349. If che Cauſtic HEN - oh 


de involved (ſee 914.) be- 


ginning at the Point A, the | 
| 


ſaid Point A will;deſcribe the 
Curve AL K, the nvolure 

of the ſaid cauſtic Curve; 

whence the Tangent LF +. 
the Part of the Cauſtic H F, 

will always be equal to the 

right Line AH; that is, 

LF +HEF (or KN HN) 

= AH, 

1250. Suppoſe the other 
Lines of the Figure drawn 
as directed (1325,) and 
moreover the Arch AP de- 
ſcribed on the Point B. Then 
becauſe theright-angled Tri- 
angles MRm and MOm, 
are ſimilar to the Triangles 
MEC and MGC reſpec- 
tively, they give Rm: Om:: 
» £; +4 $43 +4 wakes 

1351. Now becauſe R 
= the Fluxion of BM 
= d, and Om = Fluxion 
of LM, and becauſe BP 
= BA is a conſtant Part of 

BM, the contemporary or 
proper Fluents of the foreging Fluxions are P M and LM; 
and ſince in this Caſe, the Fluxions and Fluents in the fame 
Ratio (788) therefore PM:LM::m:n::BM—BA:AH 
—MEF—FH ; and conſequently » x BU —BA = m X 
AH - MF - FH; from which Equation, we get FH= 
AH - MF + = B A—— BM, which is the Red?ification 
of the diaiſſie Curve. 2 9 
1352. When the Radiant B is at an infinite Diſtance, tken 


BA=BM; and AP is a right Line perpendicular to thoſe 
| R 2 incident 


| — 


124 INSTITUTIONS 
incident Rays, in which Caſe we have the Cauſtic FH = AH 
MF, or NH = AH - NK; Oc. 

1353. It is evident from the foregoing Theory, that na 
ſpherical Surface (or any ather we have treated of) can refract 
all the Rays incident upon it from a given Paint B, to another 
given Point F, in the Axis; and therefore it becomes neceſſary 
to ſhew the Conſtruction of Curves that will do this. Let the 
Curve required for this Purpoſe be AMD, and the incident 
Rays B M, B mz be infinitely near each other, and M F, F, 
the refracted Rays; and draw the Tangents Dm and MN 
perpendicular to the ſame in the Point M. Laſtly, draw C, 
m R perpendicular to the incident Ray B M, continued out, and 
refracted Ray MF. Then the Angle Mn C Angle of Inci- 
dence © MN, becauſe each being added to the Angle m M C 


makes a right Angle; and, for the ſame Reaſon, M R = the 
Angle of Refraction FMN: Therefore if we make Mm Ra- 
dius, M C will be the Sine af Incidence, and M R the Sine of 
Refraction; and as theſe are in a given Ratio m to x (1322) 
we have MC: MR:: n: 3. But MC is the Fluxion of the 
} icident Ray, and MR the negative Fluxion af the refracted 
Ray; the contemporary Fluents therefore of theſe Fluxions 
will be in the ſame Ratio of m ton. On the Point B deſcribe 
the Arches P A and M G, and on the Point F deſcribe the Arch 
ME, then PM and A E are the Fluents mentioned; and con- 
ſequently we have PM or AG: AE: : : u. Which is the 
Property of the Curve AMD. 

1354. Therefore when the reſpective Foe: B and F, and A, 
the Vertex of the Curve required, are given, the Curve may 


be thus I" Take A G at Pleaſure, and ſay m: of 
A 


4 - S< 
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48. AG AE; then on the Center B with the Radius | 


A G deſcribe the Arch MG; and on F, with the Radius FE 
deſcribe the Arch M E to interſect the Arch GM in M, and 
the Point M will be in the Curve A M required ; and thus 
all other Points of the ſaid Curve may be found, and the 
Curve AM D drawn thro” them. 

1355. By cauſing the Point B or F to go off ſometimes toanin- 
finite Diſtance, or ſoniętimes to lie both on the ſame Side the Point 
A, we ſhall obtain all thoſe Oval Figures which Carteſus has 
exhibited in his Geometry and Dreptrics, relating to Refractions. 


1356. Thus if the Rays B M, B A, are parallel, then the 
Arch G M becomes a right Line, perpendicular to the Axis 
BF, and the Curve AM D will be an Ellpfis, whoſe tranſ- 
verſe Axis AD is to the Diſtance between the Foci as m to n. 
For put AF a, AP=MG=y PM=AG= x; and 
ſuppoſe m:n::3:2 (1347) Then GF=a—x, and MF 
y/ aa—2ax + xx T) and by the Nature of the Curve 
(1354) it is 2PM + MF = AF, which gives this Equation 
2x +I a&*—2ax+x*+}* =a, And by Tranſpoſition 
and Involution (212) we have a*—2axz+x* bf = a* — 
$ax + $x*; and conſequently y* =Fa#—$xx; and ſo yy 
=Sax—a*, Put Sa=t=AD, then ex—xx= 2yy; 


therefore the Curve is an Ellipſis (764.) And g 73 conſequently 
t: 19:5. Lab eee e N then 0 15 
::9: 5, and * -d (768) therefore —5 =#, or 


9 —5f=9 4, therefore #* : 9: d 9—5 = 4z that is 
12 4 


126 INSTITUTIONS 


FA, parallel, then 


t: d:: 312: , or, the tranſverſe Axis is to the Diſlance be- 
tiween a Faci as the Sine of the Angle of Incidence to the Sine of the 
Angle of Refrattion, as. "IT us has ſhewn in his Dieptrics. 
1357. On che other 
— if the Point F 
be ſuppoſed at an in- 
finite Diſtance, or the 
incident Rays F M, 


ME becomes a right 
Line; then AB = a, | 
A Eg x, and EM=y; then allo AGS Ax, BM = 4 4 
3.x, and EB=a + x; whence (as before) we get a 3 

Zr =@+2ax +x* +y*; and thence ax + r = j*; 
and putting 5 . t, we get te + xx = +9), which ſhews the 


Curve A Min this Caſe is an Hyperbola (765) whence 5 = =4» 


and 4 * tp; therefore t* + 1 d; therefore 48 + 5t⸗ 
= 44 =9t*; fo that “': *:: 4: 9, which gives f: 4: : 2:3 
n: m. Or, the tranfuerſe Axis of the Hyperbola is to the Diſ- 
tance between the Foci of. the oppoſite Sections, as the Sine of Inci- 
dence to the Sine of Refraction. 
1358. Thus we have ſhewn what Curves will refract all Rays 
iſſuing from any one Point to any other given in a different 
Medium, or by a ſingle Refraction. It remains now to ſhew 
bow the ſame Thing may be effected by tw Refrations; in order 
to which it will be neceſſary to ag the following LEMMA. 
1359. Todeſcribe the | 
Curve G M, ſuch, that 
from any Point M, two 
right Lines B M, K M 
may be drawn to tu PAY. VION 5 — 
— — B G N K C Q 
which Hall be to each other in the given Ratio of m te ny or that 
BM:KM::m:n. 

Draw M R perpendicular to BK, and put B K a, B R 
x, and M R = =); then becauſe of the right-angled Triangles 


| BRN, KRM, we have DM r +59 and K M 


V5 
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Si — 2ax + x + *; and therefore it muſt be x* + 7 


SF =2ax+f +5: 2223 ind grey 2 r 
; —_— ml nn 
— e ; and ſince the Co- efficient of the Square 


of the Ordinate (yy) is Unity, (764) it is evident the Curve 
GM is a Circle. 


1360. Whenzy = o, then — 


2d ma 4 4 m 


3 = 0 f C0 Therefore G Q. 


mn IN — 
(=BQ—BG) is the Diameter of the Circle which is the 
Locus of the Point M. 

1361. The Curve A M, the radiant Point B, with the Ratio of ma 
n being given, it is required to deſcribe the Curve N D, that ſhall re- 


frat the firſt refractad x M N, and aA them corverge ta ary 
given Point C. 


Suppoſe F H td be the Cauſtic by Refraction to A M, the 
radiant Point being in B; it is evident that the ſame. Curve FH 
will alſo be the Cauſtic by Refraction to the Curve N D (1352) 


and therefore PI DH N— DC+= N. C'= 
AH—MF + * BA—ZBM; which kanten wil gi 


A- BUT 2 be A ADR MN + — "xc. 


1362. — bodfttbdh the Curve ND, in any re- 
fracted Ray A H, take at Pleaſure the Point D, for one of 


the Points in che 1 Nu "Ad in K * THe as 
bad 
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find the Point N (by 1360) fo that NK:NC::n: or NE 
— - NC, and the Point N will be in the Curve required ; and 


keg a ſufſicient Number of Points may be found thro” which 
to draw the Curve DN. 

1363. From the foreging Thevry it appears, that it is pol. 
able to determine the Figure for any Mechanical Lenſes, Con- 
vex of Concave, by which either lingly or conjointly, Rays of 
Light proceeding from any one given Point B in the Axis of 
the Lens may be accurately refracted to any other Point or 
Focus f, which in this Cafe may be called the Geometrical Focus; 
But certain it is, that no Figure for Glaſſes can be found for 
ſuch a Focus of Rays procceding from a Point out of the 
Axis; and therefore it is naturally impoſſible that the Defects 
of Dioptric Viſion arifing from the Figure F Glaſſes, ſhould ever 
be rectified by Art. We have here given the Subſtance of all 
that has been publiſhed by KeeLER, DEScAK TES, Huokxius, 
Dr. Barrow, Sir J. NEwToON, and Dr. HALL EV, the greateſt 
Maſters in this Science. 


—_— 


as... Mad. FP k 4 —_— Sd. 


CHAP. V. 


The popular Doctrine of Dtoytatcs deduced from 
the Tnroxv; with the Rules for finding the 
Foc AlL DrisTANCss of all Sorts of Ltxsss, alſo 
tbe Proportion, i, Poſition Gr. of 
IMAGEs formed thereby. 


(Plate I. of OyTics and * 


I . AVING thus premiſed the Theory, we now pro- 
ceed to make ſuch practical Deductions from it as 
will be ſufficient to acquaint our Readers (not verſed in Ma- 
thematics) with all the uſeful Part of Diaptrici, and its Appli- 
cation to Optical Inflruments in every Branch of the Viſual Science, 
1365. Therefore let A B (Fig. 6.) be the Surface of any re- 
fracting Medium B K denſer than Air, as Water, Glaſs, &c. 
and let D C be a Ray of Light incident thereon in the Point C; 
| thro' 


[>] ro] — KK p—_— „„ 1— «as . OS er" G—_— a 


5 


x ww. — "9 — ee ati 
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thro! the Point draw E H perpendicular to the Surlace AB, 
and the Angle ECD is the Angle of Incidence, When the 
Ray arrives at C it is refracted or bent out of its firſt right 
lined Direction D CK into another C F towards the perpen- 
dicular C H, and the Angle FCH is the Angle of Refraqion, 
leſs than the Angle of Incidence K C H by the ſmall Angle 
FC K, which is called the refrafed Angle. 

1366. On the other hand, if a Ray of Light CF in a 
denſe Medium be incident at C upon any rarer Medium, it 
will be refracted out of its firſt Direction F C into another CD 
which will be farther from the perpendicular C E. And the 
greater the different refraftive Powers of the Mediums, the 
greater will be the Difference of the Angles ECD and FCH. 
All which is evident from the Theory ( 1322.) 

1367. If the refracting Surface AC B be not plain, but 
ſpherical; then let E be the Center of the Sphere, and VE F, 
the Axis thereof. Let C D be a Ray of Light falling on the 
convex Surface (Fig. 7) in the Point C and parallel to the Axis 
VF; from the Center E draw the perpendicular E CH and it 
is evident the Ray D. C will be refracted in the denſer Medium 
towards the perpendicular E'C (1365), and therefore can be no 
longer parallel to the Axis, but muſt interſect it at ſome Point 
F which will be the Focus of all the Rays parallel to the Axis, 
and very near it, as was ſhewn (1327.) 

1368. In Caſe of a concave Surface A C B (Fig. 8) a Ray of 
Light D C parallel to the Axis E V, will, at its Entrance into 
the denſer Medium, be refracted alſo towards the perpendicular 
CH, in ſuch a Manner to F, that were FC to be produced, it 
would cut the Axis produced in the rarer Medium (ſuppoſe 
Air) beyond F. (1329) The Diſtance of the Piont F from 
the Vertex V in Water, is four T1 Times the Radius of the Sphere, 
viz. VF=4VE; and in Glaſ it is VF =3VE (1347) 
or the Focus is diſtant three Semi- diameter of the Sphere. 

1369. If a Ray of Light be twice refracted, firſt into a 
denſe Medium and then into a rare one, its Courſe after the ſe- 
cond RefraQtion will be variable, according to the Figure of the 
Surfaces which bound on each Side the denſer Medium, and 
may eaſily be determined by the Theory (1336.) This Caſe 
in practical Diopirics brings us to the Conſideration of Lenſes, 

Vol. Il, 8 which 
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which are the eſſential Parts of Teleſcopes, Ms and all 
other Inſtruments of the Dioptric Kind. 

1370. Let AVB (Fig. 9) be a Plano-convex Lani then 
Rays of Light DC, DC, which fall upon it parallel to 
the Axis VE will, after Refraction thro' it, be converged to a 
Focus in the Axis at the Point F, which is nearly equal to the 
Diflance of the Diameter of the Sphere V F (from the Vertex V) 
of which the Lens is a Segment (1341.) 

1371. On the contrary, it follows that if Rays of f Light 
diverge from a Point F, at the Diſtance of twice the Radius 
VE of Convexity in any Plano-convex Lens AVB, thy 
will, after Refration thro it, proceed parallel to the Axis V E. 

1372. In like Manner, if AV B (Fig. 10) be a double 
and equally convex Lens. Then parallel Rays D C falling 
upon it will be reſracted to a Focus F very near the Point E or Cen- 
ter of Convexity, as is demonſtrated ( 1340.) 

1373. Therefore on the contrary, when Rays of Light F A, 
F B, diverge from a Point in any Object in the Focus F of an 
equally convex Lens A V B, they will, after Refrattion thro it, 
proceed parallel to the Axis of the Lens V E. 

1374. Let parallel Rays DC, D C, fall upon a Plano- con- 
cave Lens ACB(Fig. 11) then will they be ſo refracted thro? 
it tof, f, as if they came diverging from a Point or Focus F at 
the Diſtance of the Diameter of the Sphere of Concavity of the Lens 
(1345) and the Point F is in this Caſe called the virtual 
Focus. | 

1375, If parallel Rays DC fall upon a double and equaly 
concave Lens (Fig. 12.) then they will be refracted to f and f diver- 
ging from a Point E which is the Center of Concavity (1346) and 
the virtual Focus of the Lens. 

1 376. In each of theſe two laſt Caſes, if Rays f C, f C, eon- 
verging to a Focus F or E, are intercepted by a ſingle or 
double concave Lens A B placed at the Diſtance of the Diame- 
ter or Radius of Concavity from the ſaid focal Point, then the 
Rays, after Refraction, will proceed parallel among themſelves, and t1 
the Axis of the Lens. | 

1377. If the Lens be not equally convex on both Sides, then 
the Focus of parallel Rays will be found by the following 

R ULE. 
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RU L E. 


Divide the Product of the Radii, by half Al m Pr the 


Quotient will be the focal Diſtance required. (1338) * 
Example. Suppole one Radius 15 Inches, the other 9 ; their 


Product is 135, which divided by half the Sum 12, gives 
11 n Inches for the focal Diſtance of ſuch a Lens, 

1378. If the incident Rays are not parallel, but come Soy 
ging from a diſtant radiant Point in the Axis of a Lens of equal 
Convexity, then the focal Diſtance is found by this 

. 

Multiply the Diſtance of the Radiant by the Radius of the 11 ; 
and divide that Product by the Difference bbtween'the ſaid Diſtance 
and Radius ; and the Bn wel be ond Carts, lan N 
(1340.) 27 v 

Example. Let the Radius of the Convexity be 1 — ani 
the Diſtance of the Radiant 603 ; then their Product is goo, 
and their Difference 45 ; therefore 45) 90002 the focal Diſ · 
tance in Inches, for that Diſtance of the Radiant. | 

1379. When the Radii of Convexity are uncqual, this Sidous 
of diverging Rays is found by the following 

„ 
AMultiph twice the Product of the Radii by the Diſtance of the 
Radiant ; and then divide by the Difference between the Sum of the 
Radii multiplied by the Diſtance, and twice the Product of the Radii 
and the Quotient will be the focal Diſtance required. (1337) 


Example. Let one Radius be 15 Inches, the other 9; and 


the Diſtance of the Radiant 60; then twice the Product of the 
Radii is 270, which multiplied by 60 makes 16200; the Sum of 
the Radii 24 multiplied by bo, is 1440, from which take 270, 
there will remain 11703 then 1170) 1630(3 3 rex Inches, the 


focal Diſtance required. 


1380. If the Rays fall onverging on the Lens, then if we 
divide by the Sum inſtead; of the Difference, the Rule will in 
all other Reſpects be the ſame, in each of the two laſt Caſes, 
for finding the focal Diſtance for any given, en to which 
the EY tend (1339.) | 


S2 Tot i 


This Rule is in general exact enough for Uſe; ſince in common 
Glaſs the Value of (a) in (1338) is very little mere than ( 1). 5 
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1381. In all that has been hitherto faid, it is ſuppoſed that 
the Lenſes are of Glaſs, and that the Sine of Incidence is to 
that of Refraction in Glaſs as 3 to 2; agreeable to (1347.) 
But as there is a conſiderable Difference in the refractive 
Powers of different Kinds of Glaſs, if we have Regard to 
that (as in ſome Caſes will be neceſſary) then the Rules above 
will be ſomewhat . more complicated, and we muſt operate ac- 
cording to the Theorems referred to, and take in the Value of 
(a) as it is found by Experiment, in each particular Sort of 
Glaſs. + 
1382. Let OB be any Object de at a Diſtance from 
the convex Lens CD (Fig. 15.) Then it is evident that a 
Pencil of Rays CA D which flow from the Point A in the 
Axis will all be converged to another, Point (a) in the Axis (if 
the. Diameter af the Lens C D be but ſmall (by 1336) whoſe 
Diſtance Va may be found (by 1377 or 1378) and this Point 
(a) will be the Repreſentation or Image of the Point A in the Object 
(1305;) 
1383. Let O be a Point in the extreme Part of the Object 

which ſends a Pencil of Rays D O C to the Lens CD; a- 
mong theſe one Ray O V will be refracted thro' the Center of 
the Lens, and therefore the Poſition of the refracted Part V M 
will be ſimilar or parallel to the incident Ray O (as will ap- 


pear from 1332) and when the Thickneſs of the Lens 


C is inconſiderable (as in moſt Optical Caſes it is) then OV 
and VM may without ſenſible Error be eſteemed one right Line; 
and therefore the Axis of that Pencil of Rays, in which at 
the Point M they will all be united after Refraction, wherefore 
M will be the Image of the Point O in the Object. 

1384. And in like Manner I will be the Image of the Point 
B in the Object, and ſo the whole Obje&? O B will be repreſented 
in its Image I M. And by calculating by the above Rules it 
will be found that the Image I 2 M will be curvelineal, more or 
Teſs, as the Aperture C D of the Lens is greater or ſmaller. 

1385. The Poſition of the Image, with reſpeR to the ſimilar 
Parts of the Object, is inverted. The Reaſon of this is evi- 
dent by Inſpection of the Figure, ſince the Axis of the Pencils 
From — extreme Part of the Wen croſs each other in the 
Genter of the Lens. 1386. The 


+ See my New Princivites of Orvics, lately publiſhed, 
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1386. The Object and Image ſubtend equal Angles at the Center 
of the Lens. For ſince O M and BI may be conſidered as 
ſtrait Lines, the Angle BV O, under which the Object ap- 
pears, will be equal to the Angle IVM, under which the 
Image is ſeen from the Center or Vertex V of the Lens. 

1387. The lineal Dimenſions of the Object and Image are as 
their Diſtances from the Lens reſpectivelyj; for ſince the Tri- 
angles O V B and IV M are fimilar, we have OB, the 
Length of the Object, to I M the Length of the Image, in the 
ſame Proportion as O V or AV the Diſtance of the Object, 
to IV or aV the Diſtance of the Image. Hence their Surper- 
fies will be as the Squares, and their Solidities as the Cubes of 
the Diſtances from the Lens. 

1388. The Object and Image are reciprocal; for if IM be 
conſidered as an Object, then will O B be the Image thereof; 
and A, a, are called the conjugate or reſpefiive Focuſſes, for thoſe 
Diſtances of the Object and Image. | | 

1289. Hence it appears, that the nearer the Object is to the 
Lens, the farther off the Tmage will be formed ; and when the 
Object comes to the Focus of the Lens, the Image will then 
be at an infinite Diſtance, ſince the Rays from every Point 
will after Reſraction be parallel among themſelves (1373.) 
Laſtly, if the Object be nearer the Lens than the Focus, the 
Rays after Refraction will diverge, and in this Caſe no real 
Image can be formed of that Object at all by the ſingle Lens. 

1390. There is another Form of a Lens called a Meniſcus, 
which is concave on one Side, and convex on the other (Fig. 16.) 
But tho' it was in great Uſe and Eſteem ſome Years ago, it is 
now entirely uſeleſs, as the Plano-convex Lens is known now much 
to exceed it in thoſe Properties for which it was then ſo much 
valued. 


SCHOLIUM. 
1391. The Lenſes hitherto conſidered are of a ſpherical 


Form, and will not admit of a Geometrical Focus, not even of 
Rays flowing from a Point in the Axis (1348, &c.) and therefore 
it is impoſſible that any ſuch Lens ſhould form a perſect Image 
of any Object, not ſo much as in a ſingle Point thereof. We 
dave ſhewn indeed from the Theory, (1361) that a Lens 

may 
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1381. In all that has been hitherto ſaid, it is ſuppoſed that 
the Lenſes are of Glaſs, and that the Sine of Incidence is to 
that of Refraction in Glaſs as 3 to 2; agreeable to (1347.) 
But as there is a: conſiderable Difference in the refractive 
Powers of different Kinds of Glaſs, if we have Regard to 
that (as in ſome Caſes will be neceſſary) then the Rules above 
will be ſomewhat more complicated, and we muſt operate ac- 
cording to the Theorems referred to, and take in the Value of 
(a) as it is found by Experiment, in each particular Sort of 
Glaſs. + 

1382. Let OB be any Object placed at a Diſtance from 
the convex Lens CD (Fig. 15.) Then it is evident that a 
Pencil of Rays CA D which flow from the Point A in the 
Axis will all be converged to another. Point (a) in the Axis (if 
the Diameter af the Lens C D be but ſmall (by 1336) whoſe 
Diſtance Va may be found (by 1377 or 1378) and this Point 
(a) will be the Repreſentation or Image of the Point A in the Ohject 
(1305-) 

1383. Let O be a Point in the extreme Part of the Object 
which ſends a Pencil of Rays D O C to the Lens CD; a- 
mong theſe one Ray O V will be refracted thro” the Center of 
the Lens, and therefore the Poſition of the refracted Part VM 
will be ſimilar or parallel to the incident Ray O (as will ap- 


pear from 1332) and when the Thickneſs of the Lens 


CD is inconſidecable (as in moſt Optical Caſes it is) then OV 
and V M may without ſenſible Error be eſteemed one right Line ; 
and therefore the Axis of that Pencil of Rays, in which at 
the Point M they will all be united after Refration, wherefore 
M will be the Image of the Point O in the ObjeR. 

1384. And in like Manner I will be the Image of the Point 
B in the Object, and ſo the whole Objac O B will be repreſented 
in its Image I M. And by calculating by the above Rules it 
will be found that the Image I 2 M will be curvelineal, more or 
Jeſs, as the Aperture CD of the Lens is greater or ſmaller. 
132385. The Poſition of the Image, with reſpect to the ſimilar 
Parts of the Object, is inverted. The Reaſon of this is evi- 
dent by Inſpection of the Figure, ſince the Axis of the Pencils 
From each extreme Part of the croſs each other in the 
Genter of the Lens. : 1386. The 


+ See my New PRINT ES of OpTics, lately publiſhed, 
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1386. The Object and Image ſubtend equal Angles at the Center 
of the Lens. For ſince OM and BI may be conſidered as 
ſtrait Lines, the Angle BV O, under which the Object ap- 
pears, will be equal to the Angle I V M, under which the 
Image is ſeen from the Center or Vertex V of the Lens. 

1387. The lineal Dimenſions of the Objeft and Image are as 
their Diſtances from the Lens reſpeftively ; for ſince the Tri- 
angles OV B and IVM are fimilar, we have OB, the 
Length of the Object, to IM the Length of the Image, in the 
ſame Proportion as O V or AV the Diſtance of the Object, 
to Vor aV the Diſtance of the Image. Hence their Surper- 
ficies will be as the Squares, and their Salidities as the Cubes of 
the Diſtances from the Lens, 

1388. The Object and Image are reciprocal; for if IM be 
conſidered as an Object, then will O B be the Image thereof; 
and A, a, are called the conjugate or reſpettrue Focuſſes, for thoſe 


Diſtances of the Object and Image. 


1389. Hence it appears, that the nearer the Object i is to the 
Lens, the farther off the Image will be formed; and when the 
Object comes to the Focus of the Lens, the Image will then 
be at an infinite Diſtance, ſince the Rays from every Point 
will after Reſraction be parallel among themſelves (1373.) 
Laſtly, if the Object be nearer the Lens than the Focus, the 
Rays after Refraction will diverge, and in this Caſe no real 
Image can be formed of that Object at all by the ſingle Lens. 

1390. There is another Form of a Lens called a Meniſcus, 
which is concave on one Side, and convex on the other (Fig. 16.) 
But tho? it was in great Uſe and Eſteem ſome Years ago, it is 
now entirely uſeleſs, as the Plano-convex Lens is known now much 
to exceed it in thoſe Properties for which it was then ſo much 
valued. 


SCHOLIUM. 
1391. The Lenſes hitherto conſidered are of a ſpherica! 


Form, and will not admit of a Geometrical Focus, not even of 
Rays flowing from a Point in the Axis (1348, Cc.) and therefore 
it is ĩimpoſſible that any ſuch Lens ſhould form a perfeR Image 
of any Object, not ſo much as in a ſingle Point thereof. We 
dave ſhewn indeed from the Theory, (1361) that a Lens 

may 
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may be formed that ſhall have a Geometrical Focus for any 
_ radiant Point of its Axis, but not for any other; and therefore it 
is plain, no Image of an Object can be formed in any Degree per- 
feft by any Lens whatſoever 3 and conſequently, that refracting 
Teleſcopes will ever be, in their own Nature, imperfett, if conſtruc- 
ted 11th a fingle convex abject Lens. But this Imperfection from 
the Figure will admit of a little Correction from the Addition 
of another convex Lens, but will be increaſed by joining there. 
with a concave one, as I have largely ſhewn in my NEW PRiNc1- 
PLES of Or rics. “ 


* 
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CHAP. VL 


Of the NATURE and STRUCTURE of the Eye; 
and the ELEMENTS of VISION explained from 
the foregoing THEORY. | 


 —————— 


1392. RO M the Elements delivered in the preceding 
Chapter we are enabled to explain the true THEORY 

oF VISION, as it is performed by the moſt exquiſite of al) 
Dioptric Inſtruments, the EYE. For which Purpoſe it will be 
. neceſſary 


* Before we leave this Subject it may be neceſſary to obſerve, that 
the Hypotheſis of the Paſſage of a Ray of Light by Reflection, from 
A to C and D (ſee 1282) being a Minimum, or the leaſt Poſſible, is 
not an arbitrary Poſition ; for if we conſider the Reflection of Light 
as an Operation , Nature, and that perfect Wiſdom has eſtabliſhed 
the Oeconomy of Nature's Laws, it is neceſſary to conclude, that 
every Thing is done in the molt direct and ſimple Manner, and there- 
fore that the rn of the Ray A C+CD is the leaſt Poſſible from 
A to D, by Reflection from the given Plane B E; for this cannot 
be denied, without aſſerting, that the Author of Nature has not taken 
the moſt direct and ready Way of doing Things; which is inconſiſtent 
with our natural Notion of Deity, and conſequently is irreligious, as 
well as abſurd. Therefore it ought to be eſteemed an Axiom, or a 
primary Poſtulate in Optics, on which the whole Science depends. 
And notwithftanding it is a ſelf-evident Principle, it is at the ſame 
Time the Reſult of the ſtricteſt Mathematical Theory; it is alſo de- 
monſtrable on the Principles of Mechanics ; and all Experiments teſlify 
that the Angles of Incidence and Reflection are equal, and therefore 
that the Paſſage of the Rays of Light from one given Point to ano- 


ther, either by Reflection or Ręfraction, muſt be the leaſt poſſible, 
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neceſſary to deſcribe the ſeveral Parts that are immediately con- 
cerned in producing this wonderful Effect. | 

1393. And here it muſt be obſerved, that Viſion is effected 
by a Refraction of Light thro* the Humours of the Eye to 
the Bottom or Fundus, where the Images of external Objects 
are formed on a fine Expanſion of the Optic Nerve called the 
Retina, and therefore the anterior Part of the Eye muſt ne- 
ceſſarily be of a convex Figure, and of ſuch a preciſe Degree of 
Convexity as the particular refractive Power of the ſeveral Hu- 
mours require for forming the Image of an Object at a given 
focal Diſtance, viz, the Diameter of the Eye. | 
1394. Hence we find, Firft ; The external Part of the Eye- 
ball CD (Fig. 17.) is a Pellucid, properly convex, and ſtrong 
Subſtance, which, when dried, has ſome Reſemblance to a 
Piece of tranſparent Hern, and is therefore called the Cornea 
or horney Coat of the Eye. | 

1295. Secondly; Immediately behind this Coat there is a 
fine clear Humour which from its Likeneſs to Mater (in a general 
View) is called the Aguecus or watery Humour, and is contained 
in the Space between C D and G F E. 

1396, Thirdly; In this Space there is a Membrane or Dia- 
phragm, called the Uvea, with a Perforation or Hole in the 
Middle as at F, of a muſcular Contexture for altering the Di- 
menſions of that Hole (or Pupil) for the adjuſting a due 
Quantity of Light. 

1397. Fourthly; Juſt behind this Diaphragm is placed a 
lenticular Subſtance G E, called from its Tranſparency, the 
Cry/taline Humour, tho' it be not a fluid Body, but of a conſi- 
derable Conſiſtence. It is contained in a fine Tunic called the 
Arachnoides, and is ſuſpended in the Middle of the Eye by an 
Annulus of muſcular Fibres called the Ligamentum Ciliare, as at 
G and E. By this Means it is capable of being moved a little 
nearer to, or farther from the Bottom of the Eye. 

1398. Fifthly ; All the remaining interior Part of the Eye is 
made up of a large Quantity of a jelly-like Subſtance called the 
Vitrenus or glaſſy Humour, tho' there is not the leaſt Likeneſs to 
Glaſs in it, except its Tranſparency ; it being moſt like the 
White of an Egg of any Thing. 

1399. Sixthh; On one Side of the hinder Part of the Eye 
as at K, the Optic Nerve enters it from the Brain, and is ex- 

panded 
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panded over all the interior Part of the Eye to G and E all 
around. This delicate Part is by Nature appointed the imme- 
diate Organ of S16HT. On this wonderful Membrane the 
Image I M of every external Object OB is formed according 
to the Optic Laws of Nature, in the following Manner. 

1400. Let O B be any ObjeR, placed at a great Diſtance 
A L, from the Eye. Then a Pencil of Rays proceeding from 
any Point L will fall on the Cornea D C, and he refracted by the 
Aqueous Humour under it to a Point in the Axis of that Pencil 

continuedout, Then ſuppoſing the Radius of Conuerityof the Cornea 
to be 3,3 Tenths of an Inch ; and the Sine of Incidence in Air 
to that of Refraction in the Aqueous Humour to be as 4 to 3 
(as it is nearly) then if the Object be infinitely diſtant, or the 
Rays parallel, we ſhall find (per Theorem 1327) that the focal 
Di/tance after the firſt Refraction will be 13,3 Tenths of an 
Inch from the Cornea. 

1401. The Rays thus refracted by the Cornea, fall conver- 
ging on the Cry/taline Humour, and tend to a Point 12,28 Tenths 
of an Inch behind it; alſo the Radii of Convexity in the ſaid 
Humour are 3,3 and 2,5 Tenths reſpectively; and the Sine 
of Incidence is to that Refraction of the Aqueous into the Cry/- 
taline Humour as 13 to 12. Therefore (per Theorem 1328) the 
focal Diſtance after Refraction in the Cryſtaline will be 10, 6 
Tenths of an Inch from the fore Part thereof. 

1402. The Rays now paſs from the Cryſtaline to the Vitreous 
Humour ſtill in a converging State, and the Sines of Incidence 
and Refraction being here as 12 to 13 (as found by Experi- 
ment) ; and ſince the Surface of the vitreous Humour is Concave 
which receives the Rays, and is the ſame with the Convexity 
of the poſterior Surface of the Cryſtaline, the Radius will be 
the ſame, viz. 2,5 Tenths of an Inch. Then the focal Diſ- 
tance after this third Refraction will be found (by 1331) 
to be 6,1 Tenths from the hinder Surface of the Cornea. | 

1403- Now the Diſtance from the hinder Part of the 
Cryſtaline to the Bottom of the Eye, or Retina, is nearly equal 
to that focal Diſtance ; and therefore all Objects at a great Diſ- 
nance have their Images formed on the Retina in the Fund of the Eye, 

and 


+ In 1328 for diverging, read converging, 
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and thereby dine! Viſiam is "produced by this 1 4 Optic 


Senſation. * 
1404. When the Diſtance of Objects is not very 3 the 


focal Diſtance, after the laſt Refraction in the Vitrecus Humour, 
will be a little increaſed, and to do this we can move the Cryſ- 
talline a little nearer the Cornea by Means of the Ligamentum 
Ciliare (1397) and thus on al} Occaſions it may be adjuſted for 
a due focal Diſtance for every Diſtance of Objects, excepting 
that which is leſs than ſix or ſeven Inches, in good Eyes. 
Many, I know, are of Opinion, that this is effected by a Power 
in the Eye to alter the Convexity of the Cryſtalline Humour as 
Occaſion requires, but this does not very eaſily appear.  - + 
1405. By what has been ſaid, it appears that Rays of Light 
flowing from every Part of an Object O B, placed at @ proper 
Diſtance fiom the Eye, will have an Image I M formed there- 
by on the Retina in the Bottom of the Eye; and ſince the Rays 
0 M, BI, which come from the extreme Parts of the Ob- 
je&, croſs each other in the Middle of the Pupil, the Poſition 
of the Image I M will be contrary to that of the eh or in. 
verted, as in the Caſe of a Lens (1385.) 


1406. The apparent Place of any Part of an Object is in the 


Axis and conjugate Focus of that Pencil of Rays by which that 
Part or Point is formed the Image. Thus O M is the Axis, and 
O the Focus proper to the Rays by which the Point M in the 
Image is made; therefore the Senſation of the Place of that 
Part will be conceived in the Mind to be at O; in like Manner 
the Idea of Place belonging to the Point I, will be referred, in 
the Axis I B, to the proper Focus B, therefore the apparent 
Place of the whole Image I M will be conceived in the Mind to 
occupy all the Space between O, B, and at the Diſtance A L 
from the Eye. 

1407. Hence likewiſe appears the Reaſon why we ſee an Ob- 
Jeet upright by Means of an inverted Image; for fince the apparent 
Place of every Point M will be in the Axis M Oat ©; and this 
Axis crofling the Axis of the Eye HL in the Pupil, it follows, 
that the ſenſible Place O of that Point will lie, without the Eye, 
on the contrary Side of the Axis of the Eye to that of the Point in 
the Eye; and ſince this is true of all other Parts or Points in 
the Image, tis evident the Poſition of every Part of the Object 
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-will be on the contrary Side of the Axis to every correſponding 
Part in the Image, and therefore the whole Object OB will 
baye a contrary Poſuian to that of the Image I M, er appear . 
rigbt. 
1.408, The Dimenſuns, er Magnitude, of an Object OR, 
we judge of by the Quantity of the Angle O A B which it 
ſubtends at the Eye. For if the ſame Object be placed at two 
different Diſtances L and N, the Angles O AB and o A}, 
which in theſe two Places it ſubtends at the Eye, will be of 
different Magnitude ; and the lineal Dimenſions (viz. Length and 
Breadth) will be at N and at L as the Angle o A b is to the An- 
gle OAB. And the Surfaces and Sebdities of the Objects will 
be as the Squares and Cubes of thoſe Angles (670, 675, 1337). 

1409. I is found by Experience, that two Points O, L, in 
any Object will not be diſtinctly ſeen by the Eye till they are 
near enough to ſubtend an Angle O A L of ene Minute. Hence 
when Objects, however large in themſelves, are ſo 1cmote as 
not to be feen under an Angle of one Minute, they cannot pro- 
perly be ſaid to have any apparent Dimenſions or Magnitude 
at all ; ſuch as is the Caſe of the large Bodies of the Planets, 
Comets, and fixed Stars. But the Optic Science has ſupplied 
Means of enlarging this natural ſmall Angle under which moſt 
diſtant Objects appear, and thereby encreafing their apparent 
Magnitudes to a very ſurpriſing and delightful Degree in that 
noble Inſtrument we call a I ELESCOPE, as we hall elſewhere 
explain.“ 

1410. On the other hand, we find in the Creation an Infinity 
of Objects, whoſe Bulks are ſo ſmall, that they will not ſub- 
tend the requiſite Angle (1409) if brought to the neareſt Limits 
of diſtin? Viſion, viz. 6, 7, or 8 Inches from the Eye, as found by 
Experience; and therefore in order to render them viſible at a 
very near Diſtance, we have a Variety of Glaſles, and Inſtruments 
of different Conſtructions, which we uſually call Microscopss, 
by which thoſe minute Objects appear mapy Thouſands, yea 
Millions of Times larger than to the naked Eye; and thereby 
enrich the Mind with Diſcoveries of the ſublimeſt Nature, in re. 
gad to creating Power, Wiſdom, and Oeconomy. 1411. If 


® The practical Part of Optics containing the Deſcription and Uſe 
of TELESCOPES, er inline and other Optical Inſtruments, the 
0 


Reader will hereafter find in the ung Gentleman and Lucys Philo/opby. 
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1411. If the Convexity of the Cornea C D happens not 
exactly to correſpond td the Diameter of the Eye, conſidered 


as the natural focal Diſtance, then the Image will not be form- 
ed on the Retina, and conſequently no diſtin? Viſion can be S- 


fetted in ſuch an Eye. 


1412. If the Cornea be too convex, the focal Diſtance in the 
Eye will be leſs than its Diameter, and the Image will be form- 
ed ſhort of the Retina. Hence the Reaſon why People having 
ſuch Eyes are obliged to hold Things very near to them, to 
lengthen the focal Diſtances (1349) and alſo why they uſe con- 
cave Glaſſes to counter- act or remedy the Exceſs of Convexity, 
in order to view diſtant Objects diftindth. 

1413. If the Eye has 4% than a ju/t Degree of Convexity, or is 
too flat, as is generally the Caſe with old Eyes, by a natural Do- 
ficiency of the Aqueous Humour, then the Rays tend to a Point 
or Focus beyond the Retina or Bottom of the Eye; and to 
ſupply this Want of Convexity in the Cornea, we uſe convex 
Lenſes in thoſe Frames we call Spectacles, or Visvat GLassts.t 

1414. Since the Rays of Light O A, B A, which conſtitute 
the viſual Angle O AB, will, when they are intercepted by a 
Lens, be refracted ſooner to the Axis, (1380) the ſaid Angle 
will thereby be enlarged, and the Object of Courſe become 
magnified ; which is the Reaſon why thoſe Lenſes are called 
Mognificrs, or READING GLASSES, 


T 2 CHAP. 


+ Theſe # =p Glaſſes are very different from SpeQacles in two 

Particulars ; for (1.) They are made with proper Apertures to ad- 

mit of no more Light than what is requiſite. (z.) They are bent to 

an Angle, that the Rays may fall directly and not obliquely on the 

= ; You which Precautions are neceſſary for eaſy and diſtiv@ Vi- 
n. ä 
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1422. It muſt ſuffice therefore to know, that Light 1s the 


Cauſe of Colour; and that where there is no Light there can be no - 


Colour; and as Darkneſs, or total Shadow, is nothing more than 
the Abſence, or Privation of Light, ſo BLACKNess is ne other 
Thing is itfelf than a Want of the natural Operation of Light ; 
and with reſpect to ws, it is the Want of all Colour in Bodies. 
Hence Black is, properly ſpeaking, no Colour at all. 

1423. Since all the various coleur-making Rays r E, „ E, y E, 
Sc. before they are ſeparated by the Priſm A B, compound one 
common Beam of Light, whoſe Colour is bite; we may 
eaſily thence infer that WHiTENEss is not a ſimple Colour, 
but only the Reſult or Compound of all the ſimple Colours be- 
fore mentioned (1419) blended together. 

1424. Therefore ſuch Bodies which imbibe all the Light in- 
cident upon them, or reflect none, will appear abſolutely Black, 
or colourleſs. And thoſe which reflect all the Light which falls on 
them, will appear White; and the ſame in regard to Refraction. 


1425. But ſuch Bodies as reflect or refract one ſimple Sort of 


Light only, will appear of the Colour peculiar to that homoge- 
neous Ray; thus if any Obje& reflects or refracts only the 
Rays E r, its Colour will be Red; if the Rays E g, it will be 


Green; and the Ray Ev will, when reflected or refracted alone, 


ſhew the Object of a Violet colur (1419) and ſo of the reſt, 
1426. Again, if Bodies reflect one ſimple Colour, and re- 
fract another, they will appear of one Colour by Reflection, 
and another by Refraction; as is the Caſe of Leaf-gold, De- 
coction of Lignum Nedbriticum, &c, 
1427. Rays of Light are alſo differently reflexible, and thoſe 
which are moſt or leaft refrangible, are alſo moſt or leaſt reflexible ; 


therefore Bodies will appear of AM erent Colours in the ſame Part, 


if made to receive the Beam of Light under ſuch Angles of 
Incidenee as are proper to each reſpective Sort of Rays, for a 
given Poſition of the Object and the Eye. 

1428. Thoſe Objects which reflect or refract two or more 
of the homogeneal Rays will appear of a Colour compounded 
of chem; and it is obſervable, that of three different Rays 
(next to each other) the two extreme ones produce nearly the 
Colour of the middle One; thus Red and Yellow made an Orange; 
Yellow and Blue make a Green; Blue and Purple make an Indigo- 

colour s 5 
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colour; and from hence all the Phenomena of FRO in natural 
Bodies ariſe, and are eaſily confirmed by Experiments. 

1429. The Image of any Object, formed by reflected or re- 
fracted Light, muſt be of the ſame Colour in every Part with 
the Object; for the Rays of Light which proceed from the ſe- 
veral Parts of the Object are not altered or changed in their 
Nature by Reflection or Refraction; and therefore whatever 
Colour they excite in the Object, the ſame muſt they ſhow 
in the correſponding Part of the Image ; the whole Image will 
therefore be variegated and painted with the fame Colours in 
every Reſpect as we view in the Object itſelf. 

, 1430. I think, then, it deſerves to be conſidered, chat every 
P1cTURE formed by an Optic Glaſs, ought to be looked upon 
as the Portrait of Nature itſelf, and conſequently deſerves a much 
greater Regard than we uſually pay to it. The Per- 
formance of Titian's Pencil being as much inferior to the PaIx - 
iNGs of NATURE, as a created Being is below the CREATOR. 

1431. For the ſame Reaſon that a Priſm ſeparates the Beam 
of Light into its original or {imple Rays, ſo likewiſe does a 
Lens, viz, becauſe its Sides are inclined to each other { 1369) and 
therefore the Image in the Focus of a ſingle Lens muſt be as 
compounded as Light itſelf, and conſequently in ſome Mea- 
ſure confuſed ; for each particular Specics of Rays does in 
Reality form a diſtin Image in its own peculiar Focus. And 
of Courſe, when this compound Image is viewed with a deep 
Magnifier, it will appear both coloured and confuſed, as we find 
dy Experience in all our Microſcopes, Teleſcopes, &c. of the 
refracting Sort. 

1432. But Images formed by reflected Light are not ſubject 
to either of thoſe Imperſections, becauſe there is no different 
Reflection of Light while the Angles of Incidence are the ſame; 
and therefore only one ſimple Image is formed in the Focus of a 
Speculum ; and ſo perfect, that it will bear to be magnified a fe- 
cond Time with ſufficient Diſtinctneſs; and conſequently a dowble 
Power of magnifying in a REFLECTING TELESCOPE will have 
the ſame Effect in a fmall Length as we have in a very great 
Length by Refraction; and this is the Reaſon of that noble In- 
vention. 


1433. There 
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1433. There have been Methods invented to remedy, or 
rather to palliate, the Imperfections of a refracting Teleſcope, 


Which J have conſidered at latge in my New Elements of Optics, 


to which I refer the Reader; as being a Subject too prolix for a 
Syſtem of elementary Principles orly. In that Treatiſe I preſume, 
it is demonſtrated, that as there are two Defetts in refraQting 
Teleſcopes, vix. one from the different Refrangibility of Rays, 
and the otHbr from the Figure of Glaſſes, ſo the very Means of 
correcting the former will inevitably augment the latter; || and 
in thoſe very Feleſcopes where this Correction has been applied, 
by joining a Concave 'with'a convex Ober Glaſs, the Rays are 
afterwards made to paſs thro a ſingle convex Lens before the 
Image is formed, and therefore if the Colours were taken 
away by the two Glaſſes, they muſt be again produced by the 
firſt of the ſive next the Eye. And therefore we have not yet 
any ſuch Thing as an achromatic Refractor, or one : that will thew 


Objects eidirely free from Colours. F 


1434. But as in the abovementioned Treatife I had omitted 
ones two Particulars, relative to this new Refractor, and alto fot 
the Sake of the Inquiſitive, I hall here give the following Diſſec- 
tion bf the compdund Object Glaſs as I found it in one of thoſe 
Teleſcopes l putchaſed for 3 Guineas, and was three Feet long. 
1435. The conve Lens was of Croton-glaſs, doubly and equal- 


ly convex on both Sides; and its folar focal Diſtance was 


pretiſely 4 Inches. The coneave Lons was of White-flint, or Cryf. 
tal; it was a Plano-concave, and its focal Diſtance by Reflec- 
tion was ſour Inches from its Surface. The focal Diſtance of 
both theſe combined together, was juſt 29 + Inches. 

1436. The Radius of the convex Lens was 10, 1 Inches, as 
will appear from (1340,) fer in Crown-glaſs, @ = 0,532, and 


22 = 1,004; then1:2a::f:r, or 1: 1,064 ::9,5 : 10,1. 


But with regard to the Plano-concave of White-flint, ſinee the 
Radius is double the ſolar Focus by Reflection, (1291) it is in 
that 8 Inches. The two Radii, therefore, in theſe two Ob- 
ject Glaſſes,” are as 10,1 to 8, or as 160 to 127 nearly: That 


li This is to be underſtood of a convex and a concave Lens of the 
fame Sort of Glaſs ; and how little the Cafe will be altered, by hav- 
ng 4 of Cry/ta! and the other of Crown-gla/s, will appear bye 
and bye. 
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is (if R be put for t the Radius of the Plano-concave) : R: 
160: 127. 

1437. Now it is known by Experience, and is by all confeſs'd; 
that two Lenſes, one a Plano-convex of Crown-glaſs, and the 
other a Plano-concave of Flint, muſt have their Radii of Spheri- 
city very nearly as 2 to 3, in order to prevent the Error of Re- 
fraction ariſing from the different Refrangibility of the ſame 
Beam of Rays, and that in ſuch a Cafe, we haveR:r::3:2::8: 
5,353 therefore in a double and equally convex Lens of Crown- 
glaſs to produce the ſame Effect, the Radius mult be r = 10,7 3 
but that in the Teleſcope is only 10,1 and therefore too convex 
to prevent a coloured Image, when compounded with a Plano-con- 
cave of Flint whoſe Radius is 8 Inches. 

1438. Then if the Sine of Inciderice be to the Sine of Re- 
fraction (of the ſame Ray) out of Crown-glaſs into Air as # to 
m, and out of White-flint into Airasn to M; it is demonſtrated 
by Sir [aac Newton ® the Error of Refraction ariſing from the 


A? R* 
flint, in a Lens of a Fs. Form. In tak Expreffions, 
G) is the Semi- aperture of the Lens. 

1439. Becauſe there is the ſame Refraction, and Error from 
thence ariſing, in an equally Plano-concave Lens, and being 
made the contrary Way, therefore when the Errors ate equal in 
a Plano-convex of Crown-glaſs; and a Plano-concave of W hite- 
flint, they will deſtroy each other; or when two ſuch Lenſes are 
combined together they will correct each other, and prevent any 
Aberration of Rays from the + yp 


m* Lo M* M5 
Figure of the Lens is Fr in Crown- -glaſs, * in White- 


1 n = 4. from whence h 
440, ereto et e NR * ene WE DAVE 


= = ==, or this Analogy M:R::m:r ; but by Experi- 
ments it appears, that M: m:: 160 : 153 in Crown and Cryſtal, 
And therefore ſuppoſing, the Radius R of a Plano-concave to 
be 8 Inches, (as in the abovementioned Teleſcope) then 160: 
153::8:73=—r, the Radius of a Plano-convex Crown-lens 
that combined with the other, nal! prevent any Error from the 
ſpherical Figure. 


Vol. II. U 1441. Now 
o See alſo Philo/ophia Britannica, 2d Edit, 
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1441. Now ſince the Effect or Refraction is the ſame in a double 
and equally convex Lens, of a double Radius, viz. r = 15 K 
Inches ; therefore ſuch a Lens only, combined with a Plano- 
concave of White-flint, whoſe Radius is 8 Inches, can cauſe 
the Aberration of Rays from the Figure of the Glaſſes to 
vaniſh, But that in the Teleſcope has a Radius of 10 Y In- 
ches only; whoſe Sphericity is therefore much too great to an- 
ſwer this Purpoſe. 

1442. Therefore ſince in a Plano-convex of Crown-glaſs, 
and a Plano-concave of White-flint, the Radii for preventing 
the Error from the different Refrangiblity of Rays muſt have 
the Ratio following, viz. R:r::3:2::160:107 ; and for 
annihilating the Error from the Figure, the Ratio muſt be R: 
r::160:153; it appears to be impoſſible, that the ſame 
two Glaſſes, viz. Crown and Cryſtal, which correct one 
Error, ſhould at the ſame Time correct the other ; and farther 
it appears, that the Ratio of the Radii of the Object Glaſſes in 
the Refractor under Conſideration, being in a Ratio different 
from either of theſe (1435), can correct neither of the Errors. 

1443. But we are told, That the Surfaces of ſpherical Glaſ- 
ſes admit of great Variations tho their focal Diſtances be limited. 
With regard to parallel Rays on a Plano-convex, or Plano- con- 
55 
and ſor Va; but (/) is limited or given by Suppoſition, and 
(a) is the Refraction of the particular Species of Glaſs (1347) 
and therefore is given of Courſe; how then does it appear, that 
the Radius (7) or ſpherical Surface of the Glaſs can admit of 
ſuch great (or indeed any) Variation at all? 'Tis true, the ſame 
Degree of Sphericity may be divided and variouſly proportioned 
between the two Surfaces, but while the focal Diſtance is limited, 
the Refraction, and the Error occaſioned thereby, will be till 
the ſame. 

1444. Therefore the Poſſibility of making the Aberrations of 
any two Glaſſes equal, is a Thing that does not appear ;” no more 
than how, a Perfect Theory for making Object Glaſſes can be 
obtained, from any Principles of Optics hitherto publiſhed.” A 
Demonſtration of theſe great Poſitions is a Satisfaction we have 


” yet 


cave, we haveſhewn (1341, 1345.) the focal Diſtance is f= 


Of Dior rRICSV. 147 


yet to come, and which the Public has long, and with great 
Impatience, waited for. 

1445. In the mean Time it may not be unacceptable to ma- 
ny Perſons to be informed and directed how to make this 
compound Object Lens for their own Uſe; and ſo procure at 
an eaſy Rate a Teleſcope, which they have been told is of in- 


finite Service to Mankind, For this Purpoſe, take a double Convex 


and a Plano-convex of Crown- glaſs, and a double Concave of 
I hite- flint, all ground upon the ſame Tool, and let the Con- 
cave be put between the two Convexes, and place them in the 
End of the Teleſcope with the Plano - convex outwards, and they 
make the triple compound Lens for taking away Colours in Refractors 
of a ſmall Length. 

1446. But if the Teleſcope is to exceed the Length of 18 
or 24 Inches, then two Glaſles will do, viz. one Convex of 
Crown-glaſs, and the other Concave of Flint, whoſe ſolar focal 
Diſtances are to each other as 3 to 4Þ very nicely ; and they 
will form an Image without Colours, for the Teleſcope propoſed. 
If theſe two Lenſes are held together in tie Sun-beams, they will 
converge them to a Focus, and thereby ſhew the focal Diſ- 
tance of the compound Obje& Glaſs, and conſequently of the 
Teleſcope itſelf, 

1447. But as to the Error from the Figure of the Glaſſes, I _ 
confeſs it is not in my Power to give any Directions for preventing 
or extenuating the ſame in any great Degree. If any Perfon 
can find among the different Sorts of Glaſs, or any tranſparent 
Mediums, any two, which being formed into Priſms, hall have 
their refralting Angles, which take away Colours, reciprocally pro- 
portioned to their Sines of Refrattion into Air, reſpettively ; then 
he may be aſſured of a perfect? Theory of making Object Glaſſes, —— 
And he that ſhall do this, erit mihi pluſquam Magnus Apollo. 


U 2 INS TI. 
+ For let - F in a Plano-convex of Crown-glaſs, and 2. 
in the Plano-concave of White - flint. Then F: F: IF 5 — 


0,53. 


—== : 0,376: 0,5 :: 


3 : 4, as in the Preſcript above. 
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PERSPECTIVE: 


The Mathematical TH EOR V thereof deduced from 


OPpTICAL PRINCI PLES, and applied to a General 
Praxis. | 


. 
The _ ELEMENTS of Lineal PERSPECTIVE. 


E are now prepared to treat of the Elements, or 
2 7 ii Principles of PERSPECTIVE, the moſt de- 
wh SE lightful and neceſſary of all the Mathematical 
2 1. 17 15 Sciences. Theſe Elements are immediately 
derived from Optics ; for the Art of deline- 
ating Objects as they appear on a given tranſparent Plane, or Super- 
ficies, to an Eye at a given Height and Diſtance, is the true DE- 
FINITION of PERSPECTIVE. 
1449. The Want of theſe preliminary Principles has rendered 
the Treatiſes on this Subject defeCtive in the moſt eſſential Part, 
and the Art of Perſpective itſelf very difficult to be underſtood : 
In ſhort, it would be abſurd to ſuppoſe any Man can underſtand 
Perſpective, without being acquainted at leaſt with as much of 
the Optic Theory as we have n, and ſhall here ſuperadd 
in this Chapter. 
1450. It appears by the above Definition, FIG in order to 
IA delineate the true Appearance of an Object on a given Plane, it 
will be firſt neceſſary to know the Law according to which the 
apparent linear Dimenſions of Object increaſe or decreaſe ; 
and here we muſt obſerve (1.) That the viſual Angle, or the 
apparent Magnitude of a Line will be leſs at a greater Diſtance; 
and vice verſa. (1408) (2. ) Thatit will be leſs as the ſaid Line is 
viewed 


9 It 
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viewed more obliquely. (3.) Therefore the Law of Diminution will 
be nearly in Proportion to the Diflance and Obliguity of the View 
conjointly. 

1451. It is true, the Diminution of any Line viewed direct- 
ly increaſes with the Diſtance, but not exaMly in Proportion 
thereto, unleſs the Diſtances be very great. Let OB (Fig.19) 
be an Object viewed directly by an Eye at C. On the Center 
C, with the Radius C B deſcribe the Semi- circle A D B, and 
join CO; then will O C B be the Angle under which the Object 
0 B appears at C. Again, ſuppoſe the Eye at A, and draw AQ; 
then the Angle OA B is the viſual Angle under which it ap- 
pears at A. Now AB is double the Diſtance B C, but the An- 
gle O A B is more than half the Angle OC B; for the Angle 
OABorE ABis juſt half the Angle O C B or ECB (642.) 
But at great Diſtances, the differential Angle EA O will be- 
come inſenſible; and therefore in ſuch Caſes, the Diminution will 
be directly as the Diſtance of the Object. 

1452. When any Object as BD (Fig. 23) is viewed oblique- 
ly (that is, when the Angles ADB and A BD are not equal) 
then a Diminution of its apparent Magnitude will enſue ; for 
in all ſuch Caſes, the Length B D is reduced to B O, which 
ſubtends the viſual Angle DAB at the Diſtance AB. There- 
fore the Propoſition is evident. (1408) 

1453. It is further evident, that if the ſame Object B D were 
removed to twice the Diſtance of A B, then the Angle of ap- 
parent Magnitude O A B would be but one half ſo large (642); 
and therefore the apparent Magnitude of any Object on Ac- 


count of its Obliquity, is alſo diminiſhed in Proportion to its 


Diſtance ; and therefore the whole Diminution of Magnitude 
on Account of its Diſtance and oblique Polition jointly, is pro- 
portional to the Square of the Diſtance. 

1454. But we have a more direct Demonſtration of this 


fundzmental Propoſition in Perſpective, in the Diagram of (823) 
which we ſhail here infert. 


If TP be any Object viewed oblique- T 
ly by an Eye at C, at the Height of CD PH 
above it, then the viſual Angle is PCT), : 
and its Meaſure the Arch B to the 
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And becauſe TP:QP::CP:CD; and PQ: BV:: CP: 
CBS S CD; therefore (ex Equo 652.) it is T P: BV:: CP>: 
C D*. But when T P is a given Quantity, then (ſince Radius 
CD= 1) we have Bb: . or the viſual Angle B b of apparent 
Magnitude is ever in the inverſe Proportion of the Square of the Diſ- 
tance CP. | 
145 5. Hence it appears, that in any Line AF (Fig. 20.) 
equal Parts AB, BC, CD, DE, E F, are ſeen by an Eye 
at C under ſuch Angles, whole Meaſures g , hi, 1% 4% Im, 
are reciprocally as the Squares of the Diſtances AC, BC, C C, 
C D, CE. Therefore the Circle I K may be called the Line of 
Meaſures in Optical Perſpect ive, or ſuch Delineations as are made 
on ſpherical and cylindrical Surfaces, 

1456. If the right Line G H be parallel to the Line A F, 
then will the viſual Rays AC, BC, c. divide the Line G H 
in a ſimilar Manner to that in which they divide the Line A F; 
that is, if the Diviſions in A F are equal, they will alſo be equal 
in GH; but if they are unequal in AF, they will have the 
very ſame Ratio of Inequality in G H. For the Triangles 
F CE and / Ce, alſo EC D and e C d, are ſimilar; which give 
theſe Analogies : E F:: C:: EC; and ed: ED e C: 
E C; conſequently F: e d:: EF: ED; and fo of the 
Keſt. | 

1457. If any Objects AB, CD, (Fig. 21.) are ſeen by the 
Eye at C under equal Angles 4 J, and cd, then will they be as the 
Squares of their Diflances from the Eye direftly, For in the fore- 
going Figure to (1454) we had IP: BB:: CPU: CD; and 
therefore ſince in this Caſe B b and C D are conſtant Quantities, 
TP will be directly as CP* ; that is (in Fig. 21.) AB: CD:: 

B C*: DC. 

1458. The Objſet BD (Fig. 22.) of a given Length, placed 
at a given Height AB will be ſeen by the Eye at C in a right 
Line perpendicular to A B, under an Angle B C D, which will 
be of a variable Magnitude as the Eye approaches to, or recedes 
from the Point A; and there is one Diſtance A C where that 
Angle of apparent Magnitude will be a Maximum, or greateſt 
of allothers ; and is determined in the following Manner, 


1459. Every 


els 225, a. HE. AS. ©. af = 


18 But I C:CD::TP:PQ= 


Of PERSPECTIVE. T51 

1459. Every Angle PCQ (fee Fig. to 1454) is as the 

Arch P directly, and the Radius PC inverſely or as 
TPxCD 

W alſo we 

havePC=\/CD*+DF*. Therefore the viſual Angle 


TPM UF 
PCQ is as That is, if (in Fig. 25 
2 TCxy/CD* + DF: „ 


we put Ab , B D = b, AD=a ＋ c, and AC = 


x; then will the Angle B CD be as Lc. — 
VX Var = 
then by taking the Fluxion thereof (800) and making it equal 
to Nothing (818) we ſhall get x* = ac, whencea:x::x:c or 
the Diſtance A C is a geometrical Mean between A B and A C, 
when the viſual Angle BCD is the greateſt poſſible. 

1460. If any Line (Fig. 25) O B appears to an Eye at A, 
under the ſame Angle with another Line C D, then at any o- 
ther Point E, the two Lines will have the ſame apparent Mag- 
nitude (however the viſual Angle C A D may vary) if the Diſ- 
tances of the Eye from each Line preſerve the ſame Ratio. For 
let o b be equal and parallel to O B, and draw CE and DE; then 
by ſimilar Triangles, we have A H: A K:: CH: OK; and 
EH: EL: : CH: L= OK; therefore A H: AK:: EH: 
EL. Alſo a right Line paſſing from the Eye to thoſe Lines di- 
vides them in the fame Ratio; for it is GH: HD: 0 K: 
K B:: L: Lb. 

1461. The Appearance of any diſtant Line or Objet OB 
upon another Line or Plane C E given in Poſition, will in- 
creaſe or decreaſe with the Diſtance from the ſaid Line or Plane, 
tho” not in the ſame Ratio; for at the greater Diſtance A it will 
occupy the Length CE, but in a leſs or nearer Diſtance at D, 
it occupies only the Space ce, much leſs than before, as is evident 


by Inſpection. 
1462. Having thus premiſed ſuch Optical Principles of [neat 


Perſpective, or the Appearance of Lints among themſelves 
with regard to their Poſitions, and Diſtance of the Eye; we 
ſhall now proceed to a generally THEORVY of univerſal PER- 
SPECTIVE, and demonttrate the ſame from its genuine Prinei- 
ples. And tho' the common Methods of making Perſpective 

Draughts 


| 
| 
| 
| 
| 
| 
| 
| 


in regard to the Perſpective Plane; theſe particular Situations of 


is evident, that any Plane paſſing thro' the Eye cannot be ſeen 
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Draughts are very eaſy, and in every ones Hands, yet as the judj: 
cious Architect, Deſigner, Painter, &c. will find it no eaſy Mattet 
to come at a conciſe and plain Theory, or eaſy Rationale of this ne- 
ceſlary or fundamental] Part of his Art, in any of the Books hither- 
to publiſhed ; it is preſumed, the following new Method of de. 
monſtrating the Reaſon of ſuch uſeful and common Rules will 
not be unacceptable to the ingenious Artiſts of all ſuch Profeſ- 
ſions, as require the Aſſiſtance of this excellent Science. 


r 


6 * * 
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The TüRORY of PERSPECTIVE demonſtrated from 
| the PRI NcIIES of OeT1cs and GEOMETRY, 


[PLaTE II. f PzxSPECTIVE. ] | 
146 F ROM the Definition of Perſpective, (1448) it ap. 


pears, that in order to give a Rationale of the com- 

mon Practice, we muſt premiſe a Theory of the Viſion of Objetas 
on a tranſparent Plane at a given Diſtance and Height of the 
Eye. Thus ſuppoſe the Eye of the Spectator at I, and EF GH 
the Plane on which it obſerves the Appearance of Objects, 
(Fig. 1.) This is called the Perſpective Plane. 
abs. As the Appearance of Objects will be variable ac- 
cording to the Situation of the Planes in which they are poſited 


Object- planes are principally to be conſidered. And, firſt, it 


as a Plane, but as a Line only on the perſpective Plane; for 
the Eye having no Elevation above ſuch a Plane, can ſee no 
Part of its Surface; the Edge or bounding Line of ſuch a Plane 
being all the Appearance it can have to the Eye. 
1465. Of theſe Ocular Planes, there are two of principal 
Note, viz. the horizontal Plane O K L M parallel to the Hori- 
20n; and the vertical Plane NR QP, which is perpendicular 
thereto. The fulſt interſects the perſpective Plane in the 15 
| 7 I'k, 
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LE, which is therefore called the Horizontal Line; and the other, 
in the Line QP, which is called the vertical Line, on the per- 
ſpective Plane. 

1466. Secondly; thoſe Planes which do not paſs thro' the 
Eye, will have a direct or an oblique Situation with reſpect thereto. 
If it be a direct Situation, it will be parallel to the perſpective 
Plane which is ſuppoſed to be placed directly before the Eye. 
Thus the Plane A BCD is a direct one, and parallel to the per- 
ſpective Plane HF. And among all Planes ſituated obliquely to 
the Eye, that which is in the Plane of the Horizon, as A E HD, 
is the moſt conſiderable ; and is called the Ground Plane. This 
is perpendicular to the perſpective Plane HF. 

1467. From what has been faid, it appears, that Objects in 
the Surfaces of the horizontal and vertical Planes cannot be ſeen 
at all by the Eye at J; and therefore they are not to be regard- 
ed in Perſpective. We muſt therefore conſider of Objects in 
and upon the direct and oblique Planes, and the Reer 
they make on the perſpective Plane. 

1468. Thus let O B be an Object in the direct plane; and 
from the extreme Points O and B draw the viſual Rays OI, BI, 
to the Eye at I. They will paſs'thro' the perſpective Plane in 
the Points o and b.; and by joining thoſe Points with the 
right Line o b, that Line will be the Picture of the Line 
or Object O B, upon the perſpective Plane. Thus alſo the 
Perſpective of the Line O A is o; and the Proportion of 
Objects and their perſpectiye Appearances is the ſame in this 
direct View, viz. that of their Diſtances from the Eye; for 
OB: h:: OA:: : OI: el, by ſimilar Triangles. 

1469. Thus (br) and (an) will be the Perſpectives of the Lines 
B Rand AN in the object Plane; and rh an will be the Per- 
ſpect of RB A Nof half the Plane A C, and ab cd the Per- 
ſpective of the whole Plane ABCD. And all Lines parallel to 
AB or Ch in the object Plane, will have their perſpective Lines 
parallel to ab and cd in the Picture on the perſpective Plane. 
And in what Manner ſoever the object Plane A C is divided by 
Lines drawn upon it, their Repreſentatives will divide the Pic- 
ture (ac) ina ſimilar Manner. (1456.) 

1470. Any Point B in a direct Plane has the ſame Ratio of 


Diſtance from the horizental and vertical Planes, as its perſpec- 
Vor. II. X tive 
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tive (5) has ſrom the horizontal and vertical Lines, viz, that of 
the Diſtances of-the Planes from the Eye. For BR: :: BO: 
bo::TO:Io::Iz: 11, from the Nature of ſimilar Triangles ; 
hence it is eaſy to delineate the Appearance of any Objects, or 
form their Pictures on the perſpective Plane when they are pre- 
ſented in a direct View ; as in the Front of Buildings, &c. as 
will be exemplified hereafter. 

1471. The laſt Sort of Plane, in and upon which we are ſup- 
poſed to view Objects, is that of the Horizon itſelf, as ADH E, 
above which the Eye has an Elevation, more or leſs, as iP = 
I Y. This is therefore called the ground Plane, and its Inter- 
ſection H E with the perſpective Plane, is called, the ground 
Line. And this is the moſt conſiderable of all others, as being 
the common Table or Plan of all perſpective Views, Land- 
ſcapes, and pictureſque Draughts of every Kind. 

1472. With regard to this horizontal Plane, it has been ſhewn 
(1469) that the two remote Angles thereof A and D are repreſent- 
ed by a and d, in the nerſpetive Plane ; and the other two Angles 
E and H, are in the ſaid Plane alſo, as being common to both; 
therefore by drawing the Lines a E and 4 H, there will be form- 
ed the Figure E and H on the perſpective Plane which will be 

the true perſpective Appearance of the ground Plane ADH E. 
1473. Hence it follows, that a E is the Perſpective of A E, 
nP of NP, and dH of DH. Whence it appears that Lines 
which are parallel in the ground Plane, and perpendicular to the 
perſpective Plane, are not ſo in their perſpective Picture, but 
they all converge to a Point i, which is called by the Point of 
Sight in the perſpective Plane as being exactly oppoſite to the 


Eye, or that Point in which a Perpendicular from the Eye falls 
on the Plane. 


1474. In the ground Plane draw V W parallel to A D; its 


perſpective v w will be parallel to ad, in the Picture; and 
adwywy will be the Perſpective of the Part AD W in the 
original Plane, But for a Demonſtration of what relates 8 
the Picture or perſpective Appearance of the ground Plane an 
Objects upon it, and conſequently, of the common Practice of 
Perſpective, we muſt have Recourſe to the following Method of 

Reprefentation, which is the moſt natural, conciſe, and per- 
ſpicuous, of any L have been able to think of. 


1475. Let 
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1475. Let ABCD be a right-lined Figure in the ground 
plane V GK T, contiguous to and at right Angles with the 

perſpective Plane Y Z S R; FH the Diſtance of the Plane; 
and H I the Height of the * at I. HE is parallel to G B or 
C K and biſects A D and B C in the Points F and E. On the 
point E raiſe the perpendicular EM — H I, and draw the Lines 
BM, CM, GI, Kl. 

1476. Draw the viſual Lines I A, IB, and I M, which is 
called the principal Ray, and is perpendicular to the perſpective 
Plane in the Point i. Then it is evident the Plane I G B M in- 
terſects the perſpective Plane in the Line Az, and the Ray BI 
being in the ſaid Plane & M, muſt inerſe& the Line Az in ſome 
Point (5) which is therefore the Perſpective of the Point B; 
and of Courſe A h is the Perſpective of the Line A B. | 

1477. In like Manner it is ſhewn, that as the Plane I K CM. 
interſects the perſpective Plane R in the Line DI; and the 
Ray I C being in that Plane and interſecting the Line ID in the 
Point (c), that Point (c) will be the Perſpective of the Point 
C; and De the Perſpective of the Line DC. And joining the 
Points ö, c, the Line bc will be the Perſpective of the Line BC 
in the ground Plane. 

1478. Let AB = DC, then B C will be parallel to A D, 
and ſince in this Caſe A= D c, therefore bc will be parallel 
to A D alſo. And hence it appears, that all right Lines, as B C, 
in the ground Plane which are parallel to the ground Line A D, will 
alſo be parallel to the ſame in their Picture on the perſpefive Plane. 

1479. Hence alſo it is evident, that the Perſpectives Ab, Fe, 
De, of all Lines AB, FE, DC, which are perpendicular to the 
ground Line A D, do converge or tend to the Point of Sight (i). in 
the perſpective Plane. 

1480. If the Line A B be continued out in Infinituin, towards 
V, then ſuppoſing the Point B to move along that Line con- 
tinually, the viſual Ray BI, will keep riſing on the Plane IG BM 
towards I M making the Angle BIM ſtill leſs and leſs, till 
the Point B arrives to an infinite Diſtance, and then the Ray 
IB will coincide with I M; and conſequently the Line A; will 
be the Perſpective of A B continued to an infinite Length. 
Thus alſo D i will be the Perſpective of the Line DC infinitely 
continued towards T. And therefore the Triangle A i D will 

X 2 on 
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en the per ſpective Plane be the Pifture, or true Perſpective, of 
the Plane A BCD continued out upon the Plane of the Horizon to an 
infinite Length. 

1481. Hence the Line V i Z, is the Perſpective of the Horizon, 
er Boundary of the Sight at an infinite Diſtance; and therefore all 
Objects on the Plane of the Horizon, will, in their perſpective 
Appearance, or Landſcape, keep riſing from the ground Line, 
or Baſe AD, towards the Point of Sight (i); and leſſen in 
their Dimenſions as they are more remote, till at laſt they vaniſh 
in the horizontal Line Y Z. 

1482. We have ſeen how Lines parallel or perpendicular to 
the ground Line AD are to be delineated or drawn in Perſpective; 
and we are next to ſhew how thoſe right Lines appear, or are to 
be drawn upon the perſpective Plane, which lie oblique to, or 
make any Angle with the ground Line A D, or any other 
parallel to it. In order to this, make AL =AG= Ii, and 
draw Ap to make any Angle pAR or pA D with the Baſe 
A D, acute or obtuſe. Then in the horizontal Line V , 

take i X Ly; and draw yy X and IX; and the Plane I XpA 
will interſect the perſpective Plane in the Line A X. Draw the 
viſual Ray I p which as it is in the Plane I X p A muſt go thro 
the perſpective Plane ſomewhere in the Line A X, which ſuppoſe 
at(r), then is the Point ( 7) the Perſpective of (p); and ſince 
while the Point p is ſuppoſed to paſs from A to p in deſcribing 
the Line A p, its Perſpective (r) will move in the Plane A Zz 
from A to r, and deſcribe the Line Ar; which therefore will 
be the Perſpective of the Line Ap. 

1483. If the Line Ap were continued out to an infinite 
Length, and the Point (y) ſuppoſed to move conſtantly therein, 
its perſpective (7) will appear to move towards X, till at length 
the Point (ↄ) being at an infinite Diſtance, the Point (7) at- 
rives at, and coincides with X, in the horizontal Line; the Line 
AX is therefore the Perſpective of the Line Ap infinitely continued; 
and X is called the accidental Point, to which the Perſpectives of all 
Lines parallel to A p tend. 

1484. Let LP be taken equal to AL; and i Z equal to 
#T, and then joining A, P, and I, Z; we have the Triangles 
APL, and Z I, equal to each other; then will the Plain 
IAP Z interſect the ä Plane in the Line A Z, . 
| / Wl 
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will be the Perſpective of the Line A P continued out to an in- 
finite Diſtance. 

1485. But ſince AL =LP, and LP is parallel to A D; 
therefore A P is the Diagonal of a Square, and contains an An- 
gle DAP of 45 Degrees with the ground Line AD; there- 


fare the Paint of Diſlance E is that to which all Rays parallel to A P 


tend in the perſpectiue Plane. 

1486. Let AB=AD, then is AB CD a geometrical 
Square, and its Diagonal A C, of which the Perſpective is Ac; 
and the Point (c) is therefore that in which the perſpective 
diagonal A Z interſects the Ray or radial Line i D. Make 
iY Si Z, Si]; and join D X, then will that Line D Ybe 
the perſpective Diagonal of D B, (the other Diagonal of the 
Square AC) infinitely continued, and D 5 the Perſpective of 
the Diagonal D B determined by the Interſection of the Lines 
DY and Ai, as before. 

1487. Thus it is demonſtrated that Ah c D on the perſpective 
Plane AS Z Vis the true Picture or perſpective Delineation of 
the original Square A B CD, on the ground Plane, as required. 
And from hence is deduced the Rationale of the common 
Method of drawing the Perſpective of a given Square or any 
Figure inſcribed therein; as alſo of a ſtill more univerſal Me- 
thod of aſſigning the Perſpective of any Point, Line, Superficies, 
or Solid, on the Plane or perſpective Table, which we ſhall 
next procecd to explain. 


6 


— * 


CH N 


The RATIONALE of the common MR THODS f 
drawing the PERSPECTIVES of OBJECTS, ex- 
plained from the preceding Theory, 


[PLATE II. of PERSPECTIVE. ] 
1488. HE common Methods of Drawing in PER sPEC+ 
TIVE are much better known than the Reaſon of 
chem; we ſhall here give both together, and then our Endea. 
Your will at leaſt have the Face of Novelty. Let T G (Fig. 3.) 
be 
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be the Baſe or ground Line, in any perſpective Plane or Tall 
TGY Z. The Method of drawing the perſpective Appearance 
of any Object on this Table is as follows. 

1489. Let it he required to draw the Perſpettive of the given 
SQUARE ABCD and all its Parts, in a front View. The Square 
is ſuppoſed to be contiguous to the Perſpective Table, and there- 
fore its Side A D will be in the ground Line. As the View is 
direct, or in Front, the Eye mult be ſuppoſed directly againſt 
the Middle of the Side AD; and therefore in the Perpendicular 
E F continued out, take F I equal to the given Height of the 
Eye, and (I) will be the Point of Sight (1476) ſet off the given 
Diſtance of the Eye from the Table each Way from I, to Y 


and Z ; and theſe will be the Prints of D. lance (1406) in the. 


Hofizonta] Line Y Z. 

1490. From the Points A and D draw the Radial. I A, ID; 
and the Diagonals A Z, and D V, interſecting the Radiab in the 
Points h, and c; then draw bc; and the Figure Ah c is the 
Perſpective of the given Square AB CD as required. For Ac 
is the Perſpective of the Diagonal A C, and D & that of Db (by 
1486); therefore Ab and Dc are the Perſpectives of the Sides 
AB and D C (1479) and bc of the remote Side BC (1477.) 
Alſo the Point u is the Perſpective of N the Interſection of the 
Diagonals in the Square; and 9, Fe are the Perſpectives of 
OQ and F E which biſect the Square orthogonally, (1478, 
1479.) 

1491. It is not neceſſary to make uſe of more than one Point 
of Diſtance, Z; becauſe one Diagonal A Z, gives the Point 
(c) in the Radial I D which determines the Perſpective of 
the Diagonal A C; and then by drawing thro? the Point (c) 
the Line bc parallel to the ground Line A D, the Perſpective 
of the Square A B CD is compleated as before (1477.) 

1492. From hence we may derive a Demonſtration of an 
univerſal Rule for putting all Objects into Perſpective from 
given Point therein. The Rule is this. 

From the given Point in the ground Plane, let fall a Perpendicular 


on the ground Line, from whence draw a Radial to the Paint of 


Sight; then from the Radial ſet off that perpendicular Diſtance in 


the ground Line, and from thence draw a Diagonal to the Point of 


Diflance, the Interſection of the Radial and Diagonal will give the Seat 


or 
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or Place of the Perſpettive of the given Point. Aud thus the Per- 


ſpectives of any Number of Points may be found, which being con- 


nected will form the Perſpective of the given Figure which my ter- 
minate. 

1493. To exemplify this Rule; let C be any given point in 
the ground Plane, from which let fall the Perpendicular C D to 
the ground Line TG; and from the Point D draw the Radial DI 
to the given Point of Sight I. Then in the ground Line make 
DAS DC, and from the Point A draw the Diagonal A Z to 
the given Point of Diſtance Z, which will croſs the Radial in 
the Point (c) the Perſpective of the Point C as required. This 
is evident from the common Method beforegoing (1476), be- 
cauſe A C is the Diagonal of a Square. 

1494. Suppoſe B any other given Point ; let fall the Per- 
dicular B A, and draw the Radial A I; then make AG g AB, 
and drawn the Diagonal G Z, it will alſo interſect the Radial 
in the Point (5) the Perſpective of B as required. To prove 
which, let us ſuppoſe BC = AD=DC=AB. Then join- 
ing ( 5c ) that muſt be the Perſpective of B C, the ſame as be- 
fore determined by the commen Method; and fo it will prove. 
For in the ſimilar Triangles AID, b Ic, we have AD:bc::IA: 
Ib (656, ) according to the common Method; alſo from the 
ſimilar Triangles Z G A, Z bc, we have Z G: Z h:: 
AG: be, according to the Rule; but from the fimilar Triangles 
bGA and 3 ZI, we have l A: I:: Z G: Zb; and therefore 
it is AD:bc:: AG: bc; but AD = AG, by ſuppoſition; 
therefore the Line (bc) is the ſame in both Caſes. 

1495. Hence we have eaſy Methods of drawing the Perſpec- 
tives of any ſuperficial Figures whatſoever ; for if they are cir- 
cumſcribed with a Square, and Lines drawn thro' their termina- 
ting Points and Angles to the Sides of the Squares, then by 
taking the Perſpective of the Square you will at the ſame Time 
have the Seat of every Point or Line therein which bounds 
the Figure propoſed, and theſe being connected, the Perſpective 
of the Figure is formed as required. 

1496. Thus ſuppoſe any Line BK were to be put into Per- 
ſpective, then one Extreme being placed on the ground Line at 
K, let the Angle B of the Square be placed on the other; then 
the Points K and ( 5) being connected in the Perſpective, will 


give 
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give K b, for the Perſpective of the Line K B required. Or if 
from the Point B you let fall the Perpendicular B A, and make 
AG= AB; then drawing the Radial AI, and Diagonal G 2, 
they will interſect each other in the Point (5), which therefore 
is the Seat of the Point B, and ſo K ; is of Courſe the Seat of 
the Line K B, according to the Rule (1492.) 

1497. Since any right Line is ſo eaſily put into Perſpective, 
there can be no Difficulty in finding the perſpective Appearance 
of any given right-lined Figure. Thus the Perſpective of the 
Parallelogram CEF D is ce FD; the Perſpective of the 
Square. D FN Qis DF ng, and the Perſpective of the remote 
Square CEN Qis cen g, all determined by inſcribing them in 
the geometrical Square AB CD. 

1498. If the Figure be not right-lined, but bounded by a 
Cirele or ſome other Curve, yet if they are properly circumſcribed 
by a Square, the Interſections of the Diagonals and other Lines 
with one ancther in the ſeveral Parts of the Perimeter of the 
Curve, will give a ſufficient Number of Points in the Perſpec- 
tive Table, thro' which to draw the Perſpective of the Circle or 
Curve propoſed, Thus for Example (Fig. 4), if in the Square 
AB CD you draw the Circles O FQE, and TVWS; then 
by drawing the Diagonals of the Square and other proper Lines 
GH, IK, LM, RP, OQ, EF, Cc. their Interſections 
in the Periphery of the Circle, being all found in the Perſpec- 
tive Table, and a curve Line drawn thro' them; ſuch curve 
Lines are the Perſpectives of the Circles, as required. 

149% The Square OFQE with an Angle F in Front, has 
its Perſpective Fo eg at the ſame Time determined. Alſo the 
Triangle X V Z, is projected by the viſual Rays into its Per- 
ſpective xv z on the Table; and the Perſpectives of its ſeveral 
Parts (which are fix Triangles and a Trapezium) are formed by 
the Lines which divide it; all which is evident by Inſpection of 
of the Figure. 

1500. If it be required to delineate the Perſpective of a 
Square AB CD viewed obliquely (as in Fig. 5.) then the given 
Obliquity of 'the View will determine the Poſition of the 
Point of Sight I in the horizontal Line, and the given Diſtance 
being ſet off from I to Y; then if the Radials 1 A, I D, are 
drayyn, and one Diagonal D to interſeR the Radial I A in (5) 
that 
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that will be the Perſpective of the Point B; bc drawn parallel 
to A D, will be the Perſpective of BC; and A bc D will be 
the Perſpective of the Square A BCD as required. The 
Theory (1475) being in this Caſe the ſame as in a direct View, 
the Practice muſt be conducted by the ſame Rules of Courſe. 
1501. We muſt not quit this Subject without a Remark on 
the Abſurdity of ſeveral Writers on Perſpective, viz. that 
tho they give the practical Rule of drawing the Perſpective of any 
Superficies right, yet they place the Perſtective itſelf wrong. Or 
they place that Part of it neareſt the ground Line, which is in 
Reality moſt remote from it; for Example (in Fig. 4.) the 
Perſpective vz x of the Triangle VZ X, they place contrary 
to its Poſition here, viz. with its Baſe z & towards the ground 
Line AD, and its Vertex v towards the Point of Sight I. In 
ſhort, they give the ſame Poſition to all the Parts of the Per- 
ſpective, which the Originals thetnſelves have in the ground 
Plane, contrary to what really appears to the Eye viewing thoſe 
Objects thro' a tranſparent Plane, as we have ſhewn. This er- 
roneous Repteſentation of Gardens, Fortifications, &c. gives 
ſuch an unnatural Idea thereof as muſt be very diſagreeable to a 
nice Genius. Many Inſtances of this you will find in the 
JesviTs PERSPECTIVE. And even Poz zo himſelf has puzzled 
his Readers with this Piece of Nonſence. 


2 


CHAP. IV. 
The Tü roRY of the PERSPECTIVE of Cikerks, 
and circular AREAs, demonſtrated ; with the 


Solution of ſome very uſeful PROBLEMS relative 
thereto. 


(PLATE I. of OrpTics and PERSPECTIVE. ) 

1502. A S there is ſomething very curious in the Speculation 

| + A. of the Perſpettive of a Circle, and very little known, 

as being rarely found in Treatiſes on this Subject; I preſume it 

will be agreeable to the ingenious Reader, if I employ a Page 
or two, in order to ſet that Matter in a clear Light. 

% Vol, IL Y 1503. In 
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1502. In the firit Place, then, it is to be conſidered, that 
the Rays which proceed from a Circle to the Eye (in any Ele- 
vation above the Plane in which it lies) do form a Cone ; whoſe 
Baſe is the Circle, and whoſe Vertex is in the Eye. (625.) 

1504. If this Circle be viewed thro' a tranſparent Plane 
parallel to the ground Plane of the Circle, then its Perſpective 
will be a CIRCLE alſo; becauſe in this Caſe, the viſual Cone 
is cut by a Plane parallel to its Baſe, and therefore the Figure 
of the Section will be the ſame as that of the Baſe, in any Po- 
ſition of the Eye above the perſpective Plane. 

1505. If the perſpective Plane paſs thro' any Part of the Cir- 
cle or Baſe of the Cone, and the Poſition be parallel to either 
Side of the Cone, then that Part of the Circle's Periphery which 
is ſeen through, or under the Plane, is projected on the ſaid 
Plane in the-Figure of a PARaBoLa, (by what has been ſaid 
of the Geneſis of that Curve in (740); for the Eye at F will 
view the Pointe at R on the Plane, and the circular Periphery 
B eB will by the viſual Rays of the Cone be depicted in the Curve 
of the Parabola B RB, which will therefore be the true Per- 
ſpective of that Part of the Circle in this Caſe. * 

1506. If the perſpective Plane paſſes thro' the circular Baſe 
of the viſual Cone, in a Poſition not parallel to either Side, and 
yet ſo as not to paſs thro' both in the ſame Cone if they were 
continued out beyond the Circle or Baſe, then ſo much of the 
Circle as could be ſeen thro' the Plane would be projected there- 
on in the Form of an HyPERBoLa (by 765); for the Eye at 
C will project the Point e on the Plane at V, and the circular 
Periphery Be B into the hyperbolic Curve B V B on the Plane, 
which therefore will be its perſpective Appearance. 

1507. In all other Poſitions of the perſpective Plane with re- 
gard to the Sides of the Cone of Rays, the Perſpective of the 
Circle will be an Ellip/is therein (by 763.) For ſuppoſe the 
Plane to cut the Cone in the Line T V, then to an Eye at the 
Vertex L, the Point F will appear at T, and the Point P at 
V on the ſaid Plane; and of Courſe the whole circular Baſe will 
be projected in the Ellipſis TB VB, which is therefore its per- 
ſpective Appearance. 

1508. If a Cirele E D be placed on an horizontal Plane AE, 
and owed thro'a perpendicular tranſparent Plane DG (F. ig. 28.) 


by 
. "See the Figures of the conic Sections here referred to, 
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a by an Eye at Fat the Diſtance DB, and Height BF; then its 
Perſpective D C will be an Ellipſis alſo. But becauſe the viſual 
Cone EF is in this Caſe in an oblique Poſition (and what 
they call a ſcalenous Cone), and as the Obliquity of the Conc, 
or its Inclination to the Horizon, will vary with the Diſtance 
and Height of the Eye, fo it will be cut in a various Manner 
by the Plane D G, producing as many different Ellipſes by thoſe 
Sections in ſome of which the Diameter E D of the Circle will 
be the longer Diameter of the Ellipſe, in others it will be the 
ſhorteſt ; conſequently between both there will be one Caſe 
were the Ellipſe will become a Circle, or have all its Diameters 
equal on the perſpective Plane. 

1509. Now this will happen when the Cone EFD is cut in 
a ſimilar Manner by both the Planes, viz. the ground Plane 
AF, and the perſpective Plane D G, or when the Angle 
G DF is equal to the Angle DEF; for if we ſuppoſe the 
Eye to move thro' the Arch of a Circle G FA from the ver- 
tical to the horizontal Plane, it is evident, when the Eye is at 
G the Angle DE C will be of ſome Quantity leſs than a right 
Angle; and the Angle FDC will be Nothing. But as the 
Eye departs from G, the ſaid Angle FD C begins, and en- 
creaſes to a right Angle when the Eye arrives at A; on the 
other hand, during all that Time the Angle DE C decreaſes, 
and at laſt vaniſhes; and therefore at ſome Moment of that In- 
terval the two Angles muſt be equal, which let us ſuppoſe to 
happen when the Eye is in the Poſition F. 

1510. Then are the Triangles EF D and DC I ſimilar; 
for the Angle CDF = DEC, and the Angle CFD is 
common to both ; therefore the Angle EDF=DCF, and 
conſequently the viſual Rays of the Cone make ſubcontrarily 
the ſame Angles with each Plane A E and DG; therefore the 
Section of the Cone made by each Plane muſt be of the ſame 
Figure, and conſequently ſince E D is a Circle its Perſpective 
D C will be a Circle alſo. 

1511. From hence ſome curious Problems will ariſe of the 
laſt Importance in Perſpective. The firſt is, To determine the Po- 
ſition of the Point F, or Point of Sight, from the given Diameter 
of the original Circle D E, and Diflance from the Table D B. 
In order to this, let DE D, DB ,; alſo put the Height 

| Y 2 of 


” | vw TS ” ene okn myo ea” oQq +2 


164 INSTITUTIONS 

of the EyeBF = ; the Diameter of the perſpective Circle 
DC=d; and let EF S e, and DF = Then D: e:: d. f 
(1510) let D+s=7; thn e=y/r + and f= 
Sh +8 (636) alſo D: d:: r: h, therefore d = 25 


5 
Whence D: 2 5 : Nr: Ahr; whence 


7 * 


we get * =7 5 = — D + 5 X 5; and therefore h = T7; + 5 oY 
= BF, the Height of the Eye at F required. 

1512. The above Equation gives this Analogy, D:: 
h:s, whence it appears (645, 660) that the Locus of the Pein 
F is the Circle E F A. Hence AB=BD=5s; AF=DEF; 
the Diameter A E D + 25; and the Radius A N = 
D +2 5 | DE E + 2 D B 

2 2 
he Problem is evident. 

1513. The ſecond Problem is, the Diameter of the Circle DE, 
and Height of the Eye B F being given, to find the Diſtance D B 
from the perſpefirve Table, The Solution is thus; 2 Ds + 95 
(1511); let the . be compleated (338) then h* + L D = 
85 + Ds + D, and therefores + } D þ* + D; con- 
ſequently =\/ þ* + LD —32D=DB the Diſtance re- 
' quired. 

1514. A third Problem, is to termine the Diſlanc: D B, at 
which the Perſpefiive D C of a given Circle D E ſhall be a Circle, 
and its Area be to the Arca of the given Circle in any given Proper 
tion F '2 toy. To ſolve this Problem, it muſt be conſidered that 
ſince D B B A, (1512) we have DFS F A; and ſince the 
Areas of Circles are as the Squares of their Diameters (840) 
we have DER: DC*::EF*: DF* F A- (1512) but E 14 
FA“: : EB: AB, (660) therefore DER: DC*®:: (): X: :) 
EB:AB(::D+5s:s) whence we have ys=2D+x5; 


; from whence the Conſtruction of 


andyY— 2 2D, therefore . 222912 
DB, the Diſtance required, 


1515. The Center of the original Circle will not be projec- 


ted into the Center of the perſpective 9 irele 3 neither will the 
Diameters 
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Diameters of the latter be the Perſpectives of the Diameters of 
the former. Nor will any right-lined Figure (as a Square, Tri- 
angle, Polygon, &c.) inſcribed or circumſcribed about the original 
Circle have its Perſpective in, or about the perſpective Circle of 
the ſame Kind or ſimilar to it; for that of a Square will be a 
Trapezium ; that of a Triangle a diſſimilar Triangle, that of a 
Pentagon will be an irregular Polygon ; and fo of others. All 
which the Reader will be eaſily aſſured of by drawing this Caſe 
in the uſual Manner and Form as directed (1492.) 


— r * — * 
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The Theory of CaToPTRIC PERSPECTIVE; or the 
perſpecti ve Appearance of Objects on a 'REFLEC= 
TING PLANE. | 


[PLATE I. of Oprics and PERSPECTIVE. ] | 


I 516. W E have conſidered the Diqptric TyEoRY of PER- 
SPECTIVE fo far as it relates to Lines and Super- 
fries; and before we go farther it will be proper to conſider the 
perſpective Appearance of the ſame Objects by Light reſfocted 
from a poliſhed Plane; in as much as we ſhall find the Perſpective 
of any Line or Superficies is identically the ſame on the Catoptrit 
or refleQing Plane as it is on the Dioptric or refracting one. 
1517. Preparatory to a Demonſtration of this Poſition, let 
HD (Fig. 26) be a Line or Section of the Speculum, perpen- 
dicular to the ground Line A F, and B the Place of the Eye at 
the given Diſtance A D, and Height AB; from any Point E 
in the Line A D, let a Ray of Light proceed to the Speculum 
in the Point C, and be reflected from it to the Eye at B; then 
continuing the reflected Ray out beyond the Speculum, it will 
interſect the Line A F in the Point F, making the Line DF = 
DE; and conſequently, the Point E by reflected Light will ap- 
pear upon the Speculum in the ſame Peint C with another Point F 
. "ITY vieren 
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* wiewed by the Eye thro' a tranſparent Plane H D, and placed at th 
fame Diſtance behind it, 

1518. The Demonſtration is eaſy; let C G be perpendicular to 
the Plane H in the Point C, it therefore will alſo be parallel to the 
Line AF; then becauſe the Angle GCB=GCE (1282) and 
GCB=CFD, and GC ES CED (631) therefore we 
have the Angle CED = CF D; and therefore the Line CE = 
CF, and conſequently the Line DE = DF. Wherefore the 
apparent Place of the Point F, by Reflection, is the Point F at an an equal 
Dr/tance beyond the Speculum. 

1519. Proceeding in the fame Steps of Demonſtration here az 
in Dioptric PerſpeCtive (1475), we ſhall find the ſame Appearance 
alſo of Lines and Superficies on a reflecting Plane as we did there on 
the refracting one. Let A YZ D (Fig. 27.) be the Speculum, 
ABC D be a Square placed before, and contiguous to it; ex- 
tend the Sides A B, and D C indefinitely on each Side, and 
draw E H between and equidiſtant from boch. Let I be the 
Place of the Eye at the Diſtance FH, and Height H I ; take 
F E = FE; and thro' E and H, draw BCand GK; alſo on 
the Point E erect the Perpendicular E M = H I, and draw IM 
paſſing thro* the Speculum | in the Point i; and join 1 G, IK; 
MB, MC. 

1520. Then becauſe the Point B of the Square is in the 
Plane I G BM which interſects the reflecting Plane A E in the 
Line Az; and becauſe the incident and reflected Rays are in the 
"ſame Plane (1282) therefore the Ray of Light which proceeds 
from the Point B and is by the Speculum reflected to the Eye 
at I, muſt imping on the Speculum in ſome Point (b) in the 
Line Az; and the reflected Ray will be bI. If this Ray be 
continued out, it will meet the Side of the Square A B produced 
in B, making AB=AB. (1518) 

1521. Now becauſe the ſame Thing is demonſtrable of every 
other Point in the Side of the Rectangle A B, therefore tht 

Perſpective of the Line A B by Reflection i is the Line A b, or that 
wery Part of the Radial A i which is the Perſpective of the equal 
Line A B by Refraction thro a tranſparent Plane (1476). 
1522. In like Manner it is demonſtrated, that the Perſpective 
of the Side DC by Reflection is De, the ſame Part of the 
Radial as is that of the equal Line D E by tranſmitted Rays. 

57 
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By joining b c, the Line (6 c) is the Perſpective equally of B- C 
by reflected, and B C by refracted Light. And conſequently, 
AbcD ts the perſpectiue Appearance of the Rectangle A BCD by 
Refleftion, and every Way the very ſame as it was ſhewn to be of an 
equal Rectangle A B C D beyond the pellucid Plane (1487). 

1523. Therefore whatever was demonſtrated relative to the 
PerſpeRive of Lines and Superficies any how poſited or formed 
with reſpe& to a common tranſparent Plane in the Sequel of the 
Dioptric Theory, will hold equally true here in Catoptric Per- 
ſpetive. And tho” this Part of the Science has been the leaft of 
all conſidered by Writers on this Subject, yet when compared 
with common Perſpective it will be found not only more delicate 
in its Nature, but alſo more adapted to Uſe. This we ſhall 
illuſtrate more particularly when we come to treat of Pictu- 
reſaue Perſpectiue, or that Part of the Science which treats of the 
PRINCIPLES of PICTUREs or LannDsCaPEs formed by 
OPTICAL GLASSES both of the refiefing, and refracting Sort. 


_ 
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Of Inverse PERSPECTIVE ; where the Nature ana 
Principles of the ANAMoRPHOSIS or Deforma- 
tion of Figures, and their Rectiſication, are ex- 
plained. 


1524. H E inverſe Method of Perſpeftive is not leſs pleaſant 
than uſeful, nor is it in the leaſt Degree difficult, 
as It is only going backwards in the ſame Steps we took in the 
direct Method; and it muſt be obſerved, that with regard to 
any Science, unleſs the Student can go backwards as well as 
forwards, he makes but an imperfe& Proficiency. | 
1525. Inverſe Perſpective ſhews how from a given Piece o 
Perſpective to determine the Original or Prototype thereof under 
the Circumſtances of Size, Situation, Diftance, &c. And 
here, as in the direct Method, we muſt begin with finding the 
Original of a Point, then of a Line, and laitly of a Superficies; 
and 
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and being able to determine theſe, there will remain no Dif: 


ficulty with reſpect to Solids, becauſe the Perſpective of a Solid \ 
is only the complex Perſpective of its ſuperficial Parts; and for or 1 
this Reaſon, we think this the moſt proper Place to treat 0 &c. 
the Inverſion of a perſpectiye Piece, and the Nature of Anamir- . 


pbeſis or the Deformation of Pictures, which naturally refult 
from thence. | 

1526, For by the direct Method it appears, that the Per. 
ſpective is very diflimilar to its Original, and therefore if the 
latter be formoſe and regular, the former will be diform and 
irregular, or in the uſual Phraſe, deformed and diſtorted. 80 
on the other Hand, if any natural and well-formed Picture be 
conſidered as a Piece of Perſpedtive, formed on a perſpective Plane, 
then when it is reſolved into its Prototype, that mult be a ven 
unnatural, miſhapen, and ill-proportioned Figure; all which 
will be evident from the following Proceſs. 

1527. Let TV W X be a Perſpective Table (Fig. 29.) 
ſtanding on the ground Line 8 V. Allo let I be the Point of 
Sight, and Y the Diagonal Point of Diſtance ; and then ſup- 
poſe it required to find in the ground Plane the Seat of the 
Original of a given Point P in the Perſpective Table. You 
proceed thus; from the Point of Sight I, draw thro' P the 
Radial I K, and on K in the ground Line erect the Perpen- 
dicular K G; then from Y draw thro” the given Point P, the 
Diagonal Y L to meet the ground Line in L. Laſtly, on the 
Point K, with the Diſtance K L, deſcribe the Arch I H to in- 
terſect K G in H; and the Point H is the Original of the Point 
P, as required (1476, 1493.) 

1528. In the ſame Manner any other Point Qin the Table 
will have its Prototype determined in C; and the Diſtances 
of any of thoſe original Points H, and C, from the ground 
Line S V will always be equal to the Diſtances K L and LS con- 
tained in the ground Line between the Interſections of the re- 
ſpective Radials and Diagonals. 

1529. To find the Original of a given Line P Qin the Per- 
ſpective Table; nothing is required but to determine the 
Original Seats H and C of its two extreme Points P and Q 
(1494) then by connecting the Points H, C, the Line H Cis 
formed on the ground Plane and is the Original of the Perſpec- 
| Fs tire 
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tire PQ, as required. The Diſtance of this Original at 
each Extreme from the ground Line, as alſo it's Magnitude 
or Length, is meaſured on the ſaid Line S V, in Inches, Feet, 
&c. according to the Meaſure by which that Line is di- 


vided. | 
1530. In the ſame Manner any other Perſpective Line OP is 


found to have it Prototype BC, on the ground Plane ; and thus 
any Perſpective Angle OPQ on the Table VX, will have its 
original Angle B CH determined on the ground Plane; whoſe 
Quantity is there alſo meaſured in the uſual Manner. 

1531. Therefore, to find the Original or Prototype of any given 
Perſpective Fipure or Superficies, OP QR on the Table, nothing 
more is neceſſary than to find the original Seats E, B, C, H, 
of it's angular Points O, P, Q, R, (1493) for theſe being 
connected, from the Figure EB CH, which is the true Origi- 
nal of the Perſpective given; whoſe Diſtance and Dimenſions 
will then be eaſily known by common Geometry. 

1532. As in the direct Method, the Perſpective of every regu- 
lar Figure is irregular and diſſimilar, (1487) ſo in the Iwerſe 
Method, the Original of every regular Piece of Perſpective, muſt 
itſelf be irregular and of a different Form; and therefore, if the 
Perſpective Figure OPQR be a $4uare, the Original EBCH 
is a Trapezium, (1531) and if that Square be divided into equal 
Parts, by Lines drawn thro' the equidiſtant Points 7, e, d, the 
Original will be divided very unequally by correſpondent origi- 
nal Lines drawn thro” the original Points a, 5, c, at unequal 
Diſtances in the Line HC, the Original of PO. 

1533. Therefore it will follow, that if any Portrait, or other 
Picture be drawn on the Perſpective Square, it will, when pro- 
jected by the viſual Rays in the original Trapezium, be there 
deformed, or appear of a monſtrous Shape. For the natural 
Form and juſt Proportion of Parts in the Portrait, which de- 
pend on equal and ſimilar Spades which they fill in the Square, 
will be all deſtroyed, when projected on the Trapezium into 
unequal and very diſſimilar Spaces. And this Diſtortion of the 
Figure is called, an Anamerphoſs, Deformation, or monſtrous 
Projection. | | 

1534. The Anamorphſis is eaſily effected in any Degree by 
the Rules of Art. For if the Perſpective Square P R be divided 
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into a Number of, ſmall Squares, or other equal or ſimilar Spa. ¶ it on 
ces; then ſince by the Rules above the Original of the Square Wl it fo 
and all its Parts are to be found, and drawn on the ground by it 
Plane, it remains only to draw the ſame Parts of the Picture in ¶ and 


each irregular Space of the Trapezium, as you ſee in the cor- I 
reſponding Part of the Perſpective Square; and the Deformation WW mor} 
will be compleated, as required. on | 

1535. The Diſtortion or Deformation will be in Proportion bein 
to the Height and Diſtance of the Eye from a given Perſpective WWF the 
Figure OPQR. For if the Diſtance of the Eye IV continue Over. 
the ſame, the Breadth of the Projection at each End, viz. EH wit] 
and B C will leſſen as the Height of the Eye W V increaſes, the 
and conſequently, the Deformity of the Picture will be the ] 

greater, as its Length continues the ſame nearly. ſpe 

1536. Alſo, if the Height of the Eye be the ſame, but the flet 
Diſtance greater, then will the Deformation or Trapezium vaſt- the 
ly encreaſe, both in Length and Breadth, in all the remote lar 
Parts towards B C, in Compariſon of thoſe towards HE ; and on 
therefore the Deformation becomes greatly augmented in this tre 
reſpect alſo; and, indeed, much more than by altering the 
Height of the Eye at the ſame Diſtance, ev 

1537. Hence it appears, that there is a certain Poſition of c 
the Eye, in which it will view any given artificial Deformation fa 
or monſtrous Picture E B CH, fo that it ſhall appear perfectly ip 
natural, or in a juſt Proportion and Symetry of all the Parts of L 
the Object it is intended to repreſent. For it is evident, from ol 


the foregoing Theory, if the Deformation EB CD be placed 
on the Horizon, at the Diſtance ME, from the PerſpeQtive 
Table VX, then an Eye placed at I, at the DiſtanceI Y, and 
Height TX, will view that monſtrous Projection on the ground 
Plane, as a regular and perfect Square on the Table; and the di- 
formed Image contained in it; as a well-proportioned and natural 
Portrait or Piflure. 

1538. Now, becauſe the Image in the Eye 1s every Way 
fimilar to the Objctt it views on a Plane placed before it, and 
parallel to the Fundus or Bottom of the Eye; therefore, ſince 
this Image on the Retina in the Eye is the ſame as would be 
formed of a Picture well drawn or deſigned on the Plane 
or Table VX, and ſince it does no ways depend on — 

| : ſal 


pz. 
lare 
und 
e in 
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ſaid Table, but on the peculiar Pencil of Rays paſſing through 
it only, which is ſtil] the ſame when the Table V X is removed; 
it follows, that the Eye in the Poſition aſſigned at Il, will view, 
by itſelf alone, the Deformation contained in B EH C, as a juſt 
and well drawn Picture. | 

1539. This Invention has given Riſe to thoſe common Ana- 
morphaſes of King Charles's Head, St. George and the Dragon, &c. 
on long Slips of Paper ike Fig. 30.) ſold at the Shops, which 
being held in a Poſition parallel to the Horizon, and viewed at 


the proper Diſtance ED, and ſmall Height of the Eye at I, do 


very agreeable ſurprize the Spectator (inconſcious of the Deſign) 
with a regular and beautiful View,of thoſe Objects, of which in 
the Deformation they ſaw ſcarce any Appearance. 

1540. From what we delivered in the Theory of Catoptric Per- 
ſpeQive, it is evident, that if T V W be conſidered as a re- 
fleaing Speculum, and E BCH a Deformation placed before it, 
then its Appearance OPQR, in the Speculum, will be a regu- 
lar Picture; for that will be the true Perſpective of the Figure 
on the ground Plane, in the ſame Manner by a reflected, as by a 
tranſmitted Pencil of Rays (1522.) 

1541. Since the Law of Reflection is the ſame in Surfaces of 
every Figure (1300) it will follow, that if we conceive the Spe- 
culum I V W X to be pliable and formed into a Cylindrical Sur- 
face, as ABCD (Fig. 31.) There will till be a regular Per- 
ſpective Picture formed by Reflection from a proper Deformation 
EF GH; the greater Divergency of Rays in this Caſe, cauſing 
only a greater Diſtortion in the Anamorpheſis, and a Diminution 
of the Picture in the Speculum. 

1542. Hence ariſe all thoſe Experiments of poliſhed Cylinders, 
Canes, and other figured Speculums, which rectify the Appear- 
ance of thoſe ſeemingly unmeaning and ludicrous Deformations 
painted round about them, on the Planes on which they are 
placed; any of which are cafily drawn by any Perſon ſxilled in 
the Theory of Catoptrics ; but thoſe who are not, may very [uc- 
ceſsfully uſe the following practical Method which is univerſal 
for all Speculums. 

1543. Let a ſquare Hole be cut in a Piece of Paper, Paſt- 


| board, Vellum, &c. and fine Threads paſted on the Paper 


over the Hole, horizontally and perpendicularly, fo as to divide 
2 3 | ine 
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the ſquare Hole into a proper Number of leſſer Squares; then 
paſt this Paper with the Lattice- Square on the Surface of your 
poliſh Cone, Cylinder, Looking-Glaſs, &c. and place a Can- 
dle at a proper Diſtance and Height (ſuch as you intend the Eye 
ſhall have to view the Picture) then will that polliſhed Lattice 
be reflected on the Table in the Form of the required Anamor- 
phoſis, with the Shadow of the Threads, dividing it in a pro- 
per Manner for drawing the Deformation of any propoſed Ob- 
ject, whoſe Picture is drawn in a Square, of the ſame Size with 
that on the Speculum. 


* 


— 
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CHAP. VI. 


Of ScEnoGRAPHIC PERSPECTIVE ; or the Mx- 


THOD of drawing FIGURES of THREE DIMEN- 
STONS /n PERSPECTIVE. 


1544. HE Superficies which terminate or bound a Solid, 

conſtitute its Form, or external Appearance; and 
therefore the PERSPECTIVE of @ SOLID, is nothing more than 
the complex Perſpective of all its ſuperficial Parts; fo that, pro- 
perly ſpeaking, there is nothing beyond ſuperficial Perſpective in 
Nature, for that rightly applied, gives the Perſpective of every 
Figure or Form of Solids, or rather Figures of three Dimen- 
fions * ; as will appear in the following Articles. 

1546. We ſhall begin with the moſt regular and ſimple Form 
of a Solid, viz. that of a CUBE, whoſe Sides are fix in Num- 
ber, and all equal; but if a Cube be placed direct before the 
Eye, only one or two of the ſix Sides can then appear. For if 
Fig. 1. (Plate II.) be conſidered as a Cube, then, becauſe its 


Height 


* We have thought proper here to make a Diſtinction between a 
Seuid, and a Figure of three Dimenſions ; for though every Solid has 
always three Dimenſions, yet a Figure of three Dimenſions may not 
be a Sid, but a hollow or concave Body; thus there may be a /uper- 
fecial Cubic Inch, as well as a Solid one, but the Perſpective of both is 
the ſame ; for this Art is not concerned with the Solidity or internal 
Parts of Bodies that do not appear to the Eye. 
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Height QP exceeds the Height of the Eye I V, it will be im- 

poſſible for the Spectator to ſee more than the Side in Front, 
EG. For Rays of Light proceeding from any Point in the twa 
fide Planes EB, HC, and that on the Top GB, can never 
come to the Eye at I; and the Bottom E D, and fartheſt Side 
D B, are precluded from the Sight by the Solidity of the Cube, 
ſo that one Side only can in this Caſe appear. 

1546. But if the Height of the Eye IE (Fig. 4.) exceeds the 
Height of the Cube A B, then not only the Front- ſide AB CD, 
but likewiſe the Top or uppermoſt Side will appear to the Eye. 
And only theſe twa can appear for the Reaſons before-mention- 
ed (1545.) The Perſpective of the Side AB CD of the Cube 
in Front, will be ſimilar to the Side of the original Cube, and 
therefore a-Square, as is evident from (1468, 1469, 1470.) 

1547. But ſince the Top, or upper Side of the Cube is below 
the Eye, and paralle] to the Horizon, it may be conceived as 
placed on a ground Plane at the Height of the Cube above it; 
and its Perſpective on the Table, will therefore be the ſame as 
of any Square AB CD for the Height IF, and Diſtance I Y 
of the Eye, (1487) that is, Abc D will be the Perſpective of 
the upper Side of the Cube; and conſequently, the Perſpective 
of the whole Cube, viewed in Front, will conſiſt only of thoſe 
two Sides, as in the Figure. 

1548. A Cube of a leſs Height than that of the Eye, placed 
with one Side parallel to the perſpective Table, but removed 
from the direct Ray IF towards either Side, to more than half 
it's Width AF or FD, will diſcover a third Side to the View; 
and in a ſolid Cube, three Sides are the moſt that ever can be 
ſeen; this is called a View in Profile. 

I549. Therefore to give the moſt general and eaſy Idea of 
the Perſpective of a Cube (or any ſolid Body) it will be beſt to 
diveſt it (as it were) of its Solidity, and repreſent it as hollow, 
or conſiſting only in Form, or the external Sides or Super- 
ficies. 

1550. Wherefore (Fig. 7.) let AB CD be the Side of a 
hollow Cube, placed contiguous the perſpective Table, and 
viewed in Profile. Then will the Perſpective of the Baſe be 
BbcC (by 1487.) This is called INRA HV or perſpectiue 
Plan of the Cube. The Perſpective A d of the Top of the 

Cube 
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Cube is determined in the ſame Manner, by ſuppoſing AD the 
ground Line in regard thereto. The PerſpeCtive of the Front 
ABCD, as it coincides with the Table, is the very Side itſelf, 
And the Perſpective of the Oppoſite or remote Side, as it is 
parallel to that Front and to the Table, will be of the ſame Fi- 
gure, viz. a Square abcd (146d, 1469.) 

1551. Therefore the ſame Part A a of the Radial AI which 
bounds the Perſpective of the Top of the Cube, terminates alſo 
the upper Part of that Side of the Cube which is in View, as be- 
ing the common Interſection of both thoſe Sides or Planes. For 
the ſame Reaſon Bb terminates the lower Part of the viſible Side 
of the Cube on the Table; therefore the Perſpective of that 
Side of the Cube is AabB. And ſince the Cube is hollow, and 
the Sides open, the other Side will appear internally; and its 
perſpective Profile will be Dd4cC. 

1552, All we have faid is evident from the Conſideration of the 
mutual Interſection of Planes, as indeed from the Figure itſelf; 
for if we turn the Figure Side-ways, and look upon C D conti- 
nued out to M as a ground Line, then will the two Sides, 
which are now perpendicular to the Horizon, be parallel to it, 
or they will be the Bottom and Top of the Cube, and the Height 
of the Eye above thoſe Sides or Planes will be I M, as it is now 
CM. And CedD, AabB, will be their Perſpectives, drawn 
by the common Rules (1489, 1492.) as BbcC, AadD, 
are for the lower and upper Sides in the preſent Poſition of the 
Cube. | 
1553. If the Baſe of the Cube be divided by Lines parallel to 
the ground Line, like the Square in Fig. 5. then by ſetting off 
thoſe equal Diviſions in the ground Line from B to 4, 5,6; and 
from them drawing Diagonals to the Point of Diſtance Z, they 
will cut the Side B& in the Points I, O, G, thro' which the 
Lines IK, OQ, GH, are to be drawn for their Perſpectives 
in the. ichnographic Plan BbcC (1478, 1479.) and they 
will be all parallel to the ground Line BC, as in the original 
Baſe; 

-  T554. In the ſame Manner, if CD be conſidered as a ground 
Line, and the equal Diviſions in the Side CD, be ſet off from 
D towards M, then Diagonals drawn from them to the proper 
Point of Diſtance in this Caſe, will interſeR the Side Dad i 8 the 
oints 
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Points F, 3, #, through which the Lines FK, 4Q, H#, be» 
ing drawn parallel to DC (1552) will be true Perſpectives of 
the original Lines in the Side of the Cube. 

1555. Hence we ſee that the perſpective Parallels IK, OQ, 
GH, on one Side, contain right Angles with the perſpective 
Parallels K F, Qę, HK, on the other adjacent Side, and are 
therefore perpendicular to each other, as in the original Cube. 
And conſequently, the perſpective Sections of the Cube through 
thoſe Lines, viz. EIK F, O Q, /GH4, will be all of 
them Squares, and parallel to the Side AB CD, as they are in 
the Cube itſelf. 

1556, If each Side CB, CD, be divided by perpendicular 
Lines in the Points 1, 2, 3; then if from thoſe Points, Radials 
are drawn to the Point of Sight I, they will in the Plains Bbc C, 
Ced D, be.the Perſpectives of the original Lines in the Sides of 
the Cube reſpectively (1552). And thus it appears, that to put 
a Cube into a Perſpective, is nothing more than to find the Per- 
ſpective of a Square for its ſeveral Sides ſeparately, and that 
thoſe ſix perſpective Plans together compleat the Perſpectiue of 
the Cube, which is uſually called the SCENOGRAPHY of it. 

1557. The Cube having an Angle placed in Front, or in 
ſuch Manner that a Diagonal of its Baſe may be perpendicular 
to the ground Line, is put into Perſpective by the ſame Rules, 
and with the ſame Eaſe, as the other; in this Caſe we ſee the 
upper Side of the Cube, and have an equal Profile of two of its 
Sides. Thus Fig. 8. is the Scenagraphy of a Cube, whoſe Side 
is equal to the Square EOFQ in Fig. 4. Then abbg is the 
Perſpective of the upper Surface (the ſame as F oeq in Fig. 4.) 
and EOFQ is the [chnography of its Baſe, found as directed 
(1485) for the Height EI, and Diſtance IZ, of the Eye. 
Having theſe two Plans, the Perſpective of the Cube is com- 
pleated by drawing the Lines aE, bO, 5 F, gQ. 

1558, Becauſe 1 the Sides of the Cube, or parallelopiped in this 
Caſe, make an Angle of 45 Degrees with the ground Line, 
therefore their Perſpectives ag, eq, will converge to the Point of 
Diftance 4, (as in the other Caſe they converged, to the Paint 
of Sight I.) As will all other Lines drawn parallel ta them an 
the Sides of the original Solid. (1485) 


1559- 
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1559. If on any one Part, the Solidity of the Cube be ſupps- 
ſed to be uniformly continued for any given Length Ee, then 
the Cube becomes a Parallelopiped, the Perſpective of which iz 
ſtil determined * the ſame Rules, as is evident from the 
Figure. 

1560. And if any Side of the Parallelopiped be divided by 
parallel Lines perpendicular to the Baſe; then by ſetting off the 
Diſtance of thoſe Lines from e to C in the ground Line to the 
Points 3, 2, 1, reſpectively; if a Ruler be laid from each of 
thoſe Points, to the Point of Sight I, it will give the Points in 
the Line eg of the perſpective Baſe, through which, if Lines 
are drawn parallel to ae, the Side of the Perſpective of the 
Cube or Parallelopiped, will be diyided in the ſame Manner as 
the Prototype. All which is evident from the Figure, and what 
we have before taught (1552). For the Radials divide the Baſe 
Lines in this Caſe, as Diagonals did in F ig. 7. where the Cube 
was viewed by the Side. But this Diviſion is to be made equally 


by Radials or Diagonals at Pleaſure, as the Reader will eaſily 
underſtand from the Theory. 


CH AP. VIII. 


De RATIONALE of the practical MtTnops of Ser- 
NOGRAPHIC PERSPECTIVE, With the THEORY 


of Perſpettive ME AsuRss for that Purpoſe. 


1561. A in ſuperficial Perſpective there are two practical 

Methods of putting any plane Figure in Perſpective, 
viz. one by inſeribing them in a Rectangle, (1488) the other 
by given Points (1492). So in like Manner we here proceed to 
draw the Perſpective of any Upright, Solid, or ſuperficial Figure 
of three Dimenſions, two different Ways, diz. The yt by 


inſcribing the given Fi igure, if regular, in a Cube, or proper Pa- 


rallelopiped; the Second, is by finding the Perſpective of the ſe- 
veral Lines which are formed by the Interſection of Planes, com- 


poſing 


poſin! 
necte 
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poſing the Superficies of the given Figure; and theſe Lines con- 
nected, from the Scenography 8 This ſecond Method is 
gen*ral for all figured Bodies, regular, or irregular. 

1562. As a Specimen of the firſt Method, let it be required 
to put a PR ISN into Perſpective; to do this, we may conceive 
it circumſcribed by a hollow Parallelopiped, whoſe Baſe and 
Height are equal to thoſe of the given Priſm ; then draw the 
Scenography or Perſpective of this Parallelopiped, which let be 
AB badc CD, the Baſe of which Bb c C is allo the Perſpective 
of the Baſe of the Priſm; and ſince the Edge of the Priſm tou- 
ches the Surface of the Parallelopiped, let the Diſtance thereof 
be meaſured, and ſet off on the ground Line from B to 4 ; then 
2 Ruler laid from Z to the Point 4, will cut the Side B& in I: 
Draw IE parallel to AB, and it will be the Perſpective of the 
Perpendicular let fall from the Edge or Angle of the Priſm on 
the Baſe. Therefore drawing E F parallel to AD, it ſhall be 
the Perſpective of the Edge of the Priſm. Then drawing the 
Lines BE, bE, and CF, F, they compleat the Perſpective 
of the Priſm in the Figure BE bc F C, which is ſhaded for the 
Sake of Diſtinctneſs. 

1563. After the ſame Manner, a Pyramid, Cone, Globe, &c. 
may be drawn in Perſpective, which cannot be difficult to thoſe 
who underſtand the foregoing Principles. What I here ſpeak 
of relates to Matters merely Perſpective; but to give a natural Re- 
lieva to conical and ſpherical Figures, whether Convex or Con- 
cave, requires more a Hi Management and Diſpaſition of Lights 
and Shadows, as we ſhall hereafter ſhew. 

1564. The ſecond 17:thod for determining the Scenagraphy of 
Solids, is by finding the Perſpective of Lines which are formed 
by their interſecting Planes. To underſtand the Reaſon of this 
Method, the following Theorem muſt be premiſed. Let ID be 
a given Line, placed on the ground Line CD (Fig. 10.) then from 
any two Points A, B, in the horizontal Line, draw the Radials 
AD, AI; BD, BI; and parallel to CD drawany Line LK, 
cutting the Radials AD, BD, in G and E; from thoſe Pointe 
raw GH, EF, cutting the Radials Al, BI, in Hand F. This 
done, I ſay, the Line GH is equal to the Line EF, The Demon- - 
tration is ond ſimilar Triangles (656.) 

v4 L. II. A a 51 For 
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2For AG; AD: : GH: DI. 


And D:: EF:DI. 
Alfo. D:: : E. 
Therefore AD KBE BD x AG. 


Therefore alſo DIxXEF=DI x GH. (652.) 
Conſequently EF = 5H. . D. 


1565. If FD (in Fig. 9.) be made equal and parallel to ID 
{in Fig. 10.) and from the Point of Sight I, the Radials IF, ID, 
bedrawn; then if any Line LM be drawn parallel to the common 
ground Line DC O, interſecting the Radials I D, AD, in the 
Points L and M; and LG and M O be drawn parallel to FD 
or I D, they will be equal to each other alſo, as is demonſtrable 
in the ſame Manner as the above Theorem. | 

1566. Therefore let BL K I be the Perſpective of the Baſe 
of the Solid (Fig. 9.) drawn for an oblique View; and neither 
Side or Angle in Front. Then when the oppoſite Sides of the 
Solid are equal and parallel, and one Angle placed in the 
ground Line at B; if A B be the Height of the Solid, then 
through L draw the Radial I L D, meeting the ground Line in 
D; on the Point D draw D F equal and parallel to AB, and 
join IF; on the Point L ere the Line L G parallel to D F in- 
terſecting the Radial I F in G; and join AG; then is AB LG 
the Perſpective of one Side of the Solid. In like Manner you 
find the perſpective Lines IE, K H; and drawing AE, EH, 
and G, the Perſpective of the whole Solid is compleated. 

1567. Or thus more univerſally, let I D be the Meaſure of 
the Solid's Height, and placed on the ground Line at D (Fig. 
10.) and make any Triangle AID at Pleaſure, whoſe Vertex 
A is in the horizontal Line; then from the Angles of the per- 
ſpective Baſe I, L, K, (Fig. 9.) draw Lines I C, LM, KP, 
jnterſecting the Radial A D in C, M, and P, on which Points 
erect the Lines CN, MO, PO, and they will be the perſpec- 
tive Heights of the Solid at the Angles I, L, K; that is, CN 


IE, MO=LG, and PS KH; (by 1564) which 

Heights are all determined by the parallel Lines EN, GO, 

and H Q, (in Fig. 9, 10.) 

1568. Hence it appears, that if any Line be perpendicular to 

the ground Plane, and its Diſtance from the ground Line, and 
| Height, 
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Height, be given; then its Perſpective may be eaſily drawn. 
For the perſpective Seat of any given Point on the ground Plane 
is found by (1492) and the Perſpective of any given Height 
or Line is found for that Seat or Point, by ( 1494.) 

1569. If the given Line be perpendicular to the ground Plane, 
but placed above it, at a given Height; then that Height is to 
be added to the given Length of the Line, and both conſidered 
as one Line; whoſe Perſpective is to be found for the Whole 
firſt, and then for the lower Part or Height above the Plane; 
then this latter ſubducted from the Whole, leaves the Perſpective 
of the given Line. 

1570. A Line of à given Length, Poſition, and Inclination 
to the ground Plane, if placed upon it, is thus put into Per- 
ſpective. Firſt let the Perſpective of its Seat on the ground 
Plane be found (1492) then from the elevated End let fall a 
Perpendicular to the ground Plane, and find the Perſpective of 
that Perpendicular (1494). Laſtly, draw a Line from the 
perſpective Seat to the Top of the perſpective Perpendicular, and 
that will be the Perſpective of the given Line. 

1571. For Example ; ſuppoſe (c) the Seat of the Line in the 
perſpective Plane (Fig: 7.) and K the Seat of the Perpendicular, 
then through K draw the Radial I C, cutting the ground Line 
in C; upon the Point C erect C D equal to the Perpendicular, 
and draw I D; and from the Point K draw KF parallel to CD, 
and it will be the Perſpective of the ſaid Perpendicular ; then 
join c F, and it will be the Perſpective of the Oblique Line, as re- 
quired, 

1572. If the Line be wholly elevated above the ground Plane; 
then its Perſpective may be daun two Ways; for, firſt, you 
may continue the given Line to the ground Plane; and then 
hnding the Perſpective of the Whole, and its Parts, that of the 
given Line will be known of Courle. Or, ſecondly ; from each 
End of the elevated Line let fall a Perpendicular to the ground 
Plane, and then find the PerſpeCtive of thoſe Perpendiculars, the 
Summits of which being joined, give the Perſpective of the 
Line, as required. 

1573. Having thus ſhewn how all Lines may be drawn in 
Perſpectiye of any given Length, Pofition, or Elevation on, oc 
aboye the ground Plane, it follows, that all Bodies of what Form 
Aa 2 of 


| —GH: : CD: DG. 


the ſame Dimenſions in every Part of the Aſcent or Deſcent on 
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or Figure ſoever they may be, are drawn in Perſpective at the 
ſame Lime, and by the ſame Rules. Since the Lines formed 
by. their various interſecting Planes will be given in Length, Po 
fit ftion, and Inclination from the Nature of the Solid; their Per: 
ſpectives therefore are calily drawn by the Rules above (1492 to 
1495) and the Extremities of thoſe perſpective Lines being 
joined, give the Scenography or Perſpective of the Body re- 
quired. | 

1574. It farther appears how, by the menſural Triangle Alb 

(Fig. 10.) the perſpective Heights of Men, Houſes, Trees, 
Beaſts, Birds on the Wing, &c. may all be duely adjuſted and 
meaſured; and their proper Diminutions proportioned to their 
Diſtances from the ground Line in Landſcapes, Prints, and all 
perſpedtive Views, Thus ſuppoſe I D were a Tree on the firſt 
Ground of a Landſcape, then the Radials AI and AD deter- 
mine the Diminution of Trees of the ſame Height in all remote 
Diſtances from the ground Line. So that at C the Height is 
CN; at P, it is PQ; at G, it is GH, and ſo on, till it va- 
niſhes in the Horizon at A. 

1575. But by ſimilar Triangles we have CN: ID: AC: 
AD; and PQ: ID:: AP: AD; and G H: ID:: AG: 
AD, Oc. Therefore C N: GH:: AC: AG; ; or the Linear 
Dimenſions of Objects, in a Piece of Perſpective or Landſcape, 
are direetly as the Diſtances from the Point of Sight. 

1576. Again, the Diminutions of the Heights of Objects in 
a Landſcape, will always be as the Diſtances from the fore 
Ground, or ground Line; for AD—AC:ID —NC:: 
AD - AG: ID —HG(649.) That is, ID—NC:1ID 


1577. Hence it appears, that while Objects are at the * 
perpendicular Diſtance from the perſpeRive Plane, their per- 


ſpective Appearance or Magnitude will always be the ſame; 


and therefore if a Bird, or any other Body aſcend or deſcend in 
a perpendicular Direction through any Height, it will ſtill have 


the perſpective Plane, and muſt be ſo repreſented in Drawing, 
as we obſerved before. And thus we have premiſed every 
Thing neceſſary in the THEORY and PRACTICE of common 
PensPEcTIVE: We now procend.; to illuſtrate the ſame by a 
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Variety of uſeful Examples; with Obſervations thereon, as 
Occaſion requires. 


C HA P. IX. 


The RurESs of PERSPECTIVE, illuſtrated by a Va- 
riety of uſeful Exau LES, with proper Obſerva- 


tions thereon relative to a general-PRAXIs. 


[PLATE III. Of PeRsPECTIVE.] 


1578. A we have given the fundamental Rules for drawing 

all Kinds of Superficies and Solids in Perſpective; it 
remains now, that we illuſtrate the ſame by proper Examples, 
with ſuch farther Obſervations and Inſtructions as may tend to 
facilitate the Practice of thoſe Rules to the young Deſigner. 
1579. In Fig. 1. we have Inſtances of a long Parade, gravel 
IWalks, graſs Plats, a Canal, &c. all put into Perſpective ac- 
cording to the Rules laid down (Chap. III.) by drawing the pro- 
per Radials and Diagonals from the Point of Sight (i) and Di- 
ſtance (z); as alſo the Scenography of a whole Row or Street of 
Buildings on one Side, and of Trees on the other, by the Rules 
contained in Chap. VII. Here we may obſerve, that in order 
to preſerve Uniformity, and Identity of Meaſures, in any Per- 
ſpective or Landſcape, there ought to be but one Point of Sight, 
and D Hance; for if the Breadth or Diſtances of the Houſes were 
determined from the Point of Diſtance (x) and the Diſtances of 
the Trees from another (5) there cauld be no Meaſure found, 
nor any Judgment formed, of any Diſtances at all in ſuch a 
Piece. 

1580. To the ſame Point of Sight (i) the ſame Rules of Per- 
ſpective are applicable for Objects on all Planes in any Situation 
about the Eye; for the Elevation of the Plane above the Eye, and 
the Elevation of the Eye above a Plane, are the fame Thing in Per- 
ſpective; and conſequently the Diminution of Objects in the 
Air follow that ſame Rules as thoſe on the ground Plane, Thus 

e Birk 


* 
4 
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Birds (Fig. 1.) diminiſh as they recede from the fore Ground of 
the Sky (if we may uſe that Expreſſion) to remoter Diſtances, 
and at Length vaniſh at the Point of Sight in the horizontal 
Line. 

1581, Thus alſo (in Fig. 2.) which is a direct perſpeRive + 
View of the Inſide of a Room, the CIELING above, the Floor 
below, and each Side, are to be conſidered as ſo many Planes 
put into Perſpective from the given perpendicular D. lance of the 
Eye from each (called the Height of the Eye) and the given Di- 
ftance (i y) from the Front of the Room. For ſince the Inter- 
ſections of the ſide Planes with the Cieling above, and the Floor 
below, are ſuppoſed perpendicular to the ground Line, or per- 
ſpective Plane, they will converge to the Point of Sight (i) ac- 
cording to (1479) and thereby terminate the PerſpeCtive of the 
whole inſide View; which, indeed, cannot be difficult, as it 
contains the plaineſt Caſes of direct, ſuperficial, and Scenographic 
Perſpective. 

1582. In Fig. 3. you have a fide View of the Prprsral of 
a Pillar, whoſe Front being formed by the Meaſures proper to 
the Order, you proceed to form the Perſpective of its Baſe and 
Capital for the given Height and Diſtance of the Eye, as in the 
Figure. Then the Scenography of the Whole is finiſhed by the 
Rules in Chap, VII. and VIII. 

1583. This Figure is added to ſhew how the Pillar is to be 
placed on its Pedeſtal in Perſpective; for it is eaſy to obſerve, 
that the Axis or central Line of the Pillar muſt be perpendicu- 
larly over the perſpective Center (c) of the Baſe, and conſe- 
quently the Perpendicular (cd) is that Axis or Line which de- 
termines the perſpective Poſition of the Pillar on its Pe- 
deſtal. 

1584. Fig. 4. contains the Perſpective of two PiLLars 
or COLUMNS in Front; one in a Direct, the other in a Side 
View; the geometrical circular Baſe (a b d) being given, the per- 
pective elliptic Baſe of each is determined by (1498) and then the 
Pillars themſelves-are drawn or defined by the two parallel Lines 
which are perpendicular to the ground Line, and touch the El- 
lipſis on either Side. 

158 5. Hence it appears, that a Colanade of Pillars, viewed in 
Front, will not have all an equal perſpective Magnitude, or they 

muſt 
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muſt not be drawn all of an equal Size ; but that which is near- 
eſt to, or directly before the Eye, has the leaſt perſpective Mag- 
nitude ; and others appear larger on the perſpeCtive Plane, as 
they are farther removed from the Eye or Line of direct View. 
However paradoxical this may ſeem, it is thus eaſily demonſtra- 
ted — The Ellipſis (geh) of the ſame Circle on the ſame 
ground Line is greater or Jeſs in Proportion to the Obliquity or 
Diſtance of the View, as is evident from the Figure here, but 
more ſo in Fig. 4, 5. of Plate II. And ſince the Sides of the 
Pillars are Tangents to thoſe Ellipſes, and perpendicular to the 
ground Line, they muſt be at a greater Diſtance in an oblique 
than in a direct View, and therefore give a greater perſpective 
Magnitude of the Pillar. 

1586. It may be proper alſo to give an optical Demonſtration 
of the Truth of this Poſition; let (ad) be the Diameter of the 
geometrical Baſe ; this in the direct View ſubtends the greateſt 
Angle (a i d) under which the Baſe of the Pillar (gc) can 
appear, and the perſpective Diameter is g; but ac and gh are 
the ſame in both Views, and a Pillar on that Diameter would 
be the ſame in both Cafes. But the apparent Magnitude of a 
Pillar is in Proportion to the Angle which is ſubtended by that 
Diameter that is perpendicular to the viſual Ray (i c.) Suppoſe 
(%) to be that Diameter, and draw the Rays (ze) and (if) 
which produce to the ground Line at (m) and let (i e) croſs it in 
(J) then it is evident the Diameter (zf) will eclipſe from the 
Eye a Part of the ground Line equal to (/m) in the oblique 
View; and therefore the perſpective Magnitude of the Pillar 
will be as much greater here than it is in the direct View, as 
In) is greater than (a d.) 

1587. Hence it appears, that though it is always the Prac- 
tice of Architefts to repreſent all Pillars in a front View of an 
equal Size, yet the Abſurdity of ſo doing is as great as it would 
be to give the ſame Objects the ſame Heights at different Di- 
ſtances from the ground Line. And thoſe who vindicate ſuch a 
Proceedure, mult be looked upon as either very ignorant, or elſe 
prevaricating with the Rules of Art in a moſt licentious De- 
gree, 

1588, The Axis of a Pillar in a dire& View is equidiſtant 
for either Side ; but it is not ſo in the oblique View; for as it 
| riſes 
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riſes from the Center of the elliptic Baſe, it will, in that Caſe, 
be nearer to that Side next-the Eye than to the other, as is evi- 
dent by Inſpection of the Figures. The ſame Thing is to be 
underſtood of any other regular Body in an oblique View. 

1589. In Fig. 5. we have two PARALLELOPIPEDS, or ſquare 
Columns, put into Perſpective, on their proper Baſes (a b c d, 
ef gh) which are ſuppoſed to be ſquare; one in a direct View, 

in which only one Side can be ſeen; the other in an oblique View, 
ſhews the ſame equal Side in Front, and a Profile of the other 
Side (dc fb) next the Eye at (i) the Point of Diſtance being 
(z). Theſe are Caſes ſimilar to thoſe before obſerved of the 
Cube (1546 to 1549) in the ſame Points of View. 

1590. The Manner of placing a SPIRE or STEEPLE on the 
Top of the Tower of a Church, c. in Perſpective, is ſhewn in 
Fig. 6. The Spire is ſuppoſed to be a ſquare Pyramid, the Per- 
ſpective of whoſe: Baſe is (a b de) (being a fide View, like that in 
Fig. 1.) Here alſo you can fee only two triangular Sides (viz, 
g d and agb) ſo far as they riſe above the Top of the Tower. 
If from the Center (c) of the perſpective Baſe a Perpendicular 
be raiſed, and its perſpective Height (cg) proper to the perpen- 
dicular Height of the Pyramid, than (g) will be the Vertex of 
the Spire, which will be much nearer to that Side of the Tower 
next the Eye, than to the other, for the Reaſon before-men- 
. | 

1591. To place a TaBLE, CHAIR, Sc. on a Floor, as 
(a b cd,) in true Perſpective, is no difficult Thing by the Rules 
preſcribed. For Example, let a d be 10 Feet, and ſuppoſe the 
Table 4 Feet long, and to ſtand 3 Feet from the Side of the 
Floor (ab) and 1 4 Foot from the ground Line (a d) as in Fig. 
7. is evident; let the Height of the Table be 2 4 Feet, and its 
Width. 16 Inches, then on (4) erect the Perpendicular (a m 

and from (a) to (e) ſet off 2 2, the Height of the Table, and 
draw (ei) to conſtitute the menſural Angle (ei a). Then draw 
Parallels to the ground Line at the Diſtance 1 3, and 3 Feet; 
they will cut the Radial (i a) in (g and y) then the Perpendicu- 
lars gf, #1, will be the perſpective Heights of each Side of the 
Table; all which, with every other Circumſtance, is directed 


by the Rules in Chap, VIII. | 
= | F |: ions. 
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1592. As to the CHAIR, if the PerſpeCtive of its Baſe be 
found, then the Height of the Seat and Back are in the ſame 
Manner determined by an Angle of Meaſures, or by the com- 
mon Rules. The Bottom or Seat of the Chair not being a 
Square but a Trapezium, will have its Perſpective determined by 
the Point of Sight (i) and accidental Point x (1482) with re- 
gard to the two Sides which are parallel ; but the other two which 
are inclined converge to a Point before they arrive at the hori- 
zontal Line, which is ſuppoſed at an infinite Diſtance from the 
Eye, and where only parallel Lines can meet, ner they neither 
but in Perſpective. | 

1593. If a Box is to be opened in Perſpective, then the Poſi- 
tion with regard to the ground Line is to be conſidered. If the 
End be parallel thereto, then the Corner of the Lid, in opening, 
will deſtribe a Circle in Perſpective, as (a df) Fig. 8. (1469, 
1504) and therefore if a Circle be deſcribed on each End of 
the Box, with a Radius equal to the perſpective Width of the 
Box, and the given Angle to which the Lid is opened, be ſet 
off from (a) to (); 4 you will have the four angular Points 
of the Lid by which it may be drawn as required. 

1594. But if the Side of the Box be placed parallel to the 
ground Line, then the angular Point of the Lid, in opening, will 
deſcribe a Semi-ellipſts in Appeatrz ge on the perſpective Plane, 
as (ab df), ſuppoſing the End of the Box contiguous to the Side 
of 2 Room. J. ere the elliptic Angle (ac) is determined from 
the given circular Angle in which the Lid of the Box ſtands 
open, as directed (1498), or if the Angle (5) has its perpendi- 
cular Height meaſured, and its Perſpective found (1570) the 
PeripeCtive of the Lid or Cover is thereby determined. 

1595. Again, if Doors, Windows, &c. are to be put into 
Perſpective as they ſtand open in any given Angle; the Rules 
for doing it are ſtill the ſame. Thus ſuppoſe the Door be 2 
Feet wide = AC (Fig. 9.) then on the Center C deſcribe the 
Semicirele A D F, upon which the angular Point of the Door 
moves; ſuppoſe the given Angle to which it is opened be AC B; 
then if on the perſpective Floor ( fd) you find the PerſpeAive 
of the Semicircle ADF; and therein make the elliptic Angle 
(a c) correſpondent to the given Angle A CB in the Proto- 
type; you. will have the Poſition of the Point (5) on which you 

Vor. II. B b raiſe 
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raiſe the perpendicular Perſpective (bo) of the given Height of 


the Door (1568) and then, laſtly, by forming the Perſpective 


of the Door-place or Aperture (a m nc) in the Side of the Room, 


you will have the four angular Points of the Door determined, 
by which it may be readily drawn in the Poſition required. 


1596. In the ſame Manner the Windows on the upper Part 


of the Room may be drawn. But it is to be obſerved, that ſince 


the Angle is given in which the Door or Window is opened, 


end alſo the Diſtance on, and Height, above the ground Plane, 
. the Angles of the Door, or Caſcment, may be moſt eaſily de- 


termined by the Method of Perpendiculars as directed in 
(1507.) | 
1597. If a Perſon in a Room, on one Side of a Street, views 


through the Windows the Buildings on the other Side, the 


Window then becomes the perſpective Plane or Table for the 


orthographic Delineation of whatever appears in Front on the 


other Side of the Way, (1649,) as is here repreſented in Fig. 


1 


1598. The whole Scenography or perſpective View of the In- 
fide of a Shop is preſented in Figure 11. in order to compare it 
with the Picture made thereof by a Speculum or Lens which we 
{hall hereafter have Occaſion to take Notice of. 


CHAP. X 


The PRINCIPLES of Catoptric and Dioptric PRR- 
SPECTIVE conſidered with regard to Views, Pic- 


TURES, LANDSCAPES, Gc. formed by MIRRORS 


and LENSES ; with the RULES for exhibiting them 
in any required Proportion 0 the OBJecTs. 

I 509. W E have already conſidered ſo much of Catoptric Per- 

ſbective as relates to refleting Planes; but it was 


neceſſary to treat of Scenographic Perſpective before we could pro- 
perly handle the Doctrine of Optical Per ſpective univerſally as con- 
gern'd in the F ormation of Images, Pictures, Landſcapes, and all 


Kind 
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Kind of Views by reflected and refracted Light from and through 
Convex and Concave Glaſſes of every Kind. 

1600. The Subject we are now entering upon, though the 
moſt eſſential and exquiſite Part of the Lene has not (that 
we know of ) been touched upon by any Author on Perſpective, 
and therefore we ſhall be the more particular and explicit on this. 
Head. In order therefore to determine how far the Pifureſque 
IMaGEs of OPTICAL GLASSES agree and coincide with the. 
Drawings made by the Rules of common Perſþ:five, it muſt be re- 
membered, that the Linear Dimenſions of an Object and its Per- 
ſpective are proportioned to their Diſtance from the Eye (1468) 
that is (in Fig. 1. Plate II.) RN:rn::IZ:li::AB:ab 
: AD: ad. ; 

1601. Now ſuppoſe A G were an open Cube or other rectan- 
gular Body whoſe oppoſite Sides are equal, and let the Side EG 
in Front be called the Proſcene ; the hinder Side A C the Poft- 
ſeene ; the Sides EB, H C, the Lateral Scenes; the ground Plane 
AH, the Primary SCENE, and CB the rial Scene, if placed a- 
bove the Eye; or Secondary Scene, if below it. Then conceive a 
perſpeCtive Plane placed contiguous to the Proſcene, on which 
the whole Scenography of the Body will be viewed in Perſpective 
by the Eye at J. 

1602, Put the linear Dimenſion of the Proſcene E H or EF 
= P, and the Perſpective of the Poſſcene ad or ab; allo 
let their Diſtances from the Eye be Ii = D, and IZ = ad. 
Then we have P: p:: d: D. And this Analogy will hold for 
any Situation of the perſpective Plane, between the Eye and the 
given Cube. 

1603. If inſtead of the Eye, a Convex or Concave Speculum 
were placed at I, then an Image will be formed of the aid 
Cube or Body, and the linear Dimenſions of every Part will be 
proportioned to the Diſtance from the Glaſs, as we have 
ſhewn (1310) Then, if we call AB or AD = an Ob- 
ject, and put it equal to O, and its Image i; we ſhall 
have O: i:: 4: = focal Diſtance of the Image; and therefore 


di 
6 = Fin all Kinds of Speculums. 


1 1604. 
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1604. In a Convex MirxroR, we had _ - =f (1291) 


r 14 
therefore $77” Tf, 
ir, which gives this Analogy, Q:1::24+7r:r Or, oo 
Proportion of the Length or Breadth of the Poſtſcene is to thut of the 
Inage thereof, as twice the Diſtance added to the Radius, is to the 
Radius of the Speculum. 


1605. The Proſcene being equal « to the Poſtſcene (1601) its 


from whence we get Or = 21d + 


| Length or Breadth EF or E H will ſtill be denoted by O, but 


its Diſtance being leſs, let that be = D; and becauſe the Image 
will be Jarger in Proportion, put it = I, and proceed as be- 
fore; we have Or = 2 ID + Ir, and the ſame Analogy O: 
I::2D+-r:r. 

1606, But becauſe in both Caſes Or is the ſame, therefore 
we have 21d + ir =2ID + Ir, and therefore I: i:: 24 
+ r:2D + r. From hence we have the Ratio of the linear 


_ Dimenſions of the Proſcene to that of the Poſtſcene ; and con- 


ſequently the Optic Scenography of the Solid is thereby determined, 

and its Difference from that in common Perſpective. 

d r 

2d —r 8 

(1291) we have Or =ir—24i = Ir —2D]1; whence 

I: i:: r - 24: r- 2D. From whence it appears, that when 

the Radius of the Speculum exceeds twice the Diſtance of the 

Objects, then the Images will be poſitrve or behind the Glals ; 

but otherwiſe negative or before it, agreeable to (1315, 1316.) 
1608. In Caſe of a Lens, it is every where O:i::d:f, and 


ho = V (1340). Alſo for a double and equally Convex Lens we 


1607. In the Concave Speculum, becauſe 


have f = e, = 6 (1387) and therefore Or id - ir 


—ID-—T1Ir; whence we have I: i:: Cr: D—r; or in 
the Sceuagraphy of the Image of ſuch a "Ban the linear Dimenſions 
of the Proſcene and Poſtſcene are as the Differences between the Di- 


ances and Radius of the Lens reſpefttyely. 


1609. After the ſame Manner the Scenography of Images for all 
different Forms of Lenſes may be found, and compared with 


2 thoſe 
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thoſe of common Perſpective. And fince, in all, the Terms of 
Compariſon conſiſt of the Sums or Differences of the Radius 
and Equimultiples of the Diſtances ; therefore while the Radius 
of the Glaſs bears any conſiderable or ſenſible Proportion to the Diſtan- 
ces of Object, the optical SCENOGRAPHY of their IMAGES will dif- 
fer more or leſs from the common Perſpective thereof, 

1610. But it is evident, when the Diſtances are fo great that 
the Radius of the Glaſs bears no ſenſible Proportion thereto, it 
will then vaniſh out of the Terms of the Compariſon, and then 
the Analogies 


Convex Mirror, I: i:: 2d: 2D::4:D. 
become in the Concave Ditto, I: i:: —=2d: - 2 D:: 4: D. 
Convex Lens, I: :: d: D. 

1611. Conſequently, in all ſuch Caſes the optical Scenogra- 
phy of the Image is the very ſame with that of common Perſpec- 
tive on the tranſparent Plane; for by all the Glaſſes, we have 
I: i:: 4: D, and on the perſpective Table, we have P: :: 
1: D (1468) therefore I: i:: P: p. Whence it appears, 


that all the Parts in the optical and perſpective Scenography are per- 


fefth ſimilar, and that, therefore, the IMaGEs of OPTICAL 
GLASSES in ſuch a Caſe, are PicTUREs, PROSPECTS, or 
LANDSCAPES in true PerſpeA ive. 

1612. Hence the excellent Uſe of a Convex Speculum, in exhi- 
biting to the Eye a genuine perſpective Vietu of all diſtant Objects, 
as a perfect Copy for the Artiſt to draw by. It preſents 
him with an inſtantaneous Conſtruction of the perſpective Sceno- 
graphy of the interior Parts of a Room, and all its Furniture, 
Tables, Chairs, Scrutores, Book-caſes, Pier-glafles, Pictures, 
Sc. juſt as they ought to be drawn. An Inſtance of its Uſe 
in this reſpect, is Fig. 11. Plate III. which is a perſpeAtve View 
of a Mathematical SHoP, with its Counters, Spheres, Globes, Air- 
pumps, Teleſcopes, Glaſs-caſes, &c. actually delineated from the 


Perſpective PICTURE of a Convex MIRROR (1598.) 


1613. Another great Uſe of ſuch a Speculum, is to exhibit the 
true Perſpective of an Object diminiſhed in, any given Degree. 
For, becauſe Or = 2id + ir (1607) it is Or — ir 

2 i d 


— 9 — 
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2 id, and therefore d = —— 


For Example, ſuppoſe 


1 
it required to draw a Microſcope, Air- pump, Sc. 4 Times leſs 
than the Life; then O: i:: 4: 1; and let the Radius of the 


48 — 13 


Speculum be r = 12 Inches; then d = „ 18 In- 


ches, the Diſtance from the Mirror to make the Inage 4 Times eſs 


than the Object. 

1614. Since the Image is larger in Proportion as the Radius 
of Convexity is ſo, it appears how excellently well adapted ſuch 
Mirrors are, when very large, for exhibiting the moſt perfect 
LANDSCAPES of diſtant SCENES, whether Gardens, Fields, Lawns, 
Words, Mountains, Vales, Rivers, Sea, &c, with all the natural 
CoLovurs, LicHTs, and SHADEs, Mor lo, and every other 
Incident which can tend by this perſpective Miniature, to improve 
and out- vie even NATURE itſelf, 

1615. The ſame Things may be ſaid of a Concave Mirror, 
with regard to the Form nd Proportion of the ſeveral Parts of 
the Image, and the juſt Perſpective of the Whole, but then the 
inverted Poſition of the Picture before the Glaſs, and the Incon- 
venience of obſerving it, renders it not ſo uſeful in the Arts of 
drawing and deſigning, as that of the Convex Form. 

1616. But then it has this moſt entertaining Property of re- 
ſolving the perſpective Picture, or Landſcape 3 by the Con- 
vex Mirror into its Original or Prototype, and gives each Part 
Diſtances, Size, and Situation. In this Caſe it is ſuppoſed that 
the Radius in both Speculums is the ſame. Thus, for Illuſtra- 
tion, ſuppoſe a View of 7 Miles round St. Paul's were drawn 
from a Convex Mirror of 10 Feet Radius, that Drawing held 
at the ſame Diſtance before an equal Concave Mirror as it appear- 
ed to be behind the Convex One, the ſuid Concave would revert 
the Landſcape, and preſent the Eye with a dclightfui View of the 


large City of London, and County about it, as large as the Life, 


and at the ſame Di/lance in every Part, as appears to the naked 


Eye. The Reaſon of all which, is very evident from the Theo- 


ry we have above premiſed. Hence the great Uſe of Concave 


Mirrors in viewing perſpective Pri «nts, in the portable CAMERA 
OBscura, 


1617. 


wi 0 B © 
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1617. From the ſame Theory (1608) it appears, that a 
Convex Lens does alſo preſent us with the ſame perſpective Figure 
or Image of diſtant Objects in the Focus, which asthe Radius 
is longer, will be larger in Proportion; and therefore, in a 
real Camera Olſcura, when ſuch a Lens is applied in a ſcioptric - 
Ball and Socket, you view upon a Screen, at a proper Diſtance, 
the Scenography of Buildings, and a LANDSCAPE of every rural 
Scene, ſo heightened by Colours, and animated by Motion, as 
juſtly excite our Admiration, and we readily pronounce the 
Pencil of Nature perfect, and all her Paintings inimitable. 

1615. Upon the Whole we may conclude, that as all artifi- 
cial Paintings are but Copies of Nature, the more they ap- 
proach to, and are regulated by the Art of Perſpective, the more 
natural and valuable they will be, and Beauty and Harmony will 
ſo much the more evidently appear; for we have ſhewn in the 
Theory (1292) that in all Nature's Painting the ſtricteſt harmo- 


nical Proportion is obſerved; and conſequently NATURE is all 
PERSPECTIVE and HARMONY. 


CHA P. XI, 


Of the PERSPECTIVE APPEARANCE of OBJEcTs 
on INCLINED PLANES. 


[PLATE IV. Of PEersSPECTIVE.] 


1619. WE have hitherto treated of ſuch perſpective Views as 
are ſuppoſed to be taken on Planes perpendicular 
to the ground Plane; but as it will, on many Occaſions, be ne- 
ceſſary to conſider them on Planes or perſpective Tables inclined 
in any Angle thereto, I ſhall here deliver the Theory and Rules 
for that Purpoſe. | 
1620. Let AD N R be a perſpective Table inclined to the 
ground Plane B CG K in a given Angle (Fig. 1.) ABC D is 
a Rectangle viewed upon the Table by an Eye at I, at the Height 
IH, and Diſtance from the ground Line HF. Biſect BC in 


E, 


14 
1 
L 
' 


1 + HM, but HM is the Tangent of the Angle HIM, 
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E, and draw EH, and I 7 parallel thereto, then will (i) be the 
Point of Sight on the Table, and RV, drawn through it paral- 
Jel to A D, will be the horizontal Line, in the ſame Manner as 
in the upright Plane (1465). 

1621. Produce C K and E F indefinitely, and make the An- 


gle IMH = Angle of the Plane's Inclination ; then will IM 


be parallel to i F. Draw the Radials i D, i A; make K L = 
H M, and join IL, which is then parallel to iD. From the 
Points Band C, draw the viſual Rays IB, IC; they will in- 
terſect the Radials i A, i D, in the Points S and P, then join- 
ing SP, the Area ASP will be the Perſpective of the Rect- 
angle AB CD; the Demonſtration is the ſame as was uſed for 
the upright Table (1475, c.) 

1622. But for a practical Method, the following Theorem in 
this Caſe may be preferable. In the ground Line A D produ- 
ced, take DO D C; and in the horizontal Line RV, take 
i V = il, the Diſtance of the Eye from the Table; draw Y 
parallel to i D, and draw Y O, which will interſect the Radial 
D in p, the ſame as the Point P found by the other Theory. 
For in the ſimilar Triangles L CI and DCP, we have IC: 
DC:: LI: DP; and in the ſimilar Triangles YOQ and 


5p O Q, we have QO: DO:: YQ: Dp. But the three firſt 


Terms of each Analogy axe ſeverally equal to each other; for 
LC LD + DC=QD + DO = QO; and DC = 
DO, by Conſtruction; alſo LI iD = Y Q. Therefore, 
alſo DP = Dp, and conſequently the Points P and p coincide 
or are the ſame, ©. E. D. 

1623. Whence the practical Rule for finding the PerſpeQive 
of a given Point C on the ground Plane, upon a given inclined 
Table is this. From the given Point draw a perpendicular C D 1 
the ground Line, and draw the Radial i D; in the ground Line A D 
produced, tate DO = DC, and iY = il, and draw Y O, 
which will cut the Radial i D in the Point P, the Seat or Ferſpeciiur 


F the given Point C, as required. 


1624. Ihe Diſtance of the Eye from the Plane is equal to its 
perpendicular Diſtance from the ground Line, together with 
the Cotangent of the Planc's Inclination; for iI = FM = 


the 
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me Complement of the Inclination H MI to the Radius IH the | 


Height of the Eye, 
1625. Hence it will be eaſy to draw the Perſpective of any 

given Object upon an inclined Table BCTV (Fig. 2.) Let 
< Object be a hollow Cube whoſe Side is MN OP; ſuppoſe it 
to touch the Plane on its upper Part; and that the Inclination is 
equal to the Angle WCV, I is the Point of the Sight on the 
Plane, and X, Z, the Points of Diſtance, as in the upright Plane. 
Then, becauſe the Diſtance of the Cube from the Table at Bottom 
is CP, if we draw the Radials IC, IB, and the Diagonal YP, the 
Point of Interſection F will be the Seat of the Point P; and 
drawing the Line Y O, it gives the Point H for the Seat of the 
Point O. Therefore drawing EF and GH parallel to the 
ground Line B C, the Area EFG H will be the Perſpective of 
the Square Baſe of the Cube, by the Theory (1487.) 

1626. The inclined Table being juſt the Width of the Cube, 
we have AD = MN ; continue AD to S, which is now to 
be conſidered as a — Line, for the Top of the Cube; there- 
fore taking AR = MN, and drawing RZ it will cut the Ra- 
dal 1 A in K; and then drawing K L parallel to AD, it will 
give AK LD for the Perſpective of the Top of the Cube. 
Laſtly, by joining AE, FD, G K, and H L, the whole Sceno- 
zraphy of the Cube will be compleated. 

1627. From this Procedure for the Cube, I preſume the Me- 
thod of finding the Perſpective of any Points, Lines, Super fictes 
and Solids, will not be difficult to the young Drafts-man ; for 
this one Example includes them all, either contiguous to, or at 
a Diſtance from the Table ; and parallel and perpendicular to 
the ground Plane, ground Line, c. 

1628. I need not obſerve, that the Sides of the Cube in Front, 
ate not Squares | in the Perſpective, as they are in upright Planes, 


but Trapeziums; for E F is leſs than AD; and GH leſs than 


KL. And this will be the Caſe of all Lines and 1 mon not 
parallel to the perſpective Table. 

1629. The Inclination of the Plane may be fuck that the Per- 
ſheftive of a Circle on the ground Planeſhall be a Circle alſo. Let 
DE (Fig. 3.) be the Diameter of the given Circle; HD the 
Diſtance, and HI the Height of the Eye; draw the Rays ID, 
IE; and let the Plane HF cut them ſubcontrarily in e and d; 


n * (1510) 
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(15 ro) then ſince all the Angles in the Triangles DHI, and 
EHI, are known; and by Suppoſition the Angle HD e =. 
H AE, and the Angle HEd = He; therefore ſince He 
— IHe + Hle; we have HeD — HIz =I He, the Incli- > 
nation of the Plane H F required for that Purpoſe. | 

1630. Hence alſo it is eaſy to aſſign the Inclination of a Plane 
wherein the Seat or Perſpective of a given Point ſhall be the 
ſame as in the perpendicular Poſition, Thus (Fig. 2.) ſuppoſe 
CV the upright Plane, the Eyeat Y views the Point O thereon 
at (a) ; on the Center (C) with the Diſtance C a, croſs the Ray 
YO in (5, and through that Point draw CQ which is the Po- 
ſition of the Plane required, fince Ch Ca. 

1631. Let CW be perpendicular to the Ray YO, then is 
the Angle VCW = aOC; and conſequently the Angle aCh 
= 2aO0C. 

1632. Since the right Line C O occupies the ſame Space C 6, 
C a, on the inclined and upright Planes, it will follow that any 
Line CP at a leſs Diſtance will take up a leſs Space, and any 
Line CX at a greater Diſtance will take up a greater Space on 
the inclined Plane, than on the ſame in the ere Poſition. Much 
more might be ſaid on this Head, which we ſhall leave to the 


Reader's Invention, having premiſed the Principles, which is 
here all that is propoſed. 
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3 CHAP. XII. 


off heatrical PERSPECTIVE; or, the Rr rs of PER- 
SPECTIVE applied to the SCENERY of @ THEATRE. 


[LPrArx IV. 07 PERSPECTIVE. ] 


1633. "HE whole Artifice or Deſign of a Takara is 

ſounded in PERSPECTIVE. For as we are to be 

an with an Imitation of ſome memorable Actions paſled, 
ſo in order to render the Performance more natural and pleaſing, 
the Scenes on which they were tranſacted ought to be repreſen- 
ted as they appear to the Eye of» a diſtant Spectator, that is, in 
Perſpective. For whether there be a tranſparent Plane, or 2 
e- 
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between us and the Scene of Action, the Image in the Eye is 


equally in Perſpective, and excites the ſame Idea in the Mind, 


as if the whole Affair were viewed on a perſpective Plane. 

1634. Hence it is, that the whole Housk, internally, is only 
one large Scenography, or perſpective View of an hollow Paral- 
kipiped, or large om, about three or four Times as long as it 
is Wide or Deep. Hence it is, that you ſee the Body of the Houſe 
ſo contrived, as to repreſent the Perſpective of the firſt Part of 
ſuch a large Room, the Ceiling, Sides, and Floor, all Converge, 
by the Rules of Perſpective, to a Point of Sight at the fartheſt 
End, which is the remoteſt Part of the Stage. 

1635. For the STAGE is only the Floor of the other Part of 
the Scenography of the large Room, ſuppoſed to have been the 
Scene of Action; and therefore alſo the Sides and Ceiling, Pro- 
ſeenes, and Poſiſcenes, are all in regular Perſpective. But in or- 
der to give a more exact Idea of this Matter, we muſt have Re- 
courſe to perſpective Repreſentation alſo. 

1636. Therefore let ABCD (Fig. 4.) repreſent the ground 
Plarie or Floor of a long and large Room, on one Part of which 
toward A B, ſuppoſe ſome great — or Converſation to have 
happened, and the ſame to have been obſerved by the Eye V at 
the other End of the Room. Then it is evident, if in any in- 
termediate Part a tranſparent Plane E F G K had been erected, 
the Obſerver would have viewed the Whole tranſacted perſpec- 
tively on the Plane E G, in that Part acE K which includes 
the Scene of Action AEK B. {1487.) 

1637. Now though we have ſhewn how ſuch an Event may 
be truly repreſented in a perſpective View, yet this is ſtill but a 
Picture of it; there, it is true, we ſee the Place, the Perſonages, the 
Manner, the Time, and ſome other concurring Circumſtances, 
that altogether, give ſome Idea of the Thing ; but real Life, 
Action, Voice, and Variety of Scenes, Aetitudes, Paſſions, Oc, 


Picture. 

1638. Now all this is effected by the Ax TI FIC E of a STAGE 
or THEATRE, For let Y X be the Height of the Eye placed 
over the. middle Line of the Room, and drawing VI parallel to 
HX, the Point of Sight will be I in the horizontal Line (/ m) of 


he perſpectiue Plane. And now, inſtead of the upright Plane 
0 EG, 


42 


are wanting to animate and realize the perſpeQive View, or 
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EG, we ſuppoſe another Plane fE K g placed on the ſame 
Line E K, and fo far inclined, that its Elevation i L be juſt 
equal to the Eye's Height V X, it is evident, the perſpective 
Horizon (Im) will coincide with the End fg of the inclined 
Plane ; the perſpective Scene ac E K will be projected into the 
large One e E K 4, and all above it on any other perpendicular 
Plane at (e /) or (no) behind. 

1639. This new inclined perſpective Plane f EK g is the 
Stage or Theatre we ſpeak of, and is a Scene of real Action in a 
perſpective View at the ſame Time. The Area e E K is here 
the perſpective Scene of Action (or Scena Dramatis) and inſtead 
of Men and Women in the Picture acE K, we have ſufficient 
Room for real Perſons ( Perſonz Dramatis) to act the ſeveral 
Parts of the intended Repreſentation (or Drama); here now are 
the Preſcene, the lateral Scenes, the Poſtſcene, &c. all in Per- 
ſpective, and moveable to the moſt convenient Situations. Not 
only the whole Scenography of the Stage is by this Means formed 
and adjuſted by the Rules of Perſpective, but the very Actors 
themſelves, as they advance or retreat, have their Appearance 
encreaſed or diminiſhed to the View of the SpeCtators (eſpecially 
thoſe remote in the Pit and Gallaries) according to the Laws of 
optical Perſpective. | 

1640. On this inclined Plane, or perſpective Stage, the 
dramatic Scene may be encreaſed at Pleaſure, and thereby very 
diſtinct Views and Proſpects agreeably riſe to the Sight, by the 
artful Paintings and Deſigns on the Lateral and Poſtſcenes; 
thus E K I may be enlarged to EK n; and fetg which was 
before the Poſtſcene, may now be conſidered as the Proſcene, to 
a diſtant Dramatic Scene (oe #n) whoſe Poſtſcene is (n 07 g. 
And thus the Stage, or Scene of the Drama, may be extended 
to comprehend the moſt diſtant View or Scenes of Action, even 
to the Horizon itſelf, for the remote End of the Stage, vrz. the 
Line fg, is the horizontal Line in this theatrical perſpective 
Plane. | 
15641. As the Dramatic Scene e EK + is variable according to 
the Nature and Circumſtances of the particular Parts or Actions 
of the Play, ſo the Lateral and Poſt{cenes muſt be conformable 
thereto, and conſequently variable, and of different Sorts z thus 
if the Stage repreſent the Inſide of any particular Building, - 


— - 0 CO 
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plain, and half painted; EFFfe is the other Side, covered, as 


Of PERSPECTIVE 197 
Caftle, Priſon, Church, c. the Side and Back-ſcenes muſt 
correſpond to the ſame in all the_Characters appropriate to ſuch 
Edifices. If the Stage be a Street, the lateral Scenes repreſent 
Houſes, &c. on each Side, and the Poſtſcene gives a perſpec- 
tive View of all at the far End, or beyond it. If you ſuppoſe 
the Scene a Viſta, hen Rows of Trees, Ec. deſcend in Perſpec- 
tive on either Side. If Fields or Lawns be the primary Scene, 
and Swains, Shepherdeſſes, &c. the Perſons of the Drama, 
then Trees, Woods, Cottages, c. make the Perſpective of 
the Sides; and diſtant Views of Countries, ſunny Hills, and 
horizontal Clouds are portray'd on the Poſtſcene. 

1642. With regard to the Scenes, they are variable and dif- 
ferent in the difterent Parts of the Scenography ; when the Stage 
is not open, the Proſcene is only a plain Curtain, to be drawn 
up and let down as Occaſion requires. The Poſiſcene is either a 
Curtain with Deſigns or Drawings in Perſpective ; or elſe it con- 
fiſts of two ſliding Parts, which being put together, from each 
Side the Stage, make one uniform perſpective Piece ſuitable to 
the Nature of the Part of the Play then acting. 

1643. The lateral Scenes, and thoſe above the Stage, conſiſt 
of many different Parts ; thoſe on the Sides are moveable in 
Grooves made in the Floor of the Stage; and may by this Con- 
trivance be variouſly changed, and being placed oppoſitely one 
a little before the other, they make together but one united 
View or perſpective Scene, and by this Means produce an agree- 
able Deception, and at the ſame Time give an Opportunity for 
the Actors to come on, and go off, on any Part of the Stage, as 
the Circumſtances of the Action may require. In the ſame 


Manner the aerial Scene may be compoſed of ſeveral Parts of par- 


ticular Curtains, or moveable Pieces, deſcending one below the 
other, and uniting in one perſpective Deſign. 

1644. But to ſee more clearly how theſe Things are contrived 
and diſpoſed, let Fig. 5. repreſent a front View of the Stage in 
Perſpective. One Half of which is plain and naked, and the 
other Half diſguiſed and decorated with perſpective Paintings, 
Sc. EF GK is the Front; Ee K, the Stage; Gg4K the 
plain Side, conſiſting of ſeveral lateral Planes projecting beyond 
each other in their proper Grooves; (ef g #) is the Poſtſoene, half 


it 
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it were, with perſpective Drawings and Deſigns ; and making 

but one Piece in Appearance. F fg G is the aerial Scene, open 

on one Part, and properly formed on the other; (i) is the Point 
of Sight by which the Whole is regulated, This Piece of Per- 
ſpeQive is the proper Scenography of that Part of the Stage in 

Fig. 4. which is denoted by EFGK kg fe. 

1645. Hence it is evident, that the Heights of the ſeveral 
Planes, or Sliders, on the Sides of the Stage, are to be adjuſted 
by the Inclination of the Line Fi, or Gi, to the Line Ei, or 
Ki, on the Stage; fo that the Height EF or G K, of the firſt 
Sliders, and (/) or (g#) of the laſt, in the perſpective Stage 
Fig. 5. are the ſame as the Lengths of the Lines denoted by 
the ſame Letters in Fig. 4. And the ſame is to be obſerved, for 
the Sliders in any other Scene (enn o) in a remote Part of the 
Stage. 

1646. Another Figure is yet 1 to ſhew how the 
Grooves are to be made on the Sides of the Stage, and their Diſtan- 
ces aſcertained and proportioned. In order to this let K & (Fig. 

4.) be the Perſpective of the ground Line for the Length of the 
Stave divided into equal Parts (as directed in 1554,1555.) Then 
let Fi ig. 6. be the whole Length of the Stage; AB the Width 
of the Houſe, and E 7K the Area of the Stage, as in Fig. 4. 
and draw the Lines Ai, and Bj. Then from the Points of equal 
Diviſion in the perſpective Line K 4 (Fig. 5.) raiſe Perpendicu- 
lars, and they will terminate the fore Parts of the lateral Sliders 
reſpectively, in that Perſpective of the Stage. | 

1647. Let the middle Line Hi of Fig. 6. be in a right Line 
with Hz in Fig. 5. Then from the ſeveral Points of equal Divi- 
ſion in the Line K of Fig. 5. let fall Perpendiculars to the 
Line K 4 in Fig. 6. and they will interſe& it in the Points K, r, s, 

t, u, , &; through which, if Lines are drawn parallel to the 

ground Line AB, they will aſſign the Places and Diſtances of 
the Grooves (7.1, /2, t 3, &c.) on each Side the Stage K I and 
Ee. And the Figures 7 and 8 denote the Grooves of the Poſt- 
ſcene. But there is in different Stages, a different Diſpoſition of 
the Parts and Machinery; what we have ſaid is ſufficient for a 
general Rationale of theatrical ah which | is all that is here 
intended, 


CHAP. 
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The Doctrine of PERsPECTIvE DECEPTION ex- 


plained, and exemplified. 


[PLATE IV. Of PERSPECTIVE. ] 


1648. W have already conſidered the various Illuſions and 

Deceptions which the viſual Senſe is ſubject to from 
Catsptrics and Dioptrics; that is, how different the Magnitude, 
Poſition, Place, Diſtance, &c. is of any Object, as it is con- 
ceived in the Mind by the viſual Faculty, from Rays reflected or 
refracted to the Eye in regard to the Idea of the ſame Thing ex- 
cited by direct Rays. 

1649. Of theſe Deceptions ſome are very uſeful, witneſs the 
Linking glaſs, Reading-glaſs, Sc. Others afford us a very rati- 
onal Amuſement; as thoſe Lenſes and Speculums which give 
an agreeable Relievo to perſpective Views, Prints, &c. uſed in 
optical Machines. And ſome on the other Hand gives us a great 
deal of Trouble, as in Caſe of Refractions through the Atmoſ- 
phere in Matters of Aſtronomy and Navigation, by which the 
Celeſtial Phenomena are ſhewn in very different Circumſtances 
from thoſe which are real. 

1650. But the Deceptions we here intend to ſpeak of are 
purely Perſpective, and are deſigned to impoſe on the viſual Fa- 
culty in the moſt agreeable and advantageons Manner, In- 
deed all Perſpective is a Sort of Illuſion, as it repreſents Things 
not as they really are, but as they appear on an intervening 
Plane by refracted or reflected Light. And therefore, if in any 
particular Caſe Things are not juſt as we could wiſh to have 
them, we can, at leaſt, by this Art, make them appear to be 
ſuch, and to an inadvertent Obſerver, the Difference from the 
Truth will not be diſcovered, and that which is only Perſpective 
ſhall be taken for the real Thing it repreſents. 

1651. Weſhall illuſtrate this Matter by an Example or two. 
Let AB CD be the ground Plane of the perſpective Via Cb 
aD, (Fig. 7.) at the far End of which, ſuppoſe a high Wall 
(5 cde) at right __ thereto z and let the Length of the Walk 
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BC be 40 Yards. Now if it be deſired to make this Viſta or 
Walk to appear longer than it really is, it may be thus effected. 
Suppoſe it were required to lengthen it by one Half, or to make 
it appear to be 60 Yards long. Then fince on the ground Line 
CE, the Diſtance C 40 determines the Length of the Viſta Co; 
if from the Point 40 you ſet off 20 Yards more, it will give the 
Point 60, from whence drawing a Line to the Point of Diſtance 
Z, it will give the Point (f) in the perſpective Side C 6b of the 
Viſta continued out; by which Means the perſpective Cf gD 
may be compleated for a Walk CF onthe ground Plane 60 
Yards in Length. 

1652. Therefore ſince the additional Part of the perſpatiive 
Viſta (abfg) may be painted on the Wall contiguous to the 
End (a b) and as it will be a perfect Continuation of the ſaid 
Viſta, it will exhibit to the Eye of a Spectator, at a proper Di- 
ſtance, the Viewof a Walk AF GD juſt 60 Yards long; nor 
will he be ſenſible of the Deception, or that the Part (abfg) is 
drawn or painted on the lower Part of the Wall. The Truth 
and Pleaſure of ſuch perſpective Illuſions any one may be con- 
vinced of by the notable Inſtances of ſuch Pieces of Art in Vaux- 
hall Gardens, and in many other Places. 

1653. After a like Manner you may reQify the Appearance 
of an irregular Room. Thus for Inſtance, ſuppoſe the Floor 
of the Room was in Form of the Trapezium AE FK B (Fig. 8.) 
deficient from a Quadrangle by the Part EI F; then in order to 
make the Room appear of the uſual Form to a Perſon viewing 
it at ſome Diſtance, it will be neceſſary to compleat the perſpec- 
tive Trapezium, or Floor AE F K B into the Rectangle AL K B, 
which is done by drawing the Line B Z, interſeQing the Side 
AE continued out in I, and joining IF. Therefore on 
the Side of the Room E F G H, you draw the Perſpective of the 
ſeveral Parts deficient, viz, (1.) The perſpective Triangle EIF 
for the Floor. (2.) The correſponding Triangle G H M for the 
Cieling. (3-) The Part EH M. I to compleat the Perſpective 
of the Side. (4.) IM GF to compleat the farther End or 
Side of the Room. And. (5. ) on theſe ſeveral perſpective Sup- 
plements, are to be drawn Windows, Doors, Glaſſes, Pic- 
tures, Cc. to make the Perſpective repreſent the Room in the 

Mau- 
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Manner you propoſe to compleat the View of it; and then it 
will have the agreeable Effect deſired. 

1654. We have already taken Notice of the great Ute, yea, 
abſolute. Neceſſity of perſpective Diſguiſe in all theatrical Pur- 
poſes ; the very Eſſence of a Theatre conſiſting in that Sort of 
Illuſion. Here all the Scenery is a Conttivance to repreſent 
Things which are not as tho? they really were; and; in ſhort; 
all the Incidents to a Drama, are one united Syſtem of Decep- 
tion; and by the Price that is paid for it; one would think there 
was no Pleaſute ſo great as that of being deceived; and which; 
therefore ought to be conſidered as a high Recommendation of 
Perſpective; which above all other Arts does moſt ny 
and innocentiy impoſe upon our Senſes. 
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C H A P. XIV. 


The RuLts of PERSPECTIVE applied to ARCHITEC- 
TURE, in raiſing the Perſpective ELEVAT10N of 
BU1LDINGS. 


[Pratt V. Of PrRSPECTIVE. ] 
1655. HERE is certainly no Art in which the Science of 

PERSPECTIVE is ſo immediately concerned as Ar- 
chitecture, ſince whatever Edifice, or Fabric, is propoſed, the 
Ground Plan thereof muſt firſt be made ; then the Ihnagrapby or 
Perſpective of the Plan muſt be drawn; and, laſtly, the Scenagra- 
ply or perſpective Elevation of all the Parts muſt be compleated, 
before a proper Idea can be given of the Deſign z and therefore 
the Architect, above all Men, is under a Neceflity of under- 
ſtanding the Rules of Perjpedtive and the Reaſon of them like- 
wiſe, if poſſible. 

1656. We ſhall illuſtrate this Matter in tegardto the perſpec- 
tive Elevation of an Edifice by the following Example. Let 
ABCD be a geometrical Square, on the Ground Plane, in 
which another Square EFGH is inſcribed; and in that a 
Cross, KL MN, which is the Form of the Plan on which 
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an Edifice is to be ereted. Suppoſe it to be viewed obliquely, 
with an Angle in Front; then, by the Rules delivered (Chap. 
III.) you find the perſpective Plan (kImn) for the gon Point 
of Sight I, and Diſtance I Z. 

1657. Let us now ſuppoſe this perſpective Plan, or Croſs, 
drawn more at large, and for a leſs Height of the Eye in Pro- 
portion to the Diſtance, as (Inn) in Fig. 2. Then it is 
evident, that if from the ſeveral angular Points you raiſe Per- 


, pendiculars, and give to each of them their proper Heights (ae- 
cording to their reſpective Diſtances from the Ground Line 


AD) by the Line of MEAasUREs, (as directed in Chap. 
VIII.) You will then, by joining their Apices in a pro- 
per Manner by right Lines, form the Scenography of the 
Building in its linear Extremities ; after which its front Sides, 


gable Ends, &c. are to be filled up, and pannelled with Win- 


dows, Doors, and architectural Ornaments, with a juſt Diſ- 
poſition of Light and Shadow upon the Whole; in all 
which there can be no Sort of Difficulty, if the foregoing Pre- 
cepts be underſtood, as appears by this Example, wherein the 
ſeveral Parts of the Edifice receive their Form and Proportion 
immediately by the Radial and Diagonal Lines, drawn to the 
Points of Sights and Diſtance, I, Z; it would therefore be 
ſuperfluous to ſay any Thing more on this Head. 

1658. And becauſe the above Rules of Perſpective are in the 
higheſt Degree neceſſary in truly deſigning and repreſenting the 
Ruins of Building and Monuments of Antiquity, we thought it 
would be proper, likewiſe, to give a Specimen of ſuch a per- 
ſpective View in all the Variety of Architecture. 

1659. In Figure 3. there is a Side View of a Colonade 
of Pillars, all diminiſhing in juſt Perſpective to the Point of 
Sight at I. There are alſo three Pillars in a Front View, but 
entirely out of Perſpective, being all of an equal Size, (ſee 1587) 
this is one Reaſon why | made. Choice of this Piece (for all the 
Figures of this Plate except the firſt, are borrowed,) being 
willing the Reader ſhould ſee in what an imperfect State the 


Practice of Perſpective is in at this Day, and how ridiculouſly 


the Laws of this Science are tranſgreſſed, even wn the Profeſſors 
themſelves, 


þ 1660. Having 
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1660. Having ſaid all I think can be neceſſary for perſpective 
Draughts and Deſigns, either of Superficies or Solids; I have 
added, for further Illuſtration, two other Figures (viz. Fig. 4, 
and 5.) to ſhew how vaulted Arches, Roofs, the interior Parts 
of Churches, winding Stairs, diſtant Views thro* Buildings, 
and many other Particulars, relative to Architecture, appear 
in perſpective Deſigns. In theſe the Reader will find not 
a ſingle Article but what is ſtrictly conformable to, and ex- 
ecuted by the Methods and Rules of Perſpective above laid 
down. 


CHAP. XV. 
, Sciagraphic PERSPECTIVE, or the ART of 


SHADOWS. 


1661. A SHADOW is nothing but the Abſence of LIohr, 
it is a mere negative, and therefore can not, pro- 
perly be the Subject of Art. However, there is what we uſually 
call the Art of Shadows, and as it is a neceſlary Article in Paint- 
ing and Deſign, and is, for the moſt Part, conducted by the 
Rules of Perſpective, we ſhall here treat of it in a few Words. 

1662. Since whatever intercepts the Rays of Light muſt pro- 
duce Shadow, it is evident, that all Bodies, or Objects which 
are opake, muſt be attended with Shadow, if placed in the 
Light which can fall obliquely on them, 

1663. Again, it is neceſſary that the Poſition of the Shadow 
be contrary-to that of the luminous Object, whether a Candle, 
the Sun, a Window, &c. becauſe the Rays of all Light * 
rectilineal. 

1664. The Figure of the Shadow depends partly on the Fi- 
gure of the Object, and partly on the Form of the Rays. For 
it is evident, that in any Light the Shadow of a Triangle will 
be. different from that of a Circle, or a Square; and the Sha- 
dow of a Cone will not be the ſame as that of a Globe or 
Cube. And, on the other Hand, it is as certain, that the ſame 
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Body will have its Shadow varied according to the Form of the 
Rays. For a Cone will caſt a Shadow of a greater Length by 
intercepting diverging Rays, as thoſe of a CAN DLE, than it 
will do from parallel Rays, as thoſe from the SUN or a Window. 

1665. But it will be ſufficient here to obſerve, that the Laws 
of Shadow, proceeding from a Privation of diverging Rays, 
are ſtrictly conformable to, as they reſult immediately from, the 
Rules of common Perſpectivs; by ſuppoſing a Candle inſtead of the 
Eye, and conſidering the Rays of this Light in liey of the viſual 
Rays coming from the Object to the Eye. "IIS 

1666. To demonſtrate this we need only have regard to the 
foregoing perſpective Figures. Thus, in Plate II. Fig. 1. if a 
Candle be ſuppoſed to be placed at I, and (antv) an opake 
Object at any Height, Pt, above the Horizon, or Ground 
Plane, then, ſince all the Rays which fall thereon are intercept- 
ed, it is evident, if the Rays which paſs by the extreme Parts 
thereof be continued to the Ground- plane, as Ia A, I nN, I T, 
Iv V, they will include a Space AN T V, which will be wholly 
deprived of Light; and that dark Space is therefore called the Sha- 
dow of that Object, and gives, of Courſe, its true Limits, Fi- 
gure, and Dimenſions. 
© . 1667. Again, (in Fig. 2.) let a Candle, or radiant Point be 
ſuppoſed at I, and let Ac D be any opake Odject on the 
Ground or horizontal Plane, then the Rays IcC, I5 B will 
459 its Shadow into the Space ABCD, as is evident by 

nſpection. 

1668. The Figure and Dimenſions of the Shadow is deter- 
mined in the ſame Manner, in any Poſition of the Plane whatſoever. 
Thus ſuppoſe (abed) (Plate II. Fig. 1.) were an opake Surface; 
then from a Radiant at |, the Rays, Ia A, I B, Ic C, I4D, 
will project its Shadow into the Space A BC D on any Plane 
ſtanding on the Ground Plane; and if the Plane which receives 
the Shadow be parallel to that | in which the Object is, then the 
Shadow will be ſimilar to the Object. In ſhort, every Thing, 
with regard to the Obje& and its Shadow, will be inverſely the 
very ſame as has been demonſtrated of the various Relations 
between the Object and its perſpective Repreſentation, and 
therefore, if theſe be underſtood, the Doctrine of Shadows can 


admit 
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© admit of no Difficulty, unleſs in that Caſe, where the Shadow 
y is not projected wholly on one Plane, but partly on ſeveral. 
t 1669. For Example ſuppoſe (br va) were an irregular, opake 


Object, and ſo ſituated, with regard, to the Radiant at I, that 


's its Shadow falls partly on the Ground Plane, and partly on ſome 
* other Plane elevated above it. Then eyen in this Caſe, you 
e have nothing more to da, than, by the Rules of Inverſe Perſpec- 
e tive, to determine the Prototype of the given Perſpective (ort va | 
1 and how much of it is on one Plane, and how much on the ; 
| other. See Chap. YI. 1 
e 1670. Or thus; ſuppoſe Rays drawn thro' all the * | o 
a Points a, b, r, t, v, to the ſeveral Planes, they will there de- 1 
e termine the Extent and Figure of the Shadow; thus I: T and. 1 
d Iy V will determine its Limit T V on the Ground Plane; and 4 
i the Rays I7R, 15 B will mark out the ſame on the other Plane, xt 
8 as RB; and therefore, all the Space between R B on the ele- 33k 
2 vated Plane, and T V on the Ground Plane, will be occupied i 
y by the Shadow. = 
1 1671. Or, laſtly, by Calculation, thus; let the Diſtance of 1 
1 the Object V P 4, the Height of the Radiant or Candle Y I i 
= H; the Height of the Point f, or Pf g , and PT = x, | 
e the Diſtance ſought of the Point T, where the Shadow com- 1 
0 mences. Then, by ſimilar Triangles, IYT and tPT, ye i! | 
Il have IV: P:: T: T; that is, H:h::a+x:;r; 8 
Y whence this Theorem FE 5 r. In Words thus, multiph Y 
. the Diflance of the Perpendicular V P by the Height t P of the ſha- I [ 
r. dawing Point; and divide that Product by the Difference between the i 
7 perpendicular Height of the Radiant and given Point t, and the Quo- "1 
), tient will be the Diſtance PT of the Shaddaw T, from the Fact of i 
ic the Perpendicular P, as required. 8 
es 1672. In the ſame Manner the Point N is determined for the 
e Shadow of the Point (u) in the Object; and from thence the bi 
g. Length of the Shadow TN for the Part of the Object (tn). | 
je Alſo, if the Shadow falls upon a Wall, you find its Height on 11 6 | 
5s the ſaid Wall by the ſame Rule, knowing the Diſtance of the | | 
id Wall from the Radiant, and the Point to which the Ray tends 1. 
in beyond it, found as above. 


1673. It 
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1673. It is evident, that the Shadows of all perpendicular 
Lines converge to a Point perpendicularly under the Radiant; 
and conſequently, if we ſuppoſe the Radiant removed to a very 
great Diſtance thoſe Shadows will become parallel, which, 
therefore, is the Caſe of all ſuch Shadows produced by inter- 
cepting the Rays of the Sun. 

1674. Hence the Shadow of a Parallelogram will diverge 
from the Point under the Radiant, if a Candle; but if the Sun, 
the Sides of the Shadow will be parallel. The ſame may be 
obſerved with Regard to the Shadow of a Cylinder. 

1675, It is allo evident, that the Shadow of a round Table 
on the Floor will be circular, both from the Candle ſtanding upon 
it on any Part, and alſo from the Sun-beams. (1504.) only i in 
the firſt Caſe, the Shadow will exceed the Dimenſions of the 
Table ; in the latter, it will be juſt equal to it. 
1676. The Shadow of a Globe lying on a Table muſt ne- 
ceſſarily be elliptical; for the Cone of Rays are intercepted by 
a Plane perpendicular to its Axis, and paſſing thro' the Globe 
in ſuch Poſition as to make an Angle with the Horizon, or Ta- 
ble, juſt equal to the Co- Altitude of the Radiant whether Can- 
dle or Sun. In this Caſe the Cone is never Scalenous, and can ad- 
mit of no Subcontrary Sections from the two Planes, therefore the 
Elliptic Shadew can never become Circular. (See Chap. IV.) 

1677. As we have ſhewn a general Method how the Sha- 
dow may be determined for any given Line on given Planes, and 
as the Shadow of any Superficies is determined by that of each 
bounding Line, and the Shadow of a Solid reſults from thoſe of 
its connected Superficies, it is evident that the ſame general Per- 
ſpective Rule for Shadows (1671.) of Lines extends to the De- 
termination of the Shadow of any Body whatſoever; the parti- 
cular Application of which is left to, and is no ſmall Part of the 
Praxis of the young DESIGNER. 

1678. The Art of Shadows, in one particular 3 con- 
ſtitutes a Science of itſelf alone, viz. GNnomonics, or the ART of 
DIALLING; to which therefore we proceed to apply it; but it 
will be firſt neceſſary to teach the Projedtion of the Sphere from the 
Principles of Perſpective above laid down; and then the Ratio- 
nale of making a DIAL will appear in a new Light. 


Af. 


n 


bite teren! ap 
0H A P. XVI. 
The RuLes of PERSPECTIVE applied to the Geogra- 


phical PROJECTION of the SPHERE, for the C 


firufion of Mars, CHARTS, Tc. 


1679. TE Method of making Geographical and Afironomical 

Charts by a PROJECTION of the Sphere in Plans is 
as ancient as any Mathematical Science; but as it is in that Way 
limited and intricate, we ſhall here ſhew how general and eaſy it 
is by the Principles and Rules of Common PERSPECTIVE, which 
is not only new, but the natural Source of ſuch a Doctrine. 


1680. For if (Fig. 1. Plate II.) the Plane of Projection HF, 


the Vertical Plane Q N, and the Horizontal Plane LO, were all 
of a circular Form, and of an equal Radius, they would repre- 


ſent the Planes of three great Circles of the Sphere whoſe common 
Interſections would all paſs thro'ꝰ the Center (i). 

1681. Let the Planes of three ſuch great Circles of the Sphere 
be EQTR, QKPR, andEPLT (Plate VI. Fig. 1.) of 
which the firſt is ſuppoſed perpendicular to the Viſual Ray pro- 
ceeding from the Center C to the Eye at Y, and is therefore the 
Plane of Projection. The Second is the Vertical Plane, and the 
Third, the Horizontal Plane, as all the three are ſuppoſed to in- 
terſect each other at right Angles. Conſequently QR is the 
Vertical Line, and E T the Horizontal Line of the Prejedtion. 

1682. Let O be the Place of any Object on the Surface of the 
Globe or Sphere, then its Diſtance from the Plane of Projection is 
the Sine O B of the Arch O G, which meaſures its Latitude or 
Declination from that Plane. Its Diſtance from the Vertical 
Plane is the Sine OD of the Arch O K of a leſſer CircleK OL, 
whoſe Plane is parallel to the Plane of Projection, and its Diſ- 
| tance from the horizontal Plane is the Co-Sine ON of the ſame 
Arch O K, or the Sine of the Arch O I. All which Sines or Diſ- 
tances bear a known Proportion to the Radius of the Globe or 
Sphere, and therefore are to be eſtimated in that meaſure, as 
found in the Trigonometrical Canon. (708 to 716.) 

1683. The Diſtance of the Eye CV is alſo eſtimated in the 
ſame Megſure, viz. in Parts of the Radius: That is, if Radius 
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r, then CY = 2x, r, 2r, 3r, Cc. or ur, which may re- 
preſent any Diſtance of the Eye indefihitely, and thereby render 
the Theory of Projection, this way conſdeted, univerſal, There- 
fore let us ſuppoſe; _ 
i. The EQUATOR, the PLANE of PROJECTION. 
1684. Since the Circle FQT R, in this Caſe, is the E quator, 
/ the Vertical Circle QP R, and the Horizontal Ohe E PT will 
be Meridians ; and P the Pole in the Hemiſphere remote from the 
Eye; and if O be the Place of an Object in that Hemiſphere, 
then we have CG: GH:: CB (= MO): BI(= OD.) 
that is, as Radius is to the Sine of the Difference of Right Aſcenſion 
br Longitude fo is the Co- Sine of Declination or Latitude to the Diſ- 
tance of the Point O from the Verticle Plane. | 
1685: Again, we have CG:GF::CB(= MO): BS 
(= ON,) That is, as Radius is to the Co- Sine 6 of the Difference of 


Longitnde or right Afehivn, ſo is the Co- bine o Latin Dee 
tion, to the Diſtancè of the Point O from the Horizontal Plane. 


1686. Or thus in Symbols; 1280 = þ, GF = 2 2, OB 
„„ OM =5; Then by (1684.) DO= = 2 = Diſtant of the 


Point O from the vertical Plane; 1 by ve: ) ON = 2 


= Diftance from the horizontal Plane; and x = Diſtance 4 
the Plane of Projection. Having theſe Diſtances from the 
three Planes, we determine the Diſtances from the vertical and 
horizofital Lines, in the Plane of Projection, by the cammon 
Rules of Perjpetiive. 

1687. Thus, fuppoſe the Equator between. the given Point 
O and ihe Eye V, we have nr + x: ur: „ 

r nr nr + x x 

— & = Diſtance of the Point O from the vertical Line of the 
Projection; (1470.) whence we have apy =unt + ax; 
and therefore r + x 5: p: the Analogy for find- 
ing . a | \ 


1688. Again, we have ar + x:nri; =: ——=b; 


(1470.) which gives nr 4 *:ny :: q : 6, the Analogy for 
finding 3, the Diſtance from the Horizontal Lint. 


Of PtzrspECTIVE. 209 


1689. If the Eye be placed in the Pole oppoſite to P, then 
3 = 1 ; and the two Analogies become (I.) r + X:: %: 4, 


the Diſtance from the vertical Line; and (2.)r + X ::: 4:3, 


the Diſtance from the horizontal Line ; in this Caſe, the Projec- 
tions is that of Prolamy; and is repreſented in Fig. 2. 

1690. If the Eye be at an infinite Diſtance, then ; is infinite, 
and the two Analogies become (I.) T: :: Pp: a = Diftanee 
from the Vertical; and (2.) r:y:: q: b = Diſtance from the 
horizontal Line, In both theſe Caſes the Meridians are projec- 
ted into right Lines (1464) and the Parallels into concentric Circles 
(1504). 

1691. If the Eye were placed in the other Part of the Axis at 


, then the Point O is between the Eye and Plane of Projection; 


and in ſuch a Caſe the Analogies will be (I.) nr —x: ny:: þ 
: and (2.) nr —x:ny::9:6; for the Diſtances from the 
vertical and horizontal Lines, as is evident from (1470). The 
firſt of theſe Caſes is called the STEREo0GRAPHIC, and the 
other the OR THOGRAPHIC PROJECTION of the SPHERE, 


IT. Of the PROJECTION of the SPHERE on the Plane of the 
Meri1Dpian. 


1692. If the Meridian be choſe for the Plane of the Projection, 
as EPTR, (Fig. 3.) then in the Caſe of common Maps of the 
World, the Equator EQ T is the horizontal Plane; and the 
Six o'Clock Hour-circle PQR is the vertical Plane. P and R 
are the two Poles; and the Eye Y is placed in the common In- 
terſection QC of the vertical and horizontal Planes continued 
out, 

1693. Let O be the given Point, as before, through which 
draw the Meridian POG; then will the Sines and Co-Sines 
GH, GF, OB, OM, be the ſame as before, and denoted by the 


ſame Letters, Alſo OD = 5 the Diſtance from the Vertical 


Plane, ON = —— = Diſtance from the Plane of Projection 


as in the laſt, and OB = x the Diſtance from the horizontal 


Plane. Then by the Analogies of Perſpective (1687, 1688.) 
nrrx 
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horizontal Line. And as nr TH £4 2:2: 
| r r nnrr-+4qy 


Diſtance from the vertical Line. 
1694. If the Diſtance of the Eye r = x, as in the common 
Stereographic Projection, then n = 1; and the two Expreſſions 


become 3 „and d e/ ; which are to each other, as 
ets 87. ther. ws 2 


FE #5. And when rx = Pp; then r:Þ::piwltrer 
(712); that is when of the Tangent Latitude O G is equal to 
the Sine of Difference of Longitude, then the Point O in the 
Projection will be equally diſtant from the vertical and horizontal 
Lines. 


1695. When the Point O is in the Equator, x=oandy=7r; 


and the Diſtance from the vertical Plane is then - b 1 —. But the 


Ratio of » + 4 to p, is the ſame as that of p tor —q; as will 
appear if we place the Arch QG in another View; let QTR 
(Fig. 4.) be the Plane of Projection, or pfimitive Circle, as it is 
uſually called. Then by the Eye at R the Point G is projected 
into the Point O in the horizontal Line CT. Put CR = xr, 
GH=pGF=HC=4gandQH =—r—g; and draw the 

ine RG. Then by the Property of the Circle (658) we have 
RH: HG::HG: HQ; thatis, r + 94: : — 4, and 


ere PSV. 


3 a 

1696. Now becauſe QH = ＋ and CO = "oy there- 

fore QH: CO::p*:rp::p:r:: GH: QC; and conſe- 

quently QO is the Arch of a Circle, Therefore all great Cir- 

cles of the Spher e are projected into Arches of Circles of dFferent Di- 
menſions. 

1697. Let the Radius of the Circle DOE be = R, the Cen- 

ter B, and Diameter AO. Alſo put CQ = P, and BC = Q, 


then becauſe CO = —— = 132 —_ (1696) we 


have 


— — 1220 
Tr re :r+q:p::QC 
: CO; > A ic: CQ::RH: GH; and conſequently 
- the Angle QAC=QRG (657) and the Angle QBC= 
| GCH 
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 GCH (642) therefore making the Angle LCT = Q CG, 


the Line L C will be parallel to BQ, and give the Center B. 

1698. Or thus; CO is the Tangent of half the Angle 
QCG (705) ; whence it appears that the Tangent of half the 
Angle or Arch G Q ſet from the Center C, gives the Point O; 
then through the three Points QOR the Meridian is drawn 
with Eaſe (695). 

1699. The Projection, as hitherto conſidered, is the vulgar 
Stereographic One, which on every Account, is the worſt that 
can be for Maps and Charts; becauſe of the great Diſproportion 
and Diſtortion it occaſions in all the Parts of the Earth's Surſace 
repreſented upon it, as appears from the very unequal Parts of the 
horizontal Line or Equator intercepted between Meridians 
equally diſtant on the Globe; therefore this Projection muſt 
give a very falſe Idea of the geographical Relations of Places, 
and is conſequently the moſt unfit for ſuch Purpoſes. (See 
Fig. 5.) 

1700. To remedy this Imperfection in a conſiderable Degtee, 
we may ſuppoſe the projected Quadrant of the Equator C T, or 


CE divided into equal Parts, of any Number = s, and let CO 


be any Number of them denoted by t; that is, let C O be the © 
npr 


Part of r, then will = — „ Or Ya 
5 14 3 


© { 
np = atr + tg, and we get # = . e 


Diſtance of 


the Eye to project that Meridian; for Example, let the Meri- 


dian of 10 Degrees from the vertical Plane be projected by the 
109 


Eye; then 5 = go, and t =10; 12 — =, 175 


Parts of which r = 100. 

1701. In Practice, by dividing the Diameter or horizontal 
Line into equal Parts; you have the Points given thro' which to 
draw the Meridians (695). And this is uſually called the 
GLOBULAR PROJECTION ; foraſmuch as the Meridians and 
Parallels are circular, and at equal Diſtances in the Equator and 
Meridian or vertical Line; and conſequently ſuch a Projection is 
greatly preferable to the former for general Maps of the World; 
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a Specimen of which ſee in that Map we have prefixed ta our 
PHILOSOPHICAL GEOGRAPHY.* « 
1702. There is another very uſeful geographical Prcjection, 
viz. on the Plane of the Horizon, of which we have given a Spe- 
cimen in Fig. 6. and though any particular Point may be deter- 
mined on the ſaid Plane by the Rules of Perſpective, yet the 
Whole of it is with more Eaſe and Readineſs laid down from 


Calculations founded on the Principles of ſpherical Geometry 
hereafter to be explained. 


mt 


w_ 


CHA P. XVII. 
The RulLESs of PERSPECTIVE applied to Aſtronomi- 
cal PRoJECTIONS for the Conſtruction of Celeſtial 


 PLANISPHERES, the ANALEMMA, Oc. 


1703. 875 CE the Surface of the Celeſtial Globe may be pro- 
jected in Plano, in the ſame Manner as that of the 
Terreſtrial 44 it follows, that the ſame Theorems which ſerve 
for the Conſtruction of Mars, may alſo be adapted to CELs- 
STIAL CHARTS or PLANISPHERES. | 
1704. For this Purpoſe, inſtead of the Latitude and Longitude 
of Places on the Earth, we muſt, in regard to the Sun and Stars, 
ufe the Words Declination, and Right e z and chen the 
fame Symbols will ſerve ; that is, | 
7 = Sine of Right Aſcenſion. 
9 Co- Sine of that Right Aſcenſion, 
x = Sine of Declination. 
y Co- Sine of that Declination. 
1705. Alſo the fame Diagrams (in Fig. 1, and 3.) may wu 
be uſed; if O be the Place of a Star, then its Diſtance from 


the vertical Plane is — - 2 = = DO; from the horizontal Plane 


= NO; and from the Plane of ProjeQion x= OB; the 
fame as before (1686). 


1706, 


Alſo in a New Map of the World entitled, The PrtncieLes of 
GEOGRAPHY and ASTRONOMY * &C, 
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1706. If the Equator be the Plane of the Projection; then 
the Pole of the World is the Center, and the Circles of Declina- 
tion are projected into right Lines, alſo the Parallels of Declina- 
tion are concentric Circles z all as before (1685.) But in this 
Planiſphere the Pole of the Ecliptic is alſo projected, and all the 
Circles of Latitude, together with the Ecliptic itſelf, are pro- 
jected into circular Arches, by the uſual Methods. 8 
1707. In this Projection the ſolſtitial Colure is the vertical 
Plane, and the equinoctial Colure the horizontal Plane; the Di- 


npy 


{tance of any Star from the former will be —— ; and from 
nr + x 


n 
the latter, 7) 
nr 


But if the Kye be placed in the Pole on 


X 


the Globe's Surface, the Diſtances of the Star becomes 22 


r + x 
22 
r + x 
from a Table of their Declinations and right Aſcenſions. Such 
celeſtial Planiſpheres we have by the late Mr. Senex, of 24 Inches 
Diameter. 

1708. If the Eci rie be the Plane of Projection, then is 
its Pole the Center, and all the Circles of Latitude are right 
Lines; alſo OB = x, and OM = y, are the Sine and Co- 
Sine of the Star's Latitude; GH = þ, and GF = g, are the 
Sine and Co-Sine of its Longitude (Fig. 1.) and the vertical and 
horizontal Planes are thoſe of two Circles of Latitude paſſing 
through the ſolſtitial and equinoctial Points, as before. And 


and 


; and thus all the Stars may be readily laid down 


* > ay | 
therefore by the ſame Formule = and e 72 the Stars may 


be laid down in this Projection from Tables of their Latitude and 
Longitude. Such Planiſpheres we have of all the Stars in the Bri- 
tiſb Catalogue by the ſame Hand. 

1709. There is alſo a very uſeful Projection of the Heavens 
on the Plane of the Horizon. In this Caſe the Meridian is the 
yertical Plane, and the prime Vertical the horizontal' Plane, 


Here the Star's Diſtance from the vertical Line is 2 as be- 
fore (1695). Then if a, 6, t be the Sine, Co- Sine, and Co- 


Tan- 
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1706. If the Equator be the Plane of the Projection; then 
the Pole of the World is the Center, and the Circles of Declina- 
tion are projected into right Lines, alſo the Parallels of Declina- 


tion are concentric Circles ; all as before (1685.) But in this 
Planiſphere the Pole of the Ecliptic is alſo projected, and all the 


Circles of Latitude, together with the Ecliptic itſelf, are pro- 
jected into circular Arches, by the uſual Methods. * 


1707. In this Projection the ſolſtitial Colure is the vertical 
Plane, and the equinodial Colure the horizontal Plane; the Di- 


ſtance of any Star from the former will be 75 2 ＋ — ; and from 


222 
. 


the latter, — But if the Eye be placed in the Pole on 


the Globe's Surface, the Diſtances of the Star becomes 72 


r + x 


22 


and a ; and thus all the Stars may be readily laid down 
x 


from a Table of their Declinations and right Aſcenſions. Such 
celeſtial Plamſpheres we have by the late Mr. Senex, of 24 Inches 
Diameter. 

1708. If the EcLiPTIC be the Plane of Projection, then is 
its Pole the Center, and all the Circles of Latitude are right 
Lines; alſo OB = x, and OM = y, are the Sine and Co- 
Sine of the Star's Latitude; GH =p, and GF = g, are the 
Sine and Co-Sine of its Longitude (Fig. 1.) and the vertical and 
horizontal Planes are thoſe of two Circles of Latitude paſſing 


through the ſolſtitial and equinoctial Points, as before. And 


py ay | 
therefore by the ſame Formulas —— _— and 3 by the Stars may 
be laid down in this Projection from Tables of their Latitude and 
Longitude. Such Planiſpheres we have of all the Stars in the Bri- 


ziſþ Catalogue by the ſame Hand. 


1709. There is alſo a very uſeful Projection of the Heavens | 


on the Plane of the Horizon. In this Caſe the Meridian is the 
vertical Plane, and the prime Vertical the horizontal Plane. 


Here the Star's Diſtance from the vertical Line is - — 2 2 — as be- 
fore (1695). Then if a, ö, t be the Sine, Co- Sine, and Co- 


Tan- 
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Tangent of the Star's Azimuth, we havea:b::r:t:: ee 
0 | rr + qy 

5 ** = Star's Diſtance from the horizontal Line of the 
rr + qy | 


Projection. But when the right Aſcenſion and Declination of a 
Star is known, together with the Latitude of the Place, or Pole's. 
Height, then the Azimuth of a Star is known alſo; whence its 
Place on this Projection is eaſily aſſign'd. 

1710. It is not common to project the ſtarry Heavens on the 
Plane of the Meridian, or Circle of Latitude paſſing through the 
Poles of the World ; but if it be required, it may be done by the 
Formulæ in (1694.) by ſubſtituting as directed (1704). How- 
ever, this Projection is not confined to Geography, but is the 
Ground-work of that celebrated aſtronomical Inſtrument called 
the ANALEMMA, or ORTHOGRAPHIC PROJECTION of the 
SPHERE. 

1711. For if the Eye be ſuppoſed at an infinite Diſtance, then 


the Stereographic Forms (1694) — 5 and = = 5 


become æ and 5 for the Diſtances of any Point from the hori- 


zontal and vertical Lines of the Projection. And in this Caſe, 
the Meridians, Parallels, and other Circles, Oblique to the 
Plane of Projection, are projected into ELL1PsEs. A Specimen 
of this Projection you have in Fig. 7. 

1712. That every Oblique Circle PGS is projected into an 
Ellipſis Pa F S by parallel Rays is thus demonſtrated (Fig. 8.) 
LetCP=CG =a,CF = b Semi- Conjugate of the Curve 
PFS. Alſo put CM x, and OM =y, and NM y. 
Then by the Property of the Circle (658) we have SM xPM 


= OM, chat is, 2 K * „ = 0 — #* = *. Hence 
J- = y= MO. Draw OB parallel to C M, and 
93 panallet o GF ; then OM:NM:: (BC:4C: :) GC: 
FC; chat is, y: v:: 4:53 thereſore y = 7 y == va — x*, 
which i « . Property of an Ellipfis (765) but y = NM = 


2A forr = a, p=b, (766) therefore the Curve PFS 


7 


is an-Eliyfe, | ; 1713. 


<4 
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1713. When the Point O coincides with G, or is in the E- 
quator, then y = 7, and the Diſtance CF or Semi- Conjugate 


of the Ellipſis, 5 = þ = Sine of right Aſcenſion from the 


Point Q. 
1714. Hence, as r: p:: h: = Half the Latus Rectum of 


the Ellipſis (766); but in this Caſe — = — ; therefore y = þ 


= OM, when M is the Focus of the Ellipſis; whoſe Diſtance 
therefore C M from the Center, is equal to the Co- Sine right 
Aſcenſion, which is then equal to the Sine (x = OB) of Decli- 
nation. 

1715. Hence if CF, the Semi-Conjugate of the Ellipſis, be 
made Radius; then, ſince in this Caſe r = p, we have the Di- 


py 


ſtance from the vertical Line every where ==) that is, al 


the Semi-Ordinates N M of the Ellipſis will be equal to the Co-Sines of 


Declinatien, to the Radius C F. 


1716. And white ver has been demonſtrated of the MERIDI- 
an PO G, and ifs orthographical Projection, may be applied 
in the ſame Manner to any PARALLEL AO L when poſited 
obliquely to the Plane of Projection. For in this Caſe, PCS 
may be conſidered as the horizontal Line, and AM L as the 
vertical One; and then, if ML r = Radius, OD and 
ON will be the Sine and Co-Sine of right Aſcenſion from K ; 
and conſequently the Diſtances from the horizontal and vertical 


Planes. Alſo OD = p will be the Diſtance from the hori- 


zontal Line, and its Diſtance from the vertical Line will be 5 


(1711). 

1717, Hence when O coincides with R, then g 2 r; and 
x, the Sine of Declination (or Obliquity) from the vertical Plane 
is then the Semi- Conjugate of the Ellipſis of the projected Paral- 


lel. And therefore, becauſer:x::x: _ = Latus Refum 


(766) = ha Kisq = * | at the-F ocus of the Ellipſis; where 
the 


4<. 


let S be the Center of the Sun AC B (Fig. 9.) E the Center of 
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the Diſtance of the Focus, from the Center M, is equal to the 
Sine of right Aſcenſion, or Co-Sine of Declination. 

1718. From all which it appears, that ſince the Diameters, 
and Foci, of the Ellipſis of any projected oblique Circle are given 
by this Method, therefore ſuch an Ellipſis may be drawn, by 
Points, or mechanically (785) or from a Table of Sines, or 
laſtly, by the Sector, which is the moſt ready Method of all. 

1719. The ANALEMMA (Fig. 7.) is that particular Species 
of the orthographic Projection, where the Eye is placed in the 
common Interſection of the Ecliptic and Equinoctial, at an infi- 
nite Diſtance. T heſe Planes will therefore be projected into right 
Lines; and the EquinoCtial will be the horizontal Line; and 
the equinoctial Colure the vertical Line; as the other Colure is 
the Plane of Projection. 

1720. Here alſo the Parallels of Declination are all right Lines, 
as they ſtand at right Angles on the Plane of Projection. The 
Meridians here drawn, are thoſe of 15 Degrees interval ; and 
conſequently are the Hour Circles of the Sphere. As to the Uſes of 
the Analemma in Aſtronomy, ſuch as are conſiderable will appear 
in the Sequel of this Work, it ſuffices, at preſent, that we have 
ſhewn its Nature and Conſtruction from thè Principles of Per- 
ſpective. In the mean Time we refer the Curious to Sutton's 
Analemma of 18 Inches Diameter, in which the Meridians and 
Parallels are drawn thro' every Degree, and many of the princi- 
pal Stars laid down; but this Inſtrument is yet capable of great 


Improvements, as we may hereafter ſhew. 


CHAP. XVII. 


_ The PRINCIPLES of PERSPECTIVE applied to the 


Computation of SOLAR and LUNAR ECL1PSEs. 


1721. 1 PRINCIPLES of PERSPECTIVE are applica- 
ble to Projections for Solar and Lunar ECL1psEs 
and the ſame Rules ſerve here as.in all the foregoing Caſes. For 


the 


—_ 5 


he 
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the Earth QW; and LEP a Part of its Orbit. Alſo let 
XIMF be a Circle deſcribed about the Earth's Center in the 
Plane of its Motion, or of the Ecliptic, at the Diſtance of the 
Moon. And let HK be the Orbit of the Moon, making the 
given Angle H K G, with the Ecliptic, at the Time of a 2 
Eclipſe; and K the deſcending Node. 

1722. Now in Projections of this Kind, the moſt commodi- 
ous Poſition of the Eye is in the Center of the Sun at 8, in 
which Caſe the horizontal Plane will be that of the Ecliptic ; the 
vertical Plane will be that Circle of Latitude which cuts the E- 
cliptic in the Points of Conjunction X, and Oppoſition M; 
and the Plane of Projection is that which paſſes thro' the Earth's 
Centre E, and touches its Orbit, when it is in the Line of Eclip- 
tic Conjunction or Oppoſition 8 M. 

1723. It is evident from the Diagram that the Angle AQS is 
that under which the Sun's Semidiameter appears at the Earth. 
The Angle ESQ is that under which the Semidiameter of the 
Earth appears at the Sun, and is call'd, the Sun's horizontal 
Parallax. The Angle EXQ or EMYQ is that under which 
the Earth's Semidiameter appears at the Diſtance of the Moon, 
and is call'd the Moon's horizontal Parallax. And the Angle 
XQ Sis the Difference of the horizontal Parallaxes of the Sun and 
Moon. For XSQ + XQ S= Q XE, (632) therefore XQS 
=QXE—XSQ. 

1724. By the Word Parallax, is only meant the different 
Place in which the Sun, or Moon appears, when viewed from 
the Center of the Earth at E, and from any Point of it's Surface 
as Q. And, therefore, at the Diſtance of the Phænomenon, it 


muſt be equal to the Angle under which the Semidiameter of the 


Earth appears. It muſt, therefore, be greateſt of all when in 
the Horizon of the Place Q; and vaniſh for Objects at an 


infinite Diſtance ; ſo that the Stars have no Parallax at all; and 5 


that of the Sun ESQ is almoſt immeaſurably ſmall. 

1725. Theſe Things premiſed, we may proceed: Let K be 
the Place of the Node, and O that of the Moon in her Orbit 
H K, then it is plain, her Diſtance from the horizontal Plane is 
the Sine x of her Latitude OG; her Diſtance from the vertical 


Plane is O 3 E, and her Diſtance ſrom the Plane E Projec- 
EVOL; I. F Ff tion 
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before (1686, 1704.) only OG is here the Moon's Latitude 
from the Ecliptic, and G K the right Aſcenſin. 
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| may be ſo drawn on the ſaid Plane (by 1711 — 1718.) and fince 
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glow is ON = _ for key we retain ſtill the ſame Symbols 8 


1726. Then becauſe the Place of the Moon O is between the 
Eye at 8, and the Plane of Projection at E; the perſpective A- 
nalogies (1693.) will be for an EcL1psE of the Sun. 

1727. As nr — I r: 2: ILY = tw the Di 

r r nrr—gy | 
ſtance of the Moon from the vertical Line. And as nr — 
. ; arr x 


—=nr:ix: = her Diſtance from the horizontal Line. 


r nrr — 95 
But in Eclipſes, the Latitude and Diſtance of the Moon, from 
the vertical Plane, are ſo very ſmall, that we have y = 7, very 
nearly; therefore in ſuch Caſes the Analogies become nr — : 
pnr a nrx 3s 
3 and ur —q:nr:: x: N 
ur — 4 ur — 4 


1728. Now becauſe xr Es the Diſtance of the Sun, and 


r: 


q=r= EX nearly, the Diſtance of the Moon; and fo ur — 


4=SX; therefore ſince 8S X: SE (= SQ) :: Angle SQX: 
Angle SXQ or EX Q (718) the firſt Analogy is, in Words; 


as the Difference between the horizontal Parallaxes of the Sun and 


Moon, is to the Parallax of the Moon; ſo is the Moon's Longitude 
(at the given Inſtant) from the vertical Plane, 10 her Diſtance from 
the vertical Line, And, fo is her Latitude, to her Diſtance 


from the horizontal Line, Note, the Longitude and Latitude are 


here put for their Sines, there being no ſenſible Difference in 
ſuch very ſmall Arcs. | 

1729. If therefore from the aſtronomical Tables you take 
the Moon's horizontal Parallax, and with it, as a Radius, you 
deſcribe a Circle on E, as QY W Z; then will Q W. be the 
horizontal Line, and Y Z, the vertical Line, on the Plane of 
Projection, which if it be about 10 or 12 Inches in Diameter 
will be ſufficient for the Delineation of all the Phaſes of a ſolar 
Eclipſe. 


1730. For ſince the Diſtance of the Sun SE is vaſtly great in 


reſpect of the Earth's Semidiameter EQ, therefore the Hour 
Circles and Parallels will all be. orthographically projected, and 


by 
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by the above Analogies, the Path of the Moon over the Diſk of 
the Earth (or Plane of Projection) is determined by finding her 
Place thereon at two Inſtants of Time, one juſt before the Be- 
ginning, the other after the End of the Eclipſe ; it will be eaſily 
ſeen how the Moon, and any particular Place, as LoxDon, are , 
ſituated in reſpect of each other, and what are their Diſtances a- ' 
part at any given Moment, during the Paſſage of the Sha- 
dow. 
1731. For if from aſtronomical Tables you take the Sun's 
Semidiameter in your Compaſſes, and with one Foot placed on the 
given Moment of Time in the Parallel of London, you deſcribe a 
| Circle; and then from the ſaid Tables you take theMoon's appa- 
rent Semidiameter, and with one Foot of the Compaſles, placed in 
: the ſame Moment in the Moon's Path, you deſcribe another Cir- 
cle ; theſe two Circles will ſhew how the Diſks of the Sun and 
Moon are related to each other in the Heaven, in regard to a 
Spectator at London. 
1732. Thus if the Circles do not touch, the Eclipſe is not 
begun, or over; if the Circles juſt touch, the Eclipſe is then 
juſt beginning or ending. But if the Circle of the Moon lies 


0 over that of the Sun, there is an Eclipſe. If the Diameter of 
e the ſolar Diſk or Circle be divided into 12 equal Parts, or Di- 
2 gits, then the Number of theſe covered by the lunar Circle, 
e will ſhew the Phaſe and Quantity of the Eclipſe. But on theſe 
e Particulars we muſt not enlarge any further at preſent. 

n | 

Of a Lunar EclIrsx. 

te 1733. When the Moon is ſo near the Node at the Oppoſition 
ju M, that her Latitude is leſs than the Semidiameter VM of the 
ne Earth's Shadow QT W, it will be more or leſs immerſed into, 


of and eclipſed by it. And then by having the Moon's Latitude, 
er and Longitude (or Diſtance reduced to the Ecliptic) from the 
ar Plane of the Circle of Latitude paſſing through M, the Point of 
Oppoſition, you will by the ſame Analogies find her Place for 
in any Inſtants of Time on the Plane of Projection, and thereby be 
ur able to delineate her Path. - Only here, becauſe the Plane I F is 
nd between the Eye and the Object, the Sum of the Parallaxes is 
ce 0009607 or cow it is S M: S Q:: SM (or R QM): 
by Ff 2 SMQ; 
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SMQ; but R QM—QMS + QS M (632) = Sum * 
the Parallaxes of the Sun and Moon. 

1734. But to repreſent the lunar Eclipſe, the Diameter of the 
Earth's Shadow at the Point M muſt be known. In order to 
that, it is to be obſerved, that the Angle M Q R conſiſts of two 
others, viz. RQV and VQM; of which RQV = AQM 
= apparent Semidiameter of the Sun; and the other V QM = 
apparent Semidiameter of the Shadow at M. But RQM = 
AMS Qs M; therefore QSM + QMS—RQV= 
VQM. That is, from the Sum of the horizontal Parallaxes 
of the Sun and Moon, ſubtract the apparent Semidiameter of 
the Sun, the Remainder is the Semidiameter of the Earth's Sha- 
dow at M, and is therefore hah from the aſtronomical Ta- 
bles. 

1735. With this Semidiameter, as a Radius, deſcribe a Cir- 
cle on the Plane of Projection about the Point E, and ſhade it 
to repreſent the Section of the Earth's Shadow. From this Point 
E, let fall a Perpendicular to the Path of the Moon, and that 
will ſnew the neareſt Diſtance of the Centers of the Shadow and 
Moon. And by deſcribing ſeveral lunar Circles at given In- 
ſtants of Time in the Moon's Path, the Phaſe and Quantity of 
the Eclipſe will appear at each particular Inſtant (1732.) And 
as the Shadow of the Earth, at the Moon, is in Diameter near 
three Times as large as the Moon, therefore a lunar Eclipſe 
may be total to all the World for a conſiderable Time, whereas 
an Eclipſe of the Sun can be little more than momentarily ſo, as 
the Diſk of the Moon but very little exceeds that of the Sun, and 
that too but really happens in Eclipſes. 


1736. We have now explained and applied the perſpective 


Principles to the Doctrine of Eclipſes, and though there may 


be readier Methods of conſtructing an Eclipſe, there is none ſo 
punctual and exact as this, when applied by the Method of Inter- 
polation ; but that will be the Subject of a future Part of this 
Work. 

1737. The ſame perſpective Analogies are applicable to the 
TRransIT of VEnus and MERCuRy over the Sun's Diſk ; and 
as there is no Difference in the. Method of delineating the Path 
of the Planet, and that of the Moon in a ſolar Eclipſe, but 

what 
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what is merely verbal ; and that the Diſk of the Sun is to be put 


for the Diſk of the Earth, it is preſumed what has been faid is 


ſufficient for the Conſtruction of any Tranſit of thoſe Planets. 


CHN 


GNOMOoxIcs; or the PRINCIPLES of PERSPECTIVE 
applied to the ART of DIALLING. 


1738. I the Application of PERSPECTIVE to DIALLING, 
the Poſition of the Eye and Plane of Projection are in- 
terchanged; or the Eye is in this Caſe placed in the Center of 
the Sphere, and the Plane in Contact with its Surface. For in de- 
lineating the Hour- lines on a given Plane, it muſt be conſidered, 
that the viſual Ray which connects the Sun, and the Eye de- 
ſcribes the Plane of each Hour-circle, and of Courſe, in its Mo- 
tion through any Plane on the Surface of the Sphere, it will trace 
out the Hour- line on that Plane. 
1739. And it is quite the fame Thing whether we conſider 
the Plane of any Heour-circle projected on a given Plane at the 
Surface of the Sphere by Rays from the Sun, or by viſual 
Rays from the Eye in the Center; for ſince both the Sun and 


the Eye are in the projected Hour-plane, the Projection itſelf 


muſt be a Right- line on the given Plane (1464). 

1740. And, in ſhort, fince all great Circles of the Sphere 
paſs through the Eye in the Center, therefore they will all be 
projected into Right- lines on a Plane in any Poſition whatſo- 
ever, But with regard to leſſer Circles, they will be of one or 
other of the Conic-/efions, as they are poſited relative to the 
Plane. 

1741. Let APQS (Fig. 1.) be a great Circle of a Sphere, 
then will it be projected into the Right-line A B, infinitely con- 


tinued on a Plane touching the Sphere in the Zenith Z. And- 


any Part or Arch Z P is projected into Z D the Tangent there- 
of, 


1742. 
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1742. Let I L be the Diameter of any leſſer Circle parallel to 
the Plane AB, then will its Center K be in the Perpendicular 
N Z, and is projected into the Point Z; its Semidiameters I K 
and K L into the Tangents ZE and Z F; which as they are 


equal to each other, ſhews the Projection of a leſſer Circle parallel 


to the Plane, is a CIRCLE pon the Plane. 

1743. Let LG be a Diameter of a leſſer Circle in ſuch an 
oblique Poſition to the given Plane AB, that it may be wholly 
projected upon it within a finite Diſtance Z B; then it is evident 
the Center M will be projected into the Point D on the Plane, 
the Semidiameter I M into the Right-line F D, and the Semi- 
diameter M G into the Right- line D B; and ſince it is evident 
that D B muſt exceed DF, the Projection cannot be a Circle. 
But conſidering LN G as a right Cone, its Section (if continued 
out) by the Plane A B, muſt be an ELLIPSsIs (763). 

1744. Again, it is as evident, that if the Diameter G O of 
any leſſer Cirele paſſes through O, the extreme Part of the Dia- 
meter HO parallel to the given Plane AB; then, becauſe the 
Cone GN O (infinitely continued) is cut by a Plane parallel to 


one of its Sides NO, the Projettion of any Circle GO on that 


Plane will be aPARABOLA (740). 

1745. A ſmall Circle poſited in any other Manner than what 
is above ſpecified, will be projected into an HyPERBOLA, as is 
manifeſt from the ſame Principles of the Section of a Cone 


1765). , 


1746. We have ſhewn that the Interſection of the Plane of 
any Hour-circle, with a given Plane on the Surface of the Sphere, 


is the true Hour-line on that Plane (1738) and the Cale is the 


ſame if the given Plane paſſes through the Sphere in any Part, 
provided it be in a parallel Poſition ; for the Planes of the ſame 
Hour-circles will interſect two or more parallel Planes in the 
fame Manner; and therefore the Hour- lines will be the ſame in 
all; this is evident from (615 and 631.) 

1747. Hence it is conimon to repreſent the given Dial- plane 
as paſſing thro' the Center of the Sphere, as in Fig. 2. where it 
is denoted by DW B E. The Sphere with its Hour- circles, is 
there orthographically projected (1711) AQ is the Equator; 
1 P Qs is the Meridian, or Hour - circle of XII; and a, 5, c,. 

a, e, /, N, are the Elliptic- projections of the Hour-circles of 
12, 
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132, 11, 10, 9, 8, 7, 6, in the Morning, which are all at the 


equal Diſtance of 15 Degrees on the Sphere; for 24) 360® (= 
15 per Hour in the Sphere's Revolution. 4 

1748. The Planes therefore, of theſe Circles, will interſect 
the given Plane DW B E in the Lines N12, Nair, N10, Ng, 
Sc. which will therefore be the Hour-lines on that Plane; and 
thus they are to be conſidered in all the other Quadrants of the 
Plane. 5643 91 

1749. But when the Hour-lines are aſſigned or delineated on 
a Plane, it is neceſſary there ſhould be ſome Contrivance to in- 


dicate or point out the Moment of Time when the Sun is ſuc- 


ceſſively in thoſe horary Planes; now if the Plane of the Dial 
paſs through the Center of the Sphere, then the Expedient we 


require is found in the Axis of the Sphere PS, For ſince all the 


Planes of the Hour-circles interſect each other in the ſaid Axis, 
the Sun when it comes on any one horary Plane will projet 
that Axis into the Hour-line on the Dial-plane proper to that 
Hour-circle. 

1750. Moreover, as the Axis PS of the Sphere is that Line 


about which its Motion is performed, it muſt in it's ſelf be 


conſidered as abſolutely at Reſt. For any Line parallel to the 
Axis, in the Plane of any Hour-circle, has leſs Motion in Pro- 
portion as it is nearer to the Axis; and conſequently when it 
coincides with, or becomes the Axis, it can have no Motion at 
all. | | 

1751, The Axis therefore of the Sphere retaining always the 
ſame Poſition, if it be ſuppoſed to conſiſt of a fine inflexible Wire, 
it will intercept the Sun's Rays in the Planes of the Hour-cir- 
cles, and therefore its Shadow muſt conſtantly fall on the Hour- 
lines of the given Dial- plane, correſponding to the reſpective 
Planes of the ſaid Hour-circles; ſo that the Axis of the Sphere, by 
Means of its Shadow, will conſtantly indicate the Moment of Time 
when the Sun is in any Meridian. 


1752. Now the Plane DWBE is called the horizontal - 


Plane with reſpec to the Place Z, becauſe it is parallel to the 
horizontal Line A B, touching the Sphere in that Point ; and 
when all the Hour-lines are drawn upon the Plane for all the 
Meridians or Hour - circles the Sun can be in above the Plane, 


then 
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then this Plane with its Hour-lines, and Semiaxis N P com- 
pleats the Hox1zonTAL DIAL in the Sphere. 

1753. The Semiaxis NP is called the GNomon or "wp of 
the DraL ; and its Elevation or Height B NP above the Plane 
of the Dial, is always equal to A Z the Latitude of the Place. 
For AP Z B = Quadrant; from each of which take away 
the common Arch Z b, and there will remain A Z = PB. 
Therefore alſo the Stile's Height is equal to the Elevation of the 
Pole in the Latitude Z. 

1754. If the Plane be in a vertical Poſition, or paſſes thro' 
the Zenith.and Nadir Points Z and D, and is the Plane of the 
prime Vertical (as Fig. 3.) then ſince the Sun cannot be on or 
above ſuch a Plane, but from VI to VI; no other Hour-lines 
need be drawn upon it. And in this Caſe, the Oppoſite or South 
Pole S is elevated above it in the Angle DNS = ZNP = the 
Complement of the other Elevation PN B to a Quadrant, Here 
alſo the other Semiaxis NS is the Stile; and this is called an 
ereft and direct SOUTH DIAL. And the other Side of the Plane 
is a North Dial, for the Hours before VI, and the Stile is 
NP. 

1755. It is eaſy to obſerve, that this e Dial is an hori- 


Zontal One in the South Latitude D, which is the Co-Latitude 


of the Point Z, ſince Z D = go Degrees. The Meridian 
Line ND or Hour: line of XII is directly under the Gnomon or 
Stile NS, and is therefore called the Sub/tilar-line or Sub- 
flik. 

1756. If we ſuppoſe the Plane to continue vertical, but to de- 
cline or- move towards the Eaſt or Weſt; then it becomes an 
Eaſ or Weſt declining D1AL ; and it is evident in ſuch Caſes, 
the Angle which the Stile NS makes with the Plane is leflened, 
and the Subſtile departs from the Hour line of XII, or rather, 
this departs from that, towards the Eaſt or Weſt. 

1757. When the vertical Dial has a Poſition directly EAI of 
Weft, then the Axis P'S of the Sphere is in the Plane; and con- 
ſequently the Stile of an E2ff or Veſi Dial, muſt be parallel to 
the Plane thereof, and the Height of it may be taken at Pleaſure, 
and will be always equal to the Diſtance of the Hour-lines of III 
and IX, from the Middle-line of VI, And as the Plane of the Dial 


is 


* 
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is now in the Plane of a Meridian, it is an horizontal Dial under 
the EQUATOR every where, and is therefore called an Equa- 
TORIAL DIAL. 

1758. With reſpect to the horizontal Plane DW BE (Fig. 

2.) it is evident, that as the Point Z approaches the Pole P, 
the Plane will approach to that of the Equator E Q; in which 
Caſe the Axis PN becomes perpendicular to the Plane, and 
marks out the Hour by dividing the Plane into 24 equal Parts; 
and ſuch an One is called a PoLAR DIAL, as being an harizon- 
tal Dial under the Pole P. 
1759. This PoL AR DIAL (commonly called an eguinacbial 
Dial) with a perpendicular Stile, being drawn on a Plane, and 
that Plane elevated to the Latitude of a Place, the Hour of the 
Day will be ſhewn upon it, by the Shadow of the Perpendicular, 
with the ſame Exactneſs as on a common horizontal Dial for 
that Latitude ; and therefore this Dial is, in its own Nature, 
an UNIVERSAL DiAl, for all Latitudes or Parts of the 
World. 

1760. The Eye being in the Center N of the Sphere projects 
the Parallels of the Sun's diurnal Motion on a given horizontal 
Plane into one of the Comic Sections; for let AE C be the Sun's 
Declination, then CR is the Diameter of the Parallel of its 
Motion on that Day; and CN R the Section of the Cone de- 


ſcribed in the Sphere by the viſual Ray drawn from the Eye to the 


Sun. Now ſince CR is parallel to the Equator E Q, the Axis 
PS will be perpendicular thereto and therefore upon a hori- 
zontal Plane at the Pole P, which is parallel to C R, the Pro- 


jection of the Parallel, which is a Circle, will be a CiRCLE 


alſo (1 504). 

1761. Produce the Side of the Cone RN to V; then EC 
AV; and on VR erect the perpendic hir L N on the Cen- 
ter N. Than upon an horizontal Plane n the Latitude L, 
which will be parallel to the Side of the Cone N R or VR, the 
Prqjection of the Cone's circular Baſe, or parallel of the diurnal 
Arch, will be a PARaBOLA (1525). 

1762. Hence upon every horizontal Plane between the Pole 
P and the Latitude L, the circular Baſe, or Parallel muſt be pro- 


jected into an ELL1PS1S, more eccentiic in Proportion as the 
Vor. II. G g Plane 
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Plane is nearer the Point L (1507) for every ſuch Plane will 
cut both the Sides of the Cone C N R produced, 
1763. And on the other Hand, upon every horizontal Plane, 


between the Equator and the Latitude L, the Baſe of the Cone 


will be projected by the Eye into a HyPERBOLA (1506) be- 
cauſe ſuch a Plane muſt cut the Side CN of the Cone CNR, 
and the Side VN of the oppoſite Cone VN T, when pro- 
duced. 


1764. Becauſe ZC — LP, therefore EL = CP = 


Complement of the Sun's Declination; therefore in all L.ati- 


tudes leſs than the Co-Declination, the Projection is an Fyper- 
Bola; in all Latitudes greater, it is an Ellipſis; and in the Lati- 
tude equal thereto, it is a Parabola. In the Latitude go, the 
Ellipſis becomes a Circle; and in the Latitude oo, or in the E- 
quator, the Hyperbola degenerates into a Right line. 

1765. Hence we dave an eaſy Tranſition to the Shadows caſt 
by a Gnomon on the Plane of any horizontal Dial. For the ſame 
Ray which projected the Sun's diurnal Path or Parallel on a 
Plane, projects alſo the Shadow from the Point of the Gnomon 
on the fame Plane. Thus ſuppoſe a Plane (ab cd) placed pa- 
ralle] to A B, below the Center N of the Sphere, cutting the 
Axis in E, fo that the Part of the Axis EN becomes the Gno- 


mon on that Plane, then it is evident, the ſame Ray NC pro- 


jeQs the Parallel of C R on the Plane at A B on one Hand, and 
the Shadow of the extreme Point N of the Gnomon on the Plane 
(abe d) on the other; and that when the Sun is in the Meridian 
at C, the Shadow of the Gnomon falls in the Subftile E on 
the Point I, at the Diſtance F I from the perpendicular FN. 
1766. Now becauſe of the Paralleliſm of the Planes, the 
Curves deſcribed by the Shadow will be exactly the ſame as thoſe 
of the projected Parallel of the Sun's diurnal Path; that is to 
fay, (1.) Under the Pole P, the Shadow of the Point N will 
deſcribe a CIRCLE. (2.) At the Latitude L, equal to the Co- 
Declination of the Sun, it will deſcribe a PARaBoLa. (3.) On 


all other Planes between P and L it-will defcribe ELLI SES, 


(4.) In all Latitudes from the Equator to the Point L, the Path 
of the Shadow will be a HyPErBoLa. And (5.) When the 
Sun | is in the Equator at , the Shadow will fall on K, at 

Noon, 
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Noon, and its Path will that Day be the Right-line g K 5. 
(1760 to 1765.) 

1767. Hence it appears, that when the Sun enters Cancer, 
and AC = 29? 30), then Lis in Latitude 66* 307, and conſe- 
quently, the Shadow can deſcribe Ellipſes only in the frigid Zone 
LP, when the Sun is altogether above that Horizon; and its 
Altitude on the South and North Part of the Meridian un- 
equal. 

1768. If the Height of the Gnomon N F be made the Radius, 
then the Angle NIF = C NH is the Sun's Meridian Altitude, 
and the Angle INF its Co-Altitude ; then ſay, as Radius to 
N F, fo is Co-Tantent of the Meridian Altitude, to the Di- 
ſtance of the Shadow FI; when the Sun is in C. If C I be the 
Ecliptic, then the Points I, K, and W, will be found by this 
Analogy for the ſolſtitial and equinoctial Days. 

1769. Hence if the Dial- plane be of a ſufficient Length, all 
the Parallels of the Sun's Declination may be deſeribed thereon 
at his Entrance into each of the 12 Signs. Thoſe of the firſt Six, 
or Summer half Year, will fall between K and I; and thoſe for 
the Minter, between K and W. In our Latitude of 51 307, we 
have Radius: Tangent of 75 :: FN: FW:: 1: 3,7 


nearly. 


1770. Suppoſe E Z QS a graduated Braſs Meridian, ſuſ- 
pended from a Ring at Z, which is moveable and ſet to the La- 
titude of the Place; then if CR be the Tropic of Cancer, and 
V T the Tropic of Capricorn; and (nm) a Plate of Braſs in the 
Axis of the Sphere, with a moveable Piece containing a ſmall 
Hole which may be placed any where between and n; the 
Ray of Light paſſing through that Hole, when properly ad- 
juſted, will, from the Meridian Sun, always fall on the North 
Point Q of the Equator, for when the Sun is in Cancer at C, 
and the Hole at (n) the ſolar Ray will ben Q parallel to CN; 
and when the Sun is in Capricorn at V, and Hole at (m) the 
Ray will be in Q parallel to V N, and therefore every Day, at 
Noon, the Ray will paſs through the Hole to the Point Q. e or 
Hour of XII in the Equator. 

1771. Alſo when the Sun is on any other Hour-circle before 
or after Noon, it will ſtill paſs through the Hole, (adjuſted to the 
Day,) to the Equator, but juſt as far from Q, as the Hour-cir- 
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dle is from the Meridian; becauſe the. diurnal Motion of the 
Ray N C, and the Motion of the Ray parallel to it, will 
neceffarily be the ſame; therefore the Ray through the Hole in 
the Axis will ever point out the Hour on the Periphery of the 
Equator. And this is the Rationale of the Conſtruction of the 
wniverſal Ring-Diar, the Form of which is exhibited in 
Pig. 5- 
1772. We ſhall finiſh this Theory of perſpective Dualhng, 
viith obſerving that the Hour-lines of any Dial are laid off by 
the Tangents of the Angles which the projected Meridians 
make on the Horizon of the Place. For let W N ES (Fig. 6.) 
be the Horizon of LoxDon, Latitude 51* 30”, on which pro- 
ject the Sphere, and the horary Meridians will interſect the Ho- 
rizon in the Points 1, 2, 3, 4, Sc. The Eye being in the 
Center C; let the Plane of Projection touch the Sphere in N; 
then is (ab) the horizontal Line, and N C the vertical Line; | 
and then to ſhew from the Rules of Perſpective, that the Hour- 
line of Il paſtes thro* (2) the Point of Interſection of the 2 o'Clock 
Meridian with the Horizon; we have CN rr, c2 = Ng = 
Q verſed Sine, or Diſtance from the horizontal Line; and 
Nc =g2= 5s = Sine of the Arch N 2, or Diſtance of the 
Point (2) from the vertical Plane, Then becauſe that Point is 
between the Eye and Plane of Projection, the Analogy is (1691) 


rs 74 


1— = (becauſe here » = 1) 
nr —Y 7 


ls. -_ 


1 


2s nr] — : r: : 5 


= — ( putting c = Co-Sine Cg) which therefore is the Di- 
fur N 4 of the Hour- line of II from the vertical Plane CN, 
But — 1 Nd = Tangent of the Arch Na; (fors:c: 


<7 0g: Sant CN; Cit.) Therefore the Hour-lines of u 
Sinn Dial are drawn from the Center C thro the Points of Inter: 
feetion of the Hour-circles with the Horizon of the Place.“ 
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SPHERICAL IRIGONOMETRY. 


CHE t- . 


Of the Nature of SPHERICAL TRIANGLES, with 
4 SOLUTION of all their Cass. 


1773. WV have heretofore conſidered the Dimenſions of a 
| SPHERE with regard to its ſuperficial, and ſolid 
Contents in the [n/irutions of plain Geometry; that which we call 


ſpherical Geometry being converſant chiefly about the Relation, 


Magnitude, and Inclination of the GREAT CiRCLEs of the 
SPHERE ; and more particularly the various TRIANGLES that 
are form'd by their Interſections on its Surface; whoſe Properties 
and Affections we now proceed to treat of. And firſt of thoſe 
which are Refangular. 

1774. A Spherical Triangle, is that whoſe three Sides are ſeve- 
rally the Arches of three great Circles of the Sphere, interſecting each 
ether in the three Angular Points. And the Angles of every 
Triangle are meaſured by the Arches of Circles; therefore the 
Arches of Circles are the Meaſures of every Part of a Spherical 


. Triangle, | 
1775. And as the Quanity of the Arches themſelves is deter- 


minable only from the Relations of thoſe right Lines which 
are called their Sines, Tangents and Secants, as they ſtand con- 
ſtructed with the Radius in a plain Triangle, (706 to 708.) 
Therefore the Solution of a ſpherical Triangle, differs in no- 


S 
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thing eſſential to the Operation, from that of a common plain | 


Triangle. 

1776. Let ABC (Fig. 1.) be a right: angled ſpherical Tri- 
angle on the Surface of the Sphere, and ſuppoſe the Sides con- 
tinued out indefinitely in the Baſe AB to E; the perpendicular 
AC to H; and the Hypothenuſe BC to I. On the Angle B 
draw the great Circle G F E thro' D the Pole of the Baſe A B; 
and on the Angle C, draw the great Circle G H I thro' G, the 
Pole of Hypothenuſe B C. Then will there be form'd the four 


Triangles EB F, EDA, ICH and I GF, each having two 


right Angles, and two quadrantal Sides, as is evident by Inſpec- 
uon. 

1777. There are alſo form'd two other right Angled ſperical 
Triangles. viz. CDF right Angled at F, and G D H, right 
Angled at H, which may be called complemental Triangles with 
reſpec to the Original, or given Triangle A B C. 

1778. For in the firſt C ED the Baſe CF is the Comple- 
ment of the Hypothenuſe BC, and the Angle at the Perpendi- 
cular, D= A E, is the Complement of the Baſe AB. And 
the Hypothenuſe C D, is the Complement of the Perpendicular 
AC. And, laſtly, the Perpendicular D F is the Complement 
of E F = B, the Angle at Baſe; the Angle C at the Perpendi- 
cular, being the ſame in both. 

1779. And in the other Triangle D G H, the Baſe G H is the 
Complement of HI = C in the given Triangle AB C. The Per— 
pendicular DH AC, becauſe A D and C H are Quadrants. 
The Hypothenuſe DG g E F = B the Angle at Baſe. The 
Angle at Baſe GS IF = BC the Hypothenuſe of the given 
Triangle. And the Angle at the Perpendicular, D= AE, the 
Complement of the Baſe:A B. 


1780. Now by help of theſe Quadrantal and Complemental 
Triangles, the Canons or Analogies for the Solution of all the 


Caſes of a right Angle, ſpherical Triangle ABC, may be eaſily 
, derived "he the two following Theorems. 


TRHEOREM I. 


Inaright Angled ſpherical Triangle, the Radius (or Sine of 90 De- 
grees) to the Sine of the Baſe, as the Tangent of the Angle, at Baſe 
is to the Tangent of the Perpendicular. For let E BP (Fig. 2.) 
be a fourth Part of the Orthographic Projection oſ che Spheie on the 


Plane 
*S 
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Plane of the Meridian (1710.) And let ABC be a right- an- 
gled ſpherical Triangle form'd on the Globe, by the three great 


Circles E B, BF, and AP. Then is BC the Sine of the Hy- 


pothenuſe, and A B the Sine of the Baſe (1690.) CH is the 
Sine of the Perpendicular A C, and F E the Sine of the Angle at 


Baſe B; alſo A D, and & G, are the Tangents of the ſame Parts. 


And becauſe of ſimilar Triangles ABD and EB G, (657) 


we have as A B Radius is to A B the Sine of the Baſe, ſo is Æ G the 


Tangent of the Angle at Baſe, to A D the Tangent of the Perpendi- 
cular AC, Q. E. D. 


1781. THEOREM II. 


The Radius (or Sine of o Degrees) is to the Sine of the Hypothenuſe, 
as the Sine of the Angle at Baſe is to the Sine of the Perpendicular, 
in every right-angled ſpherical Triangle. For by Reaſon of the 
ſimilar Triangles CB H, and F B E, we have FB:CB:: 
FE: CH. 2. Z. D. 


1782. By theſe two Theorems, all the Caſes of a right An- | 


gled ſpherical Triangle are ſolved. That is, of the three Sides 
and three Angles, if any two are given, beſides the right An- 
gle, the other three Parts may be found ; and here it muſt be ob- 
ſerved, that either of the two Sides A B or A C is reckon'd the 
Baſe, as the Angle B or C is given. And therefore there can be 
but a ſixfold Variety, or different Caſes in regard to any right- 
angled 5 which here follows. | 


1783. Cas I. 


Grven the Baſe AB, and Angle B; (Fig. 1.) to find the 
Perpendicular AC. In the quadrantal Triangle EBF; it is 
BE: BA:: t FE: r AC; that is R:5BA::eB:;:zAC 

(1780). 

1784. To find the Hypothenuſe BC ; in the quadrantal Trian- 

cle ADE, we haves DE: D F:: AE: CF; chat is, R: 


B:: ct AB: et BC. 


1785. To find the Angle C. In the quadrantal Triangle F GI, 


we have, as FG: DG:: D: G; that is, R: 2B2: 


e AB: 5 C (1781). 


1786. Cas 
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| | SE en 1786. CASE II. 
| | E * the perpendicular A C, and Angle at Baſe B; to find ik 


Baſe AB. In the quadrantal Tioga FBE we have EF: 
 tAC::5BE:5BA; ,tB:tAC::R:5BA, 

1787. To find the Hypothenuſe BC ; we have E F: AC: 1 

BF: BC; . 3B: AC:: R: 3B C. 

1788. To fiudebe Angle C. In the quadrantal Triangle HCI, 
it is, s DC: DH:: DF: HI; .. AC: R: 1c B. 
| C. | | 
| 1789. CAs E III. 
| | Given the Hypothenuſe BC, and the Angle at Baſe B; to find the 
Baſe AB; In the quadrantal Triangle ADE, we have 5s DF 
2 DE:: CF: AE; . B: R : ct BC: cr AB, 
or R: B:: BC: AB.“ | 

1790. Tofind the Perpendicular AC. In the quadrantal Tri- 
angle EB F, there is BF: BC :: EF: AC; * R. 
4B C:: 3B: AC. | 
1791. To find the Angle C. In the quadrantal Triangle HCl, 
it is CF: CI: : DF: HI; that is, cs BC: R::ceB 
12 C. . 

1792. CASE IV, 

Oven ile Baſe A B, and Perpendicular A C; to find the Hypo- 
thenuſe BC. In the quadrantal ADE, there is sAD : DC 
2: AE: CF; thatis, R: c CA:: c AB: cs BC. 
1793. To find the Angle B; we haves AB: R:: AC: 25 


— 
- — — — — — — — — 
= 


(1786). 

[ - 1794+ To find the Argle C; ACR B / 
{ ; | * Reaſon as in the laſt. | 

| 1795. CAs E V. 


ll ee, the  Hyethnaſe B C. avd the Puyendiculer N C. Ml 
find the Baſe AB. As c AC: R:: c BC: AB (1792). 


4 1796. To find the Angle B; BC: RAC: 53 (1787). 
| 170%. To find the Angle C; in the quadrantal I G F, we have 
; elJF;sDH:::GI: GH; that is, BC: R:: AC: 
? 1 : 

3 1798. Cas8 


i= * Becauſe the Co-Tangents of any two Arches are inverſely as their 
Tangents, as is ſhewn hereafter at (1834). 
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1798. CASE VI. 


Give the Angles B and C; to find the Baſe AB. As B: 
C:: R: AB (1785). 

1799. To find the Perpendicular A C. As C: c B:: R: 
AC (1785). 

1800. To find the Hypothenuſe BC; in the quadrantal IC H, 
we have HI: DPF:: CI: CF; which gives t C cs 

:: R cs BC. 

1801. The two Angles B and C of every tieht-abpted . 
rica] Triangle, are together g greater than the right Angle A; 
for the Angle B =EF = GD; and the Angle C = — $1 
but-l H + DG, is greater than IH + HG = go Dr 
or a right Angle, whence the Theorem is evident. 


K — 


— 


SHH. 


The Method of determining the FLuxIONs of the 
' StDE$ and ANGLES of a right-angled SPHERICAL 
TRIANGLE. 


[Pratt I. Of SPHERICAL TRIGONOMETRY.] 
1098s F the Semi- diameter of the Earth bore no ſenſible Pro- 
portion to the Diſtance of the heavenly Bodies; if we 
could view them not through a rg Medium; if the Poſi- 
tion of the Earth's Axis were immutable, and laſtly, if there were 
no Obliguity of the Ecliptic, then the Subject of this Chapter 
would be unneceſſary. 

1803. But asthe Caſe now ſtands, we find a ſenſible Difference | 
between the true and apparent Place of the Sun, Moon, and Planets, 
on Account of their Parallax (1724.) Refraftion (1321.) Motion 
of the Earth's Axis, &c. by Means of all which the Latitude, 
Longitude, Rig ht. Aſcenſion, Declination, Altitude, Azinnith, f on 
plitude, Hour- Angle, Qc. will all be affected in the ſawe Man- 
ner as if the great Circles by which they are aſcertained were 
continually moveable through a very ſmall Space, one Way and 
the other, about their Axis in the Sphere. 

Vol. II. H h 1804. 
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. 1804. Therefore it becomes neceſſary, where Exactneſs is 
xequired, (as in Aftronomy, Navigation, Gc.) to make a proper 
Correction of the Computations made by ſpherical Triangles, 
by ſuppoſing ſuch a ſmall Motion in any ope of the Circles of 
which that Triangle conſiſts, and from thence to find the Fluxi- 
onary Increaſe or Decreaſe of its other Sides and Angles reſpeQive- 
ly, occaſioned thereby ; which will expreſs the Quantities ſought 
from the Parallax, Reſraction, &c. given. 

1805. Therefore (in Fig. 1.) if we ſuppoſe the Circle HDA 
to be moveable upon the Pole D; and to change its Situation 
from H DCA to Dea; then it is evident, that in the three 
variable Triangles ABC, D CF, and DHG, there will (be- 
ſides the Right-angle) be one Part conſlant in each, and the 
other Parts all variable; thus the Angle B = EF, is conſtant 
ig ABC; the Side DF in DCF; and the Hypothenuſe G 
in DGH. 

1806. For Diſtinction Sake, let X, Y, Z, denote the M- 
pothenuſe, Baſe, and Perpendicular of the Triangle AB C, and 
et C d be drawn at Right- angles to the Circle h Da. Then is 


Aa = = L, the Fluxion of AB; but — Y is the F luxion of 
its Complement AE; Cc = X, and de * Alſo the 
Fluxion of the Angle IH, sHe= C. Which Fluxi- 


onary Parts are thus determined. 
1807. In the — quadrantal Triangle AD a, we have 


(1780.) DA: DC:: Az: Ca, or R: DC:: Aa: C4 
; DX AC EV 


my R R 
1808. The ſmall "2 AE Triangle c Cd may be eſteemed 
Rectilinsal, which gives this Analogy. As tC (Sc): R: C4 


Ken AC . 
: ca; that is 2 R: 1 2 . * Y=cd= 


Z (1807). 
1809. Alfo, in the ſame Triangle, w3C': R:: Cd: Cen a 


. . 
MOI "= 7 — C — 0 
n 


18 10. 
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1810. Laſtly, DA: sDH:: Aa: He (1785) 3 but DH 


= AC; therefore R: AC:: Y: Ct = He = G, 


or the Fluxion of the Arch IH which meaſures the Angle C. 
1811. In the Triangle C DF, having one Side D F conſtant, 

the Fluxions of the other Parts are derived from the above Equa- 

tions by Subſtitution of equal Parts; for becauſe cs A C = 


DC, and + X K in Quantity; therefore 


DC - 
$05; 
Y =— X (180), the Fluxioh of the n * or 
Baſe C F. . 
© . be Ry 

1812. For the ſame Reafor - 7 „ = — Z cd the 
Fluxion of the decreaſing Hypothenuſe D C (1808). 
22 x Y=C=H e, the Flux- 
ions of the increaſing Angle C, or Arch IH. The Fluxion n of 


the Angle D, or Arch A E is s negative, or Aa = Y == = 
8 

71 67 the 

1814. In the Triangle DG H, the kd DG beiog 

conſtant ; the Fluxions of the variable Parts are found * Sublti 

Zane Y = Z, or Fluzion 

of the Side D H, which is Poſitive (1808), 


c DH 
70 H * x V2 X, the Fluzion of the 12 


gle G, which is alſo "poſitive (1808). 

1816, And then for the Fluxion of the Side G H, (which 
will be, in this Caſe, negative) we have ** » Y = 0; 

1817. In the Demonſtrations hitherto, the Letters > Mg 3 
are uſed in Reference to three Triangles, and . they 
ſeparately denote an Angle, and ſometimes a Side: But if we 
have regard to one Triangle only, we muſt uſe ſuch Symbols as 
will denote the ſeveral Parts abſolutely. Therefore let H be 
the Hypothenuſe ; A and a, the two Sides; and B, b, the two 


H h 2 An 


1813. Laſtly, we have 


tution of Equaſs as before, T hus 


1815. Alſo, it is nets 


. 

14 
. 
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Angles adjacent to them reſpectively. Then will the Equations 
in each Caſe or ate be transformed, in the following 
Manner. | | 


1818. Cas E I. 


When one Angle B is invariable, we have cs AC x Y = 


1Cx Z (1808.) become cg x A =tb x a, and ſa of the 
Reſt, whence we derive the following Equations and Au 
Lies. 


. A tba; 12 : tb: 32 (1808). 
2. AS bH; A: H: 5b: cg a (1800). 
3. a AS Rb; A: b:: R: 3a (1810), 
un sb: tb: Fo F £70 42. W 


1819. Cas II. 
Wen one Side A is invariable, _ 
1. HB = - b a; . B: — 4:5 b: Ul (1811), 
e — H:: 2b: H (1812). 
3. HB R bz. B: b:: R: H (1813). 


1820. CAs E u. 
When the Hypothenuſe H is conftant. 
I. AB = ctaA;. „ A: B: :tsA:cta(1814). 
f 2. ABS bz B: b:: ca: mths 
3. AB = —R az. B: — = : $A (1816). 
ia. 88 ta: a: R:: An b. 
1821. From theſe Equations, it is evident, there is a three- 


fold Value or Expreſſion for the Fluxion of every variable Part; 


and many Equations to expreſs the Ratio of any two Pluxions, 
beſides thoſe here ſpecified. The great Uſe of this Doctrine of 


Huxionary Trigonometry we ſhall hereafter particularly illuſtrate 
and exemplify in all the above · mentioned Caſes. 
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Cr nt LTES 
THEOREMS fer the SOLUTION of the CasEs of Ob- 
\.* * lique Spherical TRiancGLEs. 


— HEN each of theſe three Angles of a ſpherical 
Triangle is greater or leſs than a Right-angle, it is 
called an Obligue Triangle, as BCD (Fig. 3.) In ſuch an one 
all the Angles are uncertain, and en three Parts out of the 
Six muſt here be given, to find the Reſt ; and conſequently there 
will alſo be Six Caſes in the Solution of an Obligee Triangle. In 
order to- which, the Ten following Theorems muſt be an 
miſed. 
1823. THEOREM I. a 


In every oblique ſpherical Triangle, the Sines of the Sides are pro- 
portional to Sines of the oppoſite Angles. To demonſtrate this; let 
fall the Perpendicular C A on the Side BD (continued out Fig. 
3.) and it will be as R: 3B C:: 3B: AC; and again, R: 
CD:: D: AC (1781). Therefore Re AC = $s5BC 
X 5B = 5CD XD; whence BC: DC:: D: 5B. 


1824, FTuzoREm II. 


In an oblique jpherical Triangle BDC, drawing the nene 
lar C A, the Tangents of the Sides BC and C D are reciprotally | 
proportional to the Co-Sines of the vertical Angles. For in the 
right-angled Triangle AC B, it is, Rec AC B:: TBC: 
1 (1789.) and in the Triangle AC D, it is R: DCA 

:t DC: tAC. Therefore c5ACB * BCS RN AC 
= 5 DCAxtDC; conſequently t BC: DC: :c5 ACD 


12 
1825. Tuszoren III. 
In the oblique Triangle BD C, with the Perpendicular A c. Ihe 
Co-Sines of the Sides B C and C D are direfth propertioned to the 
Co-Sines of the Parts of the Baſe A B and AD. For in the right. 


angled Triangle AC B, it is, R: c AC:: c AB: 33 C, 


(1792) 
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(1792) and for the ſame Reaſon R:csAC::cs AD: c5DC, 
Therefore om above) csAB : c B C:: AD: c5DC. 
| 1826. TyHeorReM IV. 

In the ſame oblique Triangle B D C, the Co-Sines of the Angles at 
Baſe are directly as the Sines of the vertical Angles. For as R.: 
SACB::csAC:csB(1785) and as R: AC D:: c AC 
c D. Therefore cg B: c D:: AC B: ACD. 2. E. D. 


1827. TEOREU V. 


Fu the ſame oblique Triangle B CD; the Sines of the Parts of the 
Baſe AB and A D, are inverſely as the Tangents of the Angles at the 
Baſe. For R: AB:: B: AC (1783.) and R: A D:: 
D: rA C. Therefore s AB LHB ( RN AC) AD 
X tD, whence AB: AD: : D: fr B. 2. E. D 


1828. THEOREM VI. 
As the Sum of the Sines of two unequal Arches is to their Dif 


rence; ſo is the Tangent of half their Sum to the Tanget of half their 


Difference. For let ACM be a Quarter of a Circle (Fig. 4.) 
in which take the two unequal Arches AB, AC; their Diffe- 
rence is BC, which is biſected by the Radius OD. Then 
A Dis half their Sum, and DC = DB half their Difference. 
The Sines of the Arches are BG and CH; and the Co-Sines 
OG andOH. Through the Points B and C draw the right 
Line IP, and parallel to it draw K Q touching the Circle in 
the Point D; alſo draw NE parallel to AO, and E F perpen- 


dicular thereto. And laſtly, through C draw OL, then is 


DQ the Tangent of half the Sum of the Arches AD, and DL 
the Tangent of half their Difference CD; and D K is the Tan- 
gent of D M the Complement of AD. Then becauſe CD = 
BD, rCE E E, we have alſo HF = F G, and therefore 
CH + BGS 2E F, and CH—BG =2CS (221). But 
2EF:2CS:: EF: C8 {696:) :: ET: EC:: DQ: DL 
(657. ) therefore CH BG: CH- BG: : D Q {Tangent 

8 DL (Tangent of DC). 2. E. D. | 


1829. Turn- 
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1829. THEOREM VII. 


The Sum of the Co-Sines of two unequal Arches, is to their Diffe- 
rence, as the Co-Tangent of half the Sum of the Arches to the Tangent 
of half their Difference. For OG + OH = 2OF, and OG 
— OH = 2HF (221.) "Therefore: 2OF :2HF::OF: 
HF (:: EN: S E): : EI: EC:: DK: DL; therefore the 
Sum of the Co- Sines OG + OH: OG — OH (their Diffe- 
rence) : : DK (the Co-Tangent of AD): DL, the Tangent 
of DC. E. D. 


1830, THEOREM VIII. 


In any oblique Triangle BDC, (having drawn the Perpendicular 
AC, and biſefted the Baſe in E,) it will be, as the Co-Tangent of 
half the Sum of the two Sides is to the Tangent of half their Difference, 
ſo is the Co-Tangent of half the Baſe, to the Tangent of the Diſtance 
(AE) of the Perpendicular from the middle Point (E) of the Baſe. 
For we have cs AB : cs AD :: BC: cs DC (1824). 
a Whence cs BC + cs DC : cs BC — csDC :: cs AB 
P TS AD: AB - AD, (648, 649.) Butcs BC + 
} (:DC:coBC—coDC:i ca S 
n (1829.) Alſo c AB þ cs AD: c5 AB - AD :: 

AB+AD AB—AD 


©... x5. Mc. 5 


@ ct — t : ::cfBE:tAE; and hence by 
x4 Equality (652) ct CER — 2 ck: 
** AE. L. Fg / - 


4 1831. THEOREM IX. 

* In any oblique ſpherical Triangle, the Tangent of half the Baſe is 

— to the Tangent of half the Sum of the Sides, as the Tangent of half 

re the Difference of the Sides is to the Tangent of the Diſtance of the Per- 


ut pendicular from the middle Point of the Baſe. For ſince K O 
L (Fig. 4.) is a Right-angle, - and OD perpendicular to the 
nt Baſe K Q it is D Q: DO:: DO: DK (660.) 3 
| DK = 5 T or becauſe DO*® i is copſtant, it is DK: 50 
. or the Co- Tangent of Arches are as the Tangents reciprocally. 


N There- 
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3 . :tBE: GT 


1 —.— N A (8290 9. E. D. 


15 THEOREM . 


* the Co- Tangent of half the Sum of the Angles at Baſe, 4s tothe 
Tangent of half their Difference, ſo is the Tangent of half the verti- 
cal Angle to the Tangent of the Angle which the Perpendicular makes 
the Line biſefting the vertical Angle. Let the Circle CF biſect the 
vertical Angle BC D (Fig. 3.) Then it is, R: AC B: AC 
:csB (1798) and R: ACD: : AC: D. Therefore by 
Equality (652) and Permutation, we havecsB:csD::sACB 
:sAC D; and therefore it is «5B F cs D: B — 4 D:: 


AC BT SACD: -ACB $ACD (.:: Fm 


: e =D (1829) 1 BCF ACF (1828.) 4 E. P. 


r. IV; 


The Mer the Six Cars of Oblique Sphe- 
rical TRIANGLES. 


1833. c 1 6 


IVEN the two Angles B and D; and the Side B C 
oppoſite to one of them'; to find the ther Angle and Sides 


(Fig. Phe Analogy for Tn Hs fy e s B 


ce (1823.) 

' | 1834. To find the Angle BCD; os kinks BC: R :ctB 
2 tACB (y 1791.) Then, it is, B: D:: AC B 
ACD (1826); wherice the whole Angle BCD is known. 

1835. To find the Side or Baſe BD; we hate R: csB: 
BC: ” AB (1784, 1831.) Then, as'tD: B:: AB: 
«AD * Whenee AB * ADS BD required. 
1 1836. Cas 


DJ» We t- 
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1836. C AsE II. 
Given tba Anzles Band B C D, * 4 $:4; RC hettween 0. ; 49 


find the other Angle D. Firſt, R: BC: gry £<tB CA (1791, 


— ; whence ACD is alſo known. Thens ACB:5ACD 
:c;:B : c5D (1826). | 
1827. To" find the Side DC. Gay as, R:csBC:;rB: 

ct ACB (1791, 1831) hence ACD is known, Then 

rs DCA: c5BCA::4BC DC (1824). 8 
1838. To ind the Side BD. The Proceſs is hen the ſame, 

as for the Side CD, if from the End B of the given Side BC, 

you let fall the Perpendicular B A oppoſite to the given Angle 

BCD. 

1839, Cast III. 

Given two Sides B C and CD, and an Angie B oppoſite to one of 
them; to find the other Side BD. Say, as R:csB::cBC: 
tAB(1789, 1831). Then eg BC: cs DC::;c5sAB:isAD 
(1825). Whence AB + AD = BD ſought, | 

1840. To find the included Angle BCD. Firſt fay, as R: 
1 :tB:ctACB (1791, 1831). ThentDC : «BC 

AC B: A C D (1824). Whencs ACR + ACD = 
B C. 

1841. To find the oppoſite * D. Say, = DC: 5B: 
BCD (1843). 

N. B. It muſt here be Ms: that 1 the Side DC i: is 
leſs than BC, this Caſe will be ambiguous in all its Parts; 
ſince it will be uncertain from the Data, whether the Angle Dis 


Obtuſe or Acute; ſince the Sine of an Angle, and af its Comple- 
ment to 180 Degrees, is the ſame, 


1842. CasE IV. 


Given two Sides B D and BC, and the lake Angle B; to find 
the other Side C D. Say, as R: e B:: BCO: ae 
1831.) whence A D is alſo known; then R: AD: 
e5BC:csCD (1825). 

1843. To find the Angle D. Say, as R: TY C ny 
(1791, 1831.) whence AD is known; ten AD: 3D: 
iB:tD (1827). 

Vor. II. Ii f 1844. 
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1844. To find the Angle C. Let fall the Perpendicular D a 
on the given Side B C, and oppoſite to the given Angle B; then 


R: B:: t BD: Ba, and then aC is known; conſequent- 
1a C: 4B: 1B: Cas above (1843). 


1845. CASE V. 


Given all the three Sides BD, BC, and CD; to find an Angle, 
ſuppoſe B. Say 2 BD: IE BC TZ CD:: BCC 
t AE, the Diſtance of the Perpendicular from the middle 


Point E of the Baſe BD (1B31.) whence AB is known. 
Then BC: AB:: R: «eB (1797). 


1846. Ca SE VI. 


Given all the three Angles, B, C, andBCD ; to find a Side, ſup- 
7 BC. Then fay, as ct? BT B: B— 5: : 7 CF 


:tACF = Angle included between the Perpendicular AC, 


and the Line CF, which biſects the vertical Angle C; from 
—_ the Angle BC A is known. Then ſay,astB: ctB CA 
2 R: ci B C (1800, 1831). 


N. B. There are other Methode of ſolving the Caſes of oblique ſphe- 
rical Triangles, but they are more complex and difficult both in Theory 
and Operation, and therefore are not to be expected in an Elementary 
Inſtitution. ' Nor ſhall we here inſiſt on thoſe Solutions of Triangles 
which depend on the given Sums and Differences of Sides and Angles, 
or of their Sines,, Tangents, Verſed-fines, Ic. as they are very in- 
tricate, and rarely neceſſary in Practice. 


6?Iu * 3. 4 >... 
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CHAP. V. 1 


The Method of determining the FL UXIONS of the 
Sipks and ANGLES of Oblique Spherical TRTAx- 
GLES. | 


1847. CAsE I, 4h 
ET ABC be an obbque ſpherical Triangle, (Fig. 5.) and let 
the Side AC move on the Point or Angle A, and by its 
Motion defcribe.a ſmall Portion of a Parallel C c; at the fame 
Time let CA be Part of a Parallel deſcribed by B C on the Pole 
B; and draw the great Circle Be interſecting C d in d. Then 
let D, E, and F, denote the three Sides AB, AC, and BC 
reſpectively, of which AB and A C are conſlant, and all the 
other Parts variable. | 
1848. Then we ſhall have R: E:: CAT: Ce (1781) 
for the fluxionary Triangle C c A is right-angled at (c); and be- 
cauſe the Sine of a very ſmall Arch is nearly equal to the 


Arch itſelf, therefore R: 3E :: CAc (= A) c 


. | 
1849. Alſo, R: F:: CBd4(= „ c N B. Again 


becauſe ACe = dOB = Right-angle (1847); therefore ACB 
= 4Cc, and becauſe of the Right-angle at d, and the fluxiona- 
ry Triangle 4 Cc Rectilineal, we haveR:5sdCc(= ACB):: 
Ce XA:F= mx * 4 (1848). 
1850. But C: D:: 1B: E (1823) ; therefore E C 
5D x 5B bo A 
K A. 


1851, AgainzR:cs.dCe(= C):: Ce:Ca::57 * 


= 5D x ;B; conſequently it is alſo p = 


R. 
Exe C 
NF 


* = * (1849). Whence we have B = 


2 18 52. 


ru rode 


hs 
1852. And laſtly, ce. SO) 1 R:: Ci cd: 1 
2 ES | 
ET ER 
1853. In. che fame Manner it is ſhewn (by making t the like 
e ID err s F 
Coofirution at B) We = ITT OK a; and f = wy; 


X © 


1854. Let {= 3 and 52 Co- Secant of an Arch E 13 


(Fig. to Inſt; 705) then it is, CI (= ED): CE: CG 
(SCE): CF,; chat is, EB: R 18 R: / GE, ar B E; 
therefore R BE x B E. £ | 

1855. Hence becauſe — Al = "= X a (1850) = 5N 
X 00D (1854, ) Therefore we have, from the tbove Equa- 
tions, the following Analogies for the Fluxions of the ge and 


Angles: of this Triangle, U. x. 


N. A: F: 20D: 5B. 
2. A: B. RX F: EN C (1851). 
3. A: ex:R X<Þ : DX 68 (1353); 
4. B F 1c C: F (1852). 
8. G iet: 183). 
0. B: E. :rtC: .ctB (1881, 1853). 
:14B 1001631) - 


Cast Il. 


| 18 56. 1 ane Sal D, and an adjacent Angle B be invariubis, 
then this Caſe will be reduced to that of a right-angled Triangle, 
by letting fall the Perpendicular AG (from the End of the given 
Side, and oppolite' to the given Angle B) on the Side B C con- 
tinued out. For then there will be found the right: angled Tri- 

angle AC G, in which the Side AG (and the Segment GB) is 
conſtant; ; and fo this Cale becomes the ſeme with Caſe II. 185 15 


1819). 
1857. CASE III. 


one Side D, und an opposite. Angle C, be invariable rig. 6 ig. 
then are the other Parts variable by the Motion of the given on 
Dor AB. Let the Side A D4 move into the en (ab) and 


R | be- 


RR 5 - , 8-4 - 


9 Y Sd  =T 


a 
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becauſe it is ever ab = AB, it is impoſſible that (ab) ſhould 
be parallel to AB (631); therefore ab will meet AB, conti- 
nued out, in ſome Point Q, On the Point Q, as a Center, 
deſcribe the ſmall Arches bn, am; then becauſe AB = ab/= 
nn, if from the fuſt and laſt, you take away the common Part 
An, there will remain BA = AN. 

1858. Then ſince the fluxionary Triangles Ama and BA 
way be conſidered in their Naſcent State as Redilineal, and right- 
angled at m and #; therefore we ſhall have Am: Aa::c5A: 
R; and BA: BGH:: B: R; whence Am Xx R=AaxX 
248 2 ve X RS BUN Bz, therefore Aa: BB:: c 5B: 
ras: F, 

5 Again, we have C: 1D: 5B. E (1823) :: B: 
E. For becauſe the flowing Quantities or Sines of B and E are in 
N the conſtant Ratio of C tos D(1856). The Fluxions of the Sines, 
| viz. ; Bands E will be in the ſame conſtant Ratio ( 788). But 

the Fluxion of the Sine is to the Fluxion of its Arch as Co-Sine 


B 
to Radius (874). Therefore , B = 5 Þ, and E — 


R 

: . E; Whence : C: D: B XB EXE, wits 
gives B: E:: CNE: 5D XcsB. 

1860. In the ſame Manner it is proved that A: F:: CM 
c F: DX CSA. & 

1861. By comparing the Analogies in (1858, and 18 9950 we 
get : : CNC E: D XC A. 

1862. And by comparing this with the Analogy in (1860) we 
bavea :B ::csF:c5E. 
1863. The Analogies in (1859, 1860) may be more ſimply 
30 «SD 


— expreſs'd by Tangents; thus, it is 5B : E: but 
: | | boo 1 
is iC:iD:3t eB oE; therefore B : E : _— 8 
8 8 csB 2E 
t E, becauſe the Sine has the ſame Ratio to the Co- Sine as the 
Tangent has to Radius = 1. (ſee Fig. to 70s ) Thus alſo, 
f it is A: F: TA: F. 
ic 


1d 1864, 
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1864 Casz IV. 


Ihen two Angles A, and D, in the Triangle A E D (Fig. 7.) 
are invariable. But this is reduced to the firſt CAs E (1847) by 
conſidering, that the Angles of the Triangle A E D, are equal 
to the Sides of another Triangle FG H, formed by Circles con- 
necting the Poles G, F, H, of the Sides of the Triangle AED. 
For let the Sides D E, D A be produced to Quadrants in O and 
C, and on the Point P deſcribe a Circle BK O G. Let G be the 
Pole of the Circle C DB, F the Pole of the Ciicle OD I, and 
H the Pole of the Circle AEQ Tben is GCS FOS goo, 
from which take the common Part F C, and there remains FG 
-= CO = Angle D. In the like Manner FN = HM = oe; 
Subdut HN, and Woe! remains FH g NM = Angle A. 
Laftty, GL=HP = 90*, take away H E, and we have GH 
— LP = Angle PE L, the Complement of the Angle AED. 


1865. Hence alfo it appears, that the Sixth Cafe of oblique 


Triangles. (1846) is reducible to the Fifth, by changing the 
given Angles A, E, D into Sides of another Triangle F G H. 


1866. I have now premiſed all that I judge does properly be- 


long to the Elementary Part of the Doctrine 75 ſpherical Triangles. 


As to the Five circulur Parts of Lord Nieper, I think it an Artifice 


af more Ingenuity 1 in che Invention, than of Uſe in Practice, and 


have here omitted it. Alſo thoſe Methods of ſolving oblique. 


ſpherical "I riangles by S n Sums, Differences, Products, c. 
of their ſeveral Parts, are not to be conſidered as fir/? Principles, 
but rather the Inventions of Art refulting from thoſe Principles, 


and may be explicated by them when ever they occur in Practice. 


However we cannot think theſe Elements compleat without ſuch 


2s determine the Area of a ſpherical Triangle, which therefore 


we ſhall add in the next Chapter, 


CHAP. 


Sm «Geo of. mr _ 
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G HD RN VI. 


The Method of determining the AxRA of SpHRRI- 
CAL I RIANGLE. 


1867. N Fig. 8. Let ACF be a Quadrant of the Equator, 


the Pole D; SB T a Parallel to the Equator; AB E 
an oblique Circle crofling the Equator in A; A K V an oblique 
Circle below the Equator; DB K a Meridian, and DL O an- 
other drawn indefinitely near to it. By this Means there will be 
form'd an oblique ſpherical Triangle A B K which is divided 
into two right angled Ones ABC, and ACK, by the Equa- 
tor A F. 

1868. Let p = Periphery of a great Circle, and x = s BC, 
or Sine of BC, the Latitude of the Zone AHEF, whoſe Sur- 
face is x & AF =xX ip; becaule x p = Surface of the whole 
Zone continued round the Globe, {838.) therefore alſo the Sut- 
face of the indefinitely ſmall Part LOCBis S x OC = 
s BC X OC. But this is allo the Fluxion of the Triangle 
ABC; for that of the Zone, and of the Triangle at the Point 
B will be the ſame (792) as is evident from the Reaſoning there 


uſed. | 
1869. The Fluxion of the Angle ABC is = ns XIE 


R 
(1810,) Buts BC x OC: Toh X OC ::1:-<::R:1, 


That is, the Fluxion of the Triangle AB Ciis to the Fluxion 
of the Angle B, es in the conſtant Ratio of Radius to Unity. And 
therefore the contemporancous Fluents will be in the ſame 
Ratio. 

1870. In the Naſcent State of the Triangle, when we Sides 
may be conſidered as Rectilineal, the Angle at B is equal to the 
Complement of the Angle A to a Right-angle (633). But as 
the Triangle flows, or encreales, this Angle B allo flows and 
encreaſes to a larger Quantity, till at laſt che T' riangle ABC 
becomes the quadrantal Triangle A E F, and the Angle B be- 
comes a Right- angle at E, the whole Lncceaſe therefore of the 

Angle 
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Angle Bis . to the Angle A. And it is this increaſing Patt 
sB 0 
R 
OC. Therefore the Area of the Triangle ABC is to the Increafe 
of the Angle B, or the Exceſs of A + B above a Right-angle, in 
the conſtant Ratio of R to 1. 


1871. The ſame Thing i is ſhewn with regard to the Triangle 


of the Angle B, which is the Fluent of the Fluxion 


* 


AC; therefore it is evident, that the Area of any oblique Jpheri- 
cal Triangle A BK ts conſtantly proportional to the E Encreaſe of the 


three Angles above two Right-angles. 

1872. Hence in regard to the Triangles ABCand AEF, 
it will be as A: AE F:: A + B — 9o: ABC; and in the 
fame Manner in the Triangle C A K and F A V, it is A: FAV 
: A C- 9: ACK. Therefore with regard to the whole 
oblique Triangle AB K, we have the Angle BAK to the whole 


quadrantal Area EAV, as A B ＋f K — 180? to the Area 


of the Triangle AB K. 
1873. Let S$ = Surface of the Globe, T = Area of the 
Triangle AB K, Q = Area of the quadrantal Area EA V, N 
= Angle BAK = EV, and M = Sum of the three Angles 
of the Triaangle=N+B+£K, then it is ſelf-evident, that the 
quadrantal Space E A V is ſuch a Part of a Hemiſphere as the Arch 
EV is of a great Circle ; that is, Q: £S::N:p; but N: 8 
::M—2p:T (1870); therefore p: 4S::M—27p: 
or2þ:M—2p::S:T; that is, as 720: N + "Fr 
180 : : the Surface of the Globe S : Surface of the Triangle ABK. 
1874. But the Surface of a Globe or Sphere is equal to four 
Times the Area of its great Circle, or S = 4A (839) ; there- 
fore 4p: 4S;:180:A::M — 180: T. But Ag pr, 
or half the Radius (r) multiplied into the Periphery (830) ; there- 
fore (180: 1807 ::)1:r:; M— 180; T. 

1875. The Radius (7) expreſſed in Degrees is = 57%, 2957795 
(884) ; therefore if the three Angles of a Triangle leſſened by 
180?, be multiplied by 57,2957795, the Product will be the Area 
of that Triangle in Square Degrees, And becauſe in one Square De- 
gree, there are 3600 Square geographical Miles, or 4830,25 Eng- 
liſh Miles, therefore the Area of the Tg ay be expreflcd 
in Miles of either Sort, 
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CHAP. VI. 


The foregoing PRINCIPLES applied to the SOLUTION 
of PROBLEMS in ASTRONOMY, GEOGRAPHY, 
NAVIGATION, DIALLING, Ge. . 


1876. F H E Conſtruction of a Diagram for preſenting at 

one View the greateſt Numbers of Spherical Trian- 
gles, in order to the Solution of a/tronomical Problems, is that of 
Fig. 9. which is a fereographical Prejection of the Sphere on the 
Plane of that Meridian AN QS, which is called the Joſflitial 
Colure (1707).* 

1877. In this Scheme, EQ is the EquinocT1aL, and its 
two Poles N, 8. EL is the EctieTic, and its Poles P, T. 
H O is the Hor1zon, its Poles Z, the Zenith, and D the Na- 
dir. Z D, the prime VERTICAL, and its Poles H, O. E e 
is the Tropic of Cancer; L, the Tropic of Capricorn. O is 
the Sun's Place in the Ecliptic; N@ S a Haur- circle, and 
Z OD a vertical Circle paſſing through the Sun G. PRT a 
Circle of Longitude, and NRS a Circle of Dedlination paſſing 


through a Star at R. 


1878. Now theſe various Circles of che Sphere by their Inter- 
ſections, form many ſpherical Triangles, both Refangular and 
Oblique. In a right-angled Triangle, if any two Parts are given, 
it is a Problem to find the reſt. And in oblique Triangles, the 
Problem requires three different Parts to be given, as we have 
ſhewn (717 —5721). But one Angle in moſt Triangles, Right 
or Oblique, is of no-Conſequenee in aſtronomical Problems, and 
therefore does not enter the Data. 

1879. Ina right-angled Triangle, there are, therefore, four 
ſignificant Parts, viz. three Sides, which call a, 6, c; and one 
Angle, which let us denote by (u). Then ſince there are fix. 
Combinations of two Quantities in four, v:z, an, bn, cn, ab, 
bc, ac, there will be at leaſt /ix Problems wg _—_ every 
right-angle Triangle. | 
Vox. II. 2+. 1880. 


© It is here ſuppoſed, the Reader is acquainted with che Names 
and Uſes of the Cin cues of the SynierE, as they have been at large 
explained in the GzNTLEMAN and Lapies PHILQSOPHY. 


2 


250 INSTITUTIONS 

1880. Again, in an oblique Triangle there will be five ſigni- 
ficant Parts, viz. three Sides, a, b, c; and two Angles, m, n; 
and there will be ten Combinations of three Quantities in five, viz. 
abm, ben, acm, abn, ben, acn, ann, bmn, cmn, abc; 
therefore ten aſtronomical Problems will ariſe from every oblique 
Triangle. 

1881, We ſhall now ſpecify thoſe right-angled Triangles 
that are of moſt Uſe in Afronomy, which are as follow, firft, 
the Triangle BC ©, right-angled at B; in which BC is the 
Sun's right Aſcenſion, or its Complement to the Point C. CO 
is the Sun's Longitude, or Complement to C. B © is the Sun's 
Declination; and the Angle B C © the Obliguity ef the E- 
cliptic. 

1882. Sccondlyz the Triangle A © C, right-angled at A; 
in which the Side C © is the Sun's Longitude in the Ecliptic 
from C; the Side A ©, its Altitude above the Horizon. AC 
is the Azimuth from the Point C. And the Angle AC O is 
the Sum of the Co- Latitude and Obliguity of the Ecliptic, viz. A. H 

+ AE. 

1883. Thirdly; Let the Sun be in the Tropic of Cancer, and 
in the Point G in the prime Vertical, when due E2ft or Led. 
Then in the Triangle VC G, right-angled at V, the Side V C 
is the Hour from Six. The Side VG = AE, the Sun's De- 
clination. The Side CG the Sun's Altitude when Eaſt or It. 
And the Angle VCG = AZ, the Latitude of the Place. 

1884. Fourthly; On the fame Day the Sun is at I, at the; 
Hour of Six preciſely ; then in the Triangle I C M, right-an- 
gled at M; the Hypothenuſe CI is the Sun's Dicker! ; IM, 
the Sun's Altitude at Six ; and CM the Azimuth from C. And 
the Angle ICM = NO = AZ the Latitude of the Place. 
„ ifthby; ; On the ſame Day the Sun is in the Horizon at 

K, and there is formed the Triangle W C K right-angled at 
W; in which WK is the Sun's Declination. C WI is the aſcenſio- 
nal Difference, or the Hour from Six of its Riſmg and Setting ; 

CK, the Amplitude of Riſing and Setting from the Eaf? or 

Met. And the Angle W C K = O Q, is the C Latitude of 
the Place. 

1886. Sixthly ; In the Triangle N K O, right - angled at O, 
the Side NO is the Latitude; the Side N K the Co- Declination ; 


— x; > => Ys. TP" 
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and the Side K O the Co- Amplitude or Aximuth from O. And 
the Angle K NO = WY the Hour from Midnight. 

1887. What we have ſaid with Reſpect to the Sun in Cancer, 
is the ſame for its Place in any other Part of the Ecliptic ; and 
the ſame Triangles are to be drawn for the ſame Purpoſes in the 
Winter Signs, as we have here done for the Summer. And fur- 
ther, it is to be obſerved, that ſince any Star may be ſuppoſed 
at O, it is evident all the ſame Triangles ſerve for a Star as for 
the dun. Therefore in the fix Triangles already enumerated, no 
leſs than ſeventy-two Problems may be ſtated in Reference to the 
Sun and Stars ; beſides many other Triangles that might be ad- 
ded to theſe, to encreaſe the Number of aſtronomical Pro- 
blems. 

1888. In the oblique Triangle © ZN, the Side © E is the 
Co- Altitude of the Sun; ON, the Co-Declination; Z N, the 


Co- Latitude of the Place. The Angle ZN © is the Hour from 


Noon, and the Angle © ZN or © ZE is the Azimuth from 
the North or South Part of the Horizon. 

1889. This Triangle, therefore, affords ten Problems more 
in reſpect of the Sun (1878) and if we conſider the oblique 
Triangle Z RN, we ſhall find the Sides and Angles the ſame in 
regard to a Sr AR at R, and conſequently other fen Problems will 
thence be produced. 

1890. Again; in the oblique Triangle RNP, the Side RN 
is the Star's Co-Declinatien; the Side R, its Co-Latitude; and 
the Side NP = AZ E the Obliguity of the Ecliptic. Alſo the An- 
gle NPR is the Star's Longitude from the Point E; and the 
Angle RNP its Azimuth, From hence we have ten Problems 
more; and therefore this and the laſt Triangle afford twenty prin- 
cipal Problems about the Stars only. | 

1891. In the laſt Place, let © be the Moon or a Planet, then ; 
it we draw a great Circle through © and R, the Place of a Star; 
we ſhall have an oblique Triangle © ZR, in which the Side 
OZ is the Moon's Co-Altitude; Z R, that of the Star, and 
© R the Diflance of the Moon from the Star. Alſo the Angle 
OZ R the Difference of the Azimuths of the Moon and Star. 
T his Triangle affords four very uſeful Problems relative to the 
Moon and Stars. Upon the Whole, in theſe few Triangles in 
this one Projection only, more than one hundred — Pro- 
lems are contained. K k 2 1392, 
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1892. In regard to GEO AH, if we ſuppoſe Z and R ts 
repreſent two Places on the Surface of the Terreſtrial Globe; 
then in the Triangle Z RN, the Side-ZN is the Co-Latitud: 
of the Place Z; the Side RN is the Co-Latitude of the Place 
R; and the Side ZR is the Di/tance of the tio Places on the Sur- 
face of the Globe. The Angle ANR = AV, is the Diffe- 
rence of Longitude of the two Places, and the Angle RZ N is 

the Bearing of the Place R from Z. This one Triangle there- 
fore furniſhes ten principal geographical Problems, which depend 
on the Doctrine of the Sphere. 

1893. In Navi6aT1oNn, particularly that Part of it called 
ORTHODROMICS, which treats of the Art of Sailing on a great 
Circle of the Sphere, a ſpherical Triangle is concerned. Thus 
let Z be the Port from whence a Ship is to fail to another Port 
X; then in the Triangle Z NX; the Side ZN is the Co-Lati- 
#ude of the Port Z; the Side NX is the Co-Latitude of the Port 
X; the Side Z X is the nearęſi Diftance between them or the 
_ Ship's Way. Alſo the Angle NZ X is the Courſe to be ſteered 
at Z; and the Angle Z N X is the Difference of Longitude be- 
. tween the Ports. 

1894. But in ſailing from Z to X, the Courſe is perpetually 
altering, or the Angle made by the Ship's Way on the great Cir- 
cle L X with every Meridian is different, or the Latitudes always 
changing, therefore it is neceſſary to calculate this for every 5 or 6 
Degrees of Longitude, that the Ship may be kept upon, or near 


the circular Arch ZX, every where; and this is the whole Art 


of great Circle-ſailing, which is entirely converſant in the Solu- 
tion of ſpherical Triangles. A great Variety, therefore, of nautical 
Problems here offer themſelves from this one View of a ſpherical 
Triangle. 


1895. As to Loxopxonies, or failing upon à Spiral, or 


Rhumb-line, as the Theory of that Curve has not yet been con- 


ſidered, nor the Rationale of that Sort of Sailing been fully ex- 
plained by Writers on Navigation, we have determined to treat 
of that Subject more particularly in another Chapter. 

1896. In DIAaLLING, the Triangle NOK, right-angled 
at O, is uſed in finding all the Angles NK O, which the ſeveral 
Hour - circles NK S make with the Horizon. For NO being 
the Latitude of the * and the * ON K being given, 

the 


\ 


| apparent Diflance from the Zenith, which is thus ſhewn. Let C 
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the Arch of the Horizon O K is found by Caſe I. of right-an- 
pled Triangles (1783). But this is only touched upon here, to 
ſhew how very uſeful and extenſive the Doctrine of ſpherical 
Trigonometry is in moſt Arts and Sciences. What relates to the 
Conſtruction of the Scale of Latitudes and Hours in practical Dlal- 
ling, as alſo of a new Dialling Sector, and a new univerſal Ho- 
RIRONTAL DIAL, ſhewing the Hour by the fame Gnomon in 
all Latitudes, will be treated of more fully hereafter. 


CHAP. VIII. 


The Application of FLUX1ONARY SPHERICS in 
aſtronomical CoMPUTATIONS, relative to 
PARALLAXES, REFRACTIONS, equal A L- 
TITUDES, PRECESSION of the EQUINOXESs, 


cc. 


1897. W E have ſhewn how the Places of the heavenly Bo- 
1 dies, the Times of their Riſing, Setting, Sc. and 
their various Phenomens in regard to their Right-aſcenſion, Decli- 
nation, Amplitude, Azimuth, Longitude, Latitude, &c. are to be 
calculated by the common Proceſſes of ſpherical Trigononietry. 
But the minute Variations and Alterations which happen in 
thoſe Quantities by Means of a Parallax, Refractiůon, Receſſion of 
the Equinoxes, ſpiral Motion of the Sun, &c. are of too much Mo- 
ment in Aſtronomy not to be moſt ſcrupulouſly attended to; 
and as they are beſt of all computed by Fluxionary Spherics, the 
Principles of which have been explained, we therefore now 
illuſtrate that Method by ſome Examples. 

1898. As the moſt conſiderable of theſe Variations are of 
that Sort which ariſe from a Parallax, and greatly affect the moſt 


Intereſting Subjects of this Science, viz, the Moon and the 
PLantrTs, it will be neceſſary to premiſe the following Theorem, 


viz. The Parallax of a Planet is always proportioned to the Sine of its 


de 
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be the "> mM of the Earth, P the Place of a Spectator on its 
Surface; Z the Zenith, and let N and =» be two Places of a 
Planet in an Azimuth- circle Z O; draw PN and CN, alſo 
P = and Cz, then are the Angles PNC, P.z C, the Parallaxęs 
of the Planet at the Altitudes NO, O, (1724). To com- 
pare which, we have PC: CN:: PNC. NPC NPZ. 
Alſo PC: CM (CN) :: PAC: CPM PZ; there- 


fore it is PNC: PC:: z PN: Zz PA. But theſe pa- 


rallatic Angles at N and n, being very ſmall, are as their Sines; 
whence the Propoſition is evident. 

1899. Hence it follows, that any Parallax at N is to the hori- 
zontal Parallax at O (viz. that of the Planet ſeen from P in the 
Horizon at O) as the Sign of its Zenith Diftance (nearly) to the 
Radius. Alſo it appears, that the parallatic Angle vaniſhes at 
the Zenith Z; and alſo when the Diſtance PN or "C N becomes 
immeaſurably pa it. So that the fixed Stars can have no Parallax 
of this Kind, Laſtly, we have, the Diflance of a Planet N C 


from the Sun, to the Semidiameter of the Earth CP, as the Sine of 


the Parallax CN P, to the Sine of the Zenith Diflance Z PN. 

1900. As the Angle ZP N is greater than Z CN by the 
Quantity of the Parallax P N C, it is evident the apparent Zenith 
Diflance of a Planet exceeds the true, by juſt that Quantity. There- 
fore let A be the true Place of a Planet; Z A its Zenith Diſtance, 
P the Pole of the Ecliptic; and PA a Circle of Latitude paſſing 
thro” the Planet, Allo let (a) be the apparent Place, and draw 
the Circle of Latitude Þ a 6 thro' the Planet A. Let E A Lbe 
drawn parallel to the Ecliptic; and let HL O be the Horizon. 
{E238 2.3 

1901. Then in the oblique Triangle A Z P, the Side Z P, and 
the Angle Z adjacent, are conſtant (1855). And the fluxionary 
Parts are (1.) Aa = a (1817, 1818) the Parallax in Altitude. 
(2.) The Parallax in Longitude = APd = B. And (3.) The 
Parallax in Latitude ad = H. Then becauſe the Parallax in 
Altitude is known from the Horizontal Parallax (1298) in aſtro- 


nomical Tables; therefore we have-H:sb::a:8= APd 


(1819). Thatis, in Words, as the Co-Sine of = Planet's La- 
titude, is to the Sine of the Angle ZAP, ſo is the Parallax in Alti- 


tude to the Paraliax in Longitude, » 


1902. : 


$ 
1 
7 
t 
{ 
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1902. Again, to find the Parallax in Latitude; it appears 
from the fluxionary Triangle A ad, right-angled at a, that 
Aa:ad::R:saAd = 5EAZ, chat is, R: ZAP :: 
Aa: 4d: : 4: H; which is in Words, Radius is to the Co-Sine 
of the Angle Z AP, as the Parallax in Altitude, is to the Parallax 
in Latitude, 

1903. If E L be the Ecliptic itſelf, and the Planet be in, or 
very near it, then sH=s AP R; and the b Z AP 
cs Z AE; therefore H: b:: R: Z AE (1899) :: r Z A: 
EA (1797) :a:B; that is, as the Tangent of the Planet's Ze- 
nith Diſtance is to the Tangent of its Diſtance from the Nonageſima 
Degree E, ſo is the Parallax in Altitude, to the Parallax in Longitude. 

1904. _ in this Caſe, we haveR:csb::R:5ZAE 

ZA: ZE (1795) :: 3: ; that is, the Sine of the Zenith 
Dillnce, is to the Co-Sine of the Altitude of the Nonageſima Degree 
as the Parallax in Altitude to the Parallax in Latitude. | 

1905. If we put M'= horizontal Parallax ; then, becauſe 

SLA a 


(1898) RF XMS = IF X 5, (1903) we have 5 = 
SZLAXYtAE 2 x SZ AP 

r * M — R. * M = (1823) 
ZP XZ PA 


* x M. Therefore R.: Z P * 2 PA 


M : 8. That i is, the Square of Radius is to the een the 
Sines of Altitude of the Nonageſima Degree, and the Planet's Len- 
gitude from thence, as the horizontal Parallas i is te the Parallax of 


Longituds. 
Z A 


7 Z A 5 
1906. Again, X M . R (1904) whence 


| R — 7 -+ - 
STZANSZLE s ZE 
u S NN K M 258 Which gives R: 


Z E:: M: n; that is, Radius is to the Co- Sine of the Altitude of 
the Nonageſima Degree, as the horizontal Parallax to the Parallax 
in Latitude. Hence becauſe Rand M are conſtant Quantities, 
the Parallax in Latitude will ever be as the Co- Sine of the Alti- 
tude of the Nonageſima Degree. 

1907. As to the Parallax in Right-aſcenſiom and Declination, the 
Analogies are the ſame as before; for H Z O being the Meri- 
dian, AQ, the Equinoctial, its Pole N, HO the Horizon, A 

the 
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the Place of the Planet, Z D a vertical Circle, and NF a 


Hour-circle paſſing through it (Fig. 3.) it is evident the Trian« 
gle Z AN, and its fluxionary Parts Aa, ad, Ag, are all the 
ſame as in the foregoing Figure, and therefore the ſame Analo- 
gy as was uſed (1903) for finding the Parallax of Longitude, finds 
here the Parallax of Right - aſcenſion, viz. „H (= AN): b 
8 Z AN) :: à ( Aa): (BNS). Alſo for the Pa- 

rallax of. Derclination (ad) it is (1904) as R: b:: 4:12 
4 

1908. The Effects of Refpation of Light thro the Atmoſpher e, 
are next to be conſidered; the general Nature of refracted Light 
has been ſhewn at large (1321, &c.) and that Effect is = 
vate Objects in Appearance, or to make them appear higher than 
their true Places, which is juſt-contrary to the Effect of the Pa- 
rallax which deprefles them (1899). 

1909. It appears alſo from the Theory, that the more oblique 
the Rays ate, the more they will be refracted; or the Rays 
will be more refracted as they are nearer to the Horizon; 
therefore the horizontal Refractions are greateſt of all, and in 
the Zenith there is no Refraction at all, which is the Caſe alſo 
in regard to the Parallax. 

1910. Therefore if (a) be the true Place of a Planet (Fig. 2.) 
then by Refraction it will be elevated to A in the vertical Z D, 
which RefraQion a A in Altitude being found by Obſervation, 
you will from thence find. the Diminutien dP A in Longitude, 
and the Alteration (a d) of Latitude, correſponding to the ſame 
by the Analogies for the Parallax (1903, 1904). And alfo 
thoſe of Right- aſcenſion and Declination (Fig. 3.) 

1911. The horizontal Refraction makes a Difference in the 
Time of Riſing and Setting of the heavenly Bodies, and alſo of 
their Anplimue from the Eaft or Weſt Points of che Horizon. 
Thus let (cc) be a Parallel of the Sun or Star's Declination, 
then without the Reſraction P would be the Point in which it 
would aſcend the Horizon, Q the true Amplitude; and PNO 
the Hour from Midnight. But if the horizontal Refraction be e- 
qual to R M, then will the Sun or Star be thereby elevated to 
the Horizon in the Point M, and its apparent Amplitude will be 
QM, and the apurem Time of Riſing will be MN O. 

1 1912, 


Of SPHERICAL TxrconomeTRy; 259 


1912. In the Triangle ZN P, the two Sides E N and NP 
are conſtant (1847). The Side ZN = D, the Side NP = E, 
the Side ZP F; the Angle P ZN = B, the AnglePNZ, 
or PNO = A, and the Angle ZPN = C. And we have 
SB: <D ::F: A (1855) that is, the Co-Sine of the true Ampli- 
tude QP is to the Secant of the Latitude M Z, as the horizontal Re- 


Fact ien R Mp ts to the Angle PN M, which is the Difference 


in Time of the Riſing or Setting. of the Sun or Star thereby occaſuned. 
Or otherwiſe thus; becauſe sB:5sE::5A:5F = R (1828) 


A 2 
therefore 5B = 2 Again, D = = (1854) there - 
1 3 SE X 5A 
foresB: p F 4. hence B = Dex = 2 


which Equation gives this Analogy D XE Xx 5A:;R* :: 
F : A; as before. 

1913. Again, for the Auxionary Variation of the Amplitude 
PM, we have 5F :ctrC::F:8, (1855) but in this Caſe, 
F =R, and cr/C = tN PO, therefore R: {NPO: :5B 

=sPO) :tNO (1780). Therefore B: NO:: $:8; 


that is, the Co-Sine of the true Amplitude 1s to the — of the 


Latitude, as the horizontal Refraction is to the Difference P M be- 
tween the true and apparent Amplitude. 

1914. This apparent Amplitude is neceſſary to be known, ef: 
pecially by Navigators, becauſe the Variation of the Needle de- 
pends upon it, ſince that important Article is nothing more 
than the Difference between the obſerved Amplitude on the real 
Horizon, and that of the magnetical Card, 

1915. It appears from what we have formerly ſhewn; that 
the Orbit of a Planet about the Sun is elliptical ; and ſince 
that is the Caſe of the Earth, its Motion will be variable, ſome- 
times quicker, and ſometimes ſlower, ſuch as is expreſied in Se- 
condsof a Degree in the following Table per Hour, for the ſeveral 
Months of the Vear. 


January = December — 1 ex” 


February =—— November —— 152 
March —— Other —— 150 


148 


April — September 


Yor, II. 
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1916, In Fig. 4. let Æ Q be a Quadrant of the EquinoQial, 


E C of the Ecliptic; BAN an Hour-circle paſſing through the 
Sun at A, and in one Hour after let its Place be at (a). In the 
right-angled Triangle AB Q, the Angle at Q is conſtant; the 
Declination is AB; whoſe Fluxion is found from the Equation 
bi = ba (1818) which gives zb:sb::R:csb::m(=Aa) 

>= AB — 45. In Words, Radius is to the Co-Sine of the An- 
| 4 QA B, as the horary Motion in Longitude A a to the horary Va- 
riation in Declination. 

1917. Since à is always as cab, it is evident that the hourly 
Increaſe or Decreaſe of Declination will be leaſt of all when the 
Sun enters Cancer and Capricorn, and greateſt of all at the E- 
quinoxes Q, where it amounts to a whole Minute of a Degree. 

1918. Therefore ſuppoſe HP OQ (Fig. 5) be the Hori- 
zon, Z the Zenith, N the Pole of the Eguinoctial HCO; alſo 
let AB E be an Alnicanter or Circle of Altitude interſecting the 
EquinoRtial in the Points A and a; and draw Z AD and Z aF; 
alſo the Hour- circles NA G and N a1 at equal Diſtances from 
the Meridian PNQ. Then if the Sun or Star had no Motion 
in Longitude, its Altitude above the Horizon at equal Times 
before and after Noon, would be the ſame, that is AD = F; 
alſo the Declination would continue the ſame, or NA Na. 
But, as we have ſhewn, the Declination alters hourly ; and 
when the Circle of Declination N A is thereby lz/ened, as in all 
the aſcending Signs, it is evident the Sun which croſſed the Almi- 
canter at A in the Morning, will not croſs it at (a) in the Af- 
ternoon, but at a Point more weſterly, becauſe N 4 is by Suppo- 
fition leſs than N a; therefore the Time or Hour-angle C Na 
will exceed that of the Forenoon CN A. On the other Hand, 
when the Declination N a from the North increaſes to N b (as in 
all the deſcending Signs) then the Sun comes ſooner to the Almican- 
ter at (6) and fince the Decreaſe or Increaſe of Declination is 
known for any interval of Time in deſcribing the Arch AC a 
by (1916) therefore the fluxionary Angle 4 Nd, or aNbis 
known from the Triangle Z a N, where the two Sides Za and 
ZN are conſtant. 

1919. For by Caſe. (1855) we have this Analogy for find- 
ing the Fluxion of the Angle N (there called B) viz. F: ct C 

: F (= ad) :; (SAN) that is, as the Ce- Sine of the Sun's 

Decli- 


„ © 


—— 
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Declination (aN = F.) is to the Co- Tangent of the Angle ZaN 
(= C) /o is the horary Difference of Declination (a d) in the Time 
between the two equal Altitudes, to the Seconds contained in the fluxiona- 
ry Angle aNd. On the equinoctial Days NA = 9o?, or 5F 


becomes Radius. 
1920. If the Moments of equal Altitudes at A and & before 


and after Noon, be obſerved by a Clock or Watch, then the 
ſmall Equation of Time à Nd, juſt found, is to be ſubducted 
from that interval of Time, and the Remainder will be the 
Time of moving through Aa; and the Half thereof will give 
the Moment of the Sun or Star's Appulſe to the Meridian at C, 
or the equated Time at Noon. And this muſt be done in the fix 
Signs from Capricorn to Cancer, and in the other Six, the Equa- 
tion will be a NH to be added to the obſerved Time of equal 
Altitudes at A and 6. | 

1921. To find the Variation of the Azimuth Z d ora Z b, 
we have the firſt Analogy (1855) viz. B ( NZ) :D 
(= ZN) :: F (SaN —dN):a=bZF. In Words, as 
the Sine of the Angle AN C, or Time before Noon, is to the Secant 
of the Latitude, fo is the Variation of Declination in the Interval of 
equal Altitudes to the Variation of the Azimuth F þ, or F. 

1922. The Poles of the World, or Equinoctial, are found 
to have a Motion about the Poles of the Ecliptic, contrary to the 
Order of the Signs, and therefore the Interſections of theſe two 
Circles or equinoctial Points muſt have a real retrograde Mo- 
tion; and conſequently the fixed Stars will have their Diſtances 
from the equinoCtial Coloure continually increaſing. Now this 
Motion is at the Rate of 50” per Annum, at a Mean ; and fo 
much therefore will the Longitude of the Stars be annully aug- 
mented. The phy/ical Cauſe of this Motion will be hereaftec 
explained. 

1923. Let HZ O be the Meridian N, the Pole of the equi- 
noctial Æ Q, and P the Pole of the Ecliptic EQ. Alfolet A 
be the Place of a Star, P A Ca Circle of Latitude, andNAB a 
Circle of Declination paſſing thro' it, make CPc = 50%, and 
let eq be parallel to the Ecliptic EQ, cutting c in (a), Then is 
Aa the Space through which the Star advances in one Year in its 
Parallel, d Cc its Difference of Longitude in the Eclip- 
tio. And the Difference of Declination, viz. AB —ab 1s 

L12 found 
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found by the firſt Analogy (1855) viz. D (NP); B 
(= ANP)::A (SCF = AB - ab, the Difference of 
Declination required. 
| 1924- And to find the Difference of Right- aſcenſion, we make 
uſe of the ured Analogy of (1855) viz. 5F (= AN): ctC 
(= A: : Difference of Declination: Difference or Increaſe 
of Right- 2 es 

N. B. Moſt of thoſe fluxionary Quantities, which we have 
oiven Rules for calculating here, are exemplified in Numbers, 
and applied to Uſe, in my New PRINCIPLEs of GeocraPny 
and NAVIGATION, 


CHAP. IX. 


Theorems for the Stereographic Pro JECTION of the 
SPHERE in Plano, 


192 CY HE Dorine of Spherical Projeftions, whether Stere- 
ographic, Globular, Orthographic, or Gnomonical, is 
wholly derived from the Principles of Perſpective as we have 
geh ſhewn, and from thence demonſtrated the Properties of 
each particular Species of Projection in a general Manner ; but 
before we can proceed to an Application of this Art, to the 
Projection of Aan 7 riangles, Dialling, Aflreonomy, &c. we 
muſt premiſe a few more Principles, eſpecially with regard to 
the flereegraphic Projection, in this Place. 
1926. If we look back to Fig. 4. Plate VI. of perſpectiue 
Projetttons, we {ball obſerve, that if any great Circle of the 
Sphere be oblique to the Plane of Projection, or of the primitive 
Circle QT R; then if the Arch 8 T meaſures its Obliquity or 
Elevation above the Plane of the Primitive, that Circle will be 
ſo projected by an Eye at R, that its higheſt Point at G will be 
in the Diameter at O, diſtant from the Center C, by the Tan- 


gent CO of half the Complement QG of its Elevation 


11698). 


1927 
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1927. Again, becauſe the Arch QL = GT {1697) and 
QB parallel to CL, the Angle BQC = QCL = Elevation 
of the Circle ; therefore the Diſtance of the Center B, from the 
Center C of the Primitive, is C B = Tangent T D of the Circle's 
Elevation T CD. 

1928. Let the Arch QOR (Fig. 7.) be compleat ted into a 
Circle AO EP, and draw the Diameter A B E; then this may 
be conſidered as another primitive Circle, on which any oblique 
Circle may be projected by ſetting off the Tangent of its Eleva- 
tion from the Center B either Way in the Diameter AE (1927). 
Thus becauſe the Tangent EK (= BO) of an Arch ES of 
45 is equal to Radius BE or AB, therefore the Point A is the 
Center of the oblique Circle O HP elevated above the Primitive 
in an Angle of 45˙ = ES = EOH. If the Elevation be of a 
leſs Number of Degrees than 45, the Center will fall in the Di- 
ameter within the Circle ; if greater, without. Thus let BL be 
the Tangent of 30%, then L is the Center of the Circle OM P, 
whoſe Elevation is the Angle AOM = 30% IfBV be = 
Tangent of 75 Degrees, then V is the Center of the Circle 
OY P, making the Angle YOE = 75* = its Elevation above 
the Primitive ; and fo hy any other oblique Circle. | 

1929. Hence appears the Method of drawing two oblique = 
Circles through any given Point O in the Primitive, to contain 
a given Angle with each other, by Means of the Tangents of 
their Elevations. But the Centers of thoſe Circles are alſo found 
by the Secants of their Elevation, ſet off from the Point O, the 
extreme Point of the projected Diameter OP; for ſince the 
Angle QBO = GCQ (1697) the Angle C QB= QBA 
= DC'T; and therefore the Triangles CT D and CBQ are 
equiangular and equilateral ; for CTC Q = Radius; and 
185 CB = Tangent of GT (1927); therefore CD = 

BQ = OB = Secant of G T the Elevation ; whence the 
CenterB is thereby given. 

1930. Hence the Angle OQ,T made by the InterſeAion of 
two Circles Q T-and OQ is equal to the Angle made by their 
Radii; for CQ = Radius of QT, and B Q = Radius of QO, 
and the Angle C QB = T CD = O QT the Elevation. 

1931. Since, therefore, the Angle contained by the Radii of 
the two Circles i in the Projection is equal to the Inclination of 


the 


- 
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the Planes of thoſe Circles, it is evident, the Planes themſelves 
in the Projection muſt contain the ſame Angle as they do in the 
Sphere; that is, any Angle OQT is of the ſame Quantity in 
the Projection as it is on the Globe itſelf. 

1932. But as this is a principal Point in the Doctrine of Pro- 
jections, we ſhall give another Demonſtration of it, thus. Let 
the Eye at A (Fig. 8.) project the Angle S8 BR upon the Plane 
Es placed right before it; and ſuppoſe BD a Tangent to the 


Circle SB, and BC to the Circle RB, in the Point of the Inter- 


ſection B. Therefore the Plane in which the Tangents BD and 
BC are contained, as alſo the Plane of the Circle ES are both 
perpendicular to the Plane of the Circle BE A'S; and fa their 


common Interſection C D will be perpendicular to the Line ES 


produced. Now the Eye at A projects the Tangent BD into 
F D, and the Tangent BC into FC, becauſe the Point B is 
projected into F by the viſual Ray AB. Through the Center 
G draw the Diameters AH and BL, and BI parallel to E &, 
and join AL, BH. Then is the Angle DBA BLA 
(665) =A HB (645) = ABI (659) = BFD (631); that 
is, DBA = BF D, and therefore BD = DF. Then in the 
Triangles CDF, and C D B, fince the Angles DBC and 
DF C are ſubiended at the ſame Diſtance by the ſame Line 
DC, they muſt be equal. But the Angle DBC=SBRon 
the Globe; which therefore is equal to its Projection DF C on 
the Plane ES continued. 

1933. Any Circle BC (Fig. 9.) 3 oblique to the Plane of 
the Circle E G is projected into a Circle upon that Plane by an Eye 
placed at A in the Pole of the Primitive EG. For draw D C 
parallel to EG, then becauſe the Arch DA = CA, the Angle 
ABC S ACD (643) and the Angle A is common; there- 
fore the Triangles AB C, and ACbor Ace, are ſimilar (621). 
Therefore the viſual Cone A C B is cut by the Planes C D and. 
E G fubcontrarily, and conſequently the Projection of its Baſe 
BC will be a Circle at Y C, or ec (4510). 

N. B. BC is a ſmall Circle, but had it paſſed a the 
Center F it would have been a great Circle, and the Demonſtra- 
tion the ſame. 


1934. Hence as e F is the Tangent of half the Arch B H, 


and Fc = Tangent of half HC; the Points „ and c are given; 
| | there- 
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therefore the Line ec biſected, gives (n) the Center of the Circle 
ec in the Projection. 
1935. A ſmall Circle BI, perpendicular to the Plane of Pro- 


jection EG, will be projected by the Eye at A into the Circle 
K e, whoſe Center N is in the Line EG, produced, Diſtant from 


the Center F of the Primitive, by the Secant of the Arch BE, 


- (or the Diſtance of the Circle BI from its Pole E) and the Ra- 


dius thereof will be equal to the Tangent of the ſame Arch. For 
draw A B cutting the Line GE ine; and through I draw AK 
interſecting the Line GE (produced) in K; then the Line K e 
biſected, gives the Center N, on which let the Circle K BI be 
deſcribed. Draw N B, K BH, and FB; the two Triangles 
AB H and K H F being right-angied at B and F, and having 
one Angle at H common, have alſo the Angle BAH F KH. 
But B. A H = EBF H (642) and FEH = : FN B; there- 
fore BFH FN B; and becauſe FNB + BFN = BNF 
+ BFN = toa right Angle; therefore NB F is a right An- 
gle; and conſequently N B is perpendicular to FB, and is the 
Tangent of the Arch EB; and NF is the Secant of the ſame, 
2. E. D. 

1936. From theſe Theorems, it is evident, we have certain 
Rules for deſcribing any Circles great or ſmall, on a given Plane; 
and therefore the Sphere may be projected on the Plane of any 
one of its. Circles at Pleaſure. We have already given a Speci- 
men of three of theſe Projections in Plate VI. of our Inflitution; 
of Perſpective, in Fig. 2, 5, and 6. with their Rationale, as de- 
rived from the Principles of that Science. But the Praxis or Me- 
thod of drawing the Circles in each, are more immediately de- 
duced from the Theorems we have juſt now premiſed. 

1937. Thus the PROJECTION on the Plane of the EquaToR 
(in Fig. 2. of that Plate) conſiſts wholly of right Lines, and con- 
centric Circles. The firſt of which are the great Circles, or Me- 
ridians, at right Angles to the Plane of Projection, and whoſe 
Planes all paſs through the Eye; they are therefore all projected 
into right Lines. The Circles are the Parallels of Latitude, 
whoſe common Center is the Pole C, or Center of the Primitive, 
and their Diſtance from the ſaid Center is equal to the Tangent 
of half their Diſtance from the Pole, and are therefore eaſily 


drawn by (1934). f 
1938. 
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1938. The PROJECTION of the SPHERE on the Plane of 
MERIDIAN, is that of Fig. 5. where all the Meridians are gre 
Circles oblique to the Plane of Projection, and drawn by finding 
their Centers as directed in (1927) in the ſame Manner as the 
oblique Circles OHP, OVP, and OM P, were drawn (1928); 
and all the Parallels of Latitude, being ſmall Circles, perpendi. 
cular to the Plane of Projection, are drawn by finding their Cen. 
ters as directed (in 1934 or 1935). 

1939. A PROJECTION on the Plane of the Hox IZ Ox, is 
that of Fig. 6. of Plate VI. and the great Circles or Meridian 
are drawn by the ſame Rules in this as in the former Projection; 
for let T QF R (Fig. 7.) repreſent the Plane of the Horizon 
where the Elevation of the Pole O is TG = T QO, then it 


is evident, the Center of the Siæ o Clock Hour- circle QO R is 


at B, the Center of the Primitive AO EP, on which, if the 
Meridians or Hour: circles are drawn, as above directed (1938) 
they will, if continued beyond the Pole O, be the proper Meri- 
dians or Hour- circles for the horizontal Projection T Q FR 
Thus for Inſtance, the Hour- circle of XII is OP in one, and 


IF in the other; that of Six „Clock is AO EP in one, and 


QOR in the other ; the Hour- circle of II. is OZ P in one, 
and Z ON in the other; and ſo of the Reſt ; therefore they are 
the ſame in both Projections, and are drawn for both at the ſame 
Time, all which is evident by Inſpection. 

1940. The Parallels of Latitude are all oblique to the Horizon 
or Primitive, but are all Circles in the Projection (1933) and 
are drawn by ſetting off the Tangent of half their leaſt and great- 
eſt Diſtances from the Pole of the Primitive, (1934, or 1935, 
or Zenith of the Sphere; and biſecting that Interval, you will 
have the Center of every Parallel in the Line F T continued out 


\ beyond T. The Eguator is drawn by the ſame Rule; and the 


prime Vertical is a right Line QC R, as its Plane paſſes through 


the Eye in the Nadir or lower Pole of the Horizon.. 


1941. Hence it appears how great the Affinity is between 
Prq;ections of the Sphere of different Denominations, or rather 


that they are all but the ſame Thing in different Views, and all per- 


formed by the ſame Rules. It is hoped the Reader will, from 


the Method we have here taken, have a clear Idea of the Ratu- 
nale and Praxis of this moſt uſeful Branch of Science. 


IN ST. 


LT ed hath 


- (265) : 


INSTITUTIONS 


LOXODROMICS; 
O R. 
The Tukokv of N 400 on a Run 
Lins demonſtrated. And from thence 


each particular Seterzs of Sailing: is 
deduced. 


The Turory of NavicATion on 4 Ravns Line 
demonſtrated, from its Genuine PRINCIPLES; 


with the Nature and * of MRCATOR $ 
Chart. 


1942 * War ot Cburse of a Ship, is on the Saks 

of a GLoBE; and therefore the Jhorte/? Way from 
one Place to another, is in the Arch of a great Circle; and when 
a Ship is conducted on ſuch an Arch, it is called ORTHODRo- 
Mics, or Oxe at CCIE Sartino. =» 

1943. This Method of Sailing, were it eafy and convenient, 
would cettainify be the beſt of all others; but fitice a great Circle 
makes different Angles wich the Meridiane it paſſes over, there- 
fore the Line of the Ship's Cvurſe will be perpetually varying; 
and there will be no cov/tant Rule for her Conduct. But for eve- 
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ry ſmall Diſtance ſhe ſails, a new Calculation for the Angle of 
the Courſe muſt be made, and this would render Navigation ex- 
tremely difficult and perplexed. 

1944. The eaſieſt Method, therefore, of Sailing, is to ſteer 
her Courſe in ſuch a Manner, that it ſhall every where make the 
ſame Angle with the Meridians ſhe paſſes over ; and then there 
will be a conſſant Guide to direct her Progreſs, viz. the Cou- 
PASS Box and NEEDLE. 

1945. For ſince by the Property of Magnetiſm, the Needle 


does in every Place make a given Angle with-the Meridian, if a 


Ship be ſteered upon a given Point of the Compaſs, the Courſe 
will always make a given Angle with the Meridian alſo ; that 
is, it will croſs every Meridian under equal Angles, while the 
Needle continues in the ſame Poſition with regard to the Meri- 
dian. 


1946. But if in different Maha, the Needle makes different 


| Angles with the Meridian, that is eaſily diſcovered by the Man- 


ner, and the Quantity of its Variation obſerved, and then the 
Navigator can readily keep the Ship's Courſe ſtill upon the 
fame Point of the Compaſs. And this is the moſt eſſential Part 
of the Art of Sailing. 

1947. Therefore it will be neceſſary to enquire into the Na- 
ture of that Zine which a Ship deſcribes in her Courſe, or which 
interſects all Meridians under equal Angles, and is uſually call- 
ed the RHUMB, or Rhumb-Line. It cannot be a Right: line, as 
being on the Surface of a Globe; it cannot be a Circle, as we 
have ſhewn (2.) it muſt therefore be a particular Curve which 
conſtantly approaches the Pole, and by cutting each Meridian 
under the ſame Angle, it muſt make perpetual Gyrations about 
the Pole, but can never terminate in it. The Ravms, there- 
fore, or Ship's Courſe, is of that Species of Curves called Spi- 


- RALS, 


1948. Of Seals, there are many different Socts, one of 


which is called the Equiangular or Logarithmic SPIRAL ; and 
this is the Nautical Spix AL, or RaumMs-LiNE, as we ſhall 


here demonſtrate. . Let E Q be the Quadrant of a Circle, P 
the Center, and PE, PA, PB, PC, ſeveral Radii drawn 
very near to each other, and equidiſtant ; that is, let EA = 
AB = BC. Then let the aua Spiral E WX be drawn, 

making 
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making equal Angles with the Radii every where; viz. ADE 
—=BFD=C G F, &c. Then fince the Trang DP E, 
FPD, GP F are equiangular, and therefore ſimilar; we ſhall 
have EP: DP:: DP: FP: : FP: GP, Sc. therefore EP, DP, 
FP, GP, are in geometrical Proportion, while their correſpond- 
ing @&rches EA, EB, EC, are in arithmetical Proportion; 
- wherefore the latter are Logarithms of the former, (140) that is, 
AE is the Logarithm of the Ratio of DP to EP; and BE is 
the Logarithm of the Ratio of FP to EP; and CE, the Lo- 
garithm of the Ratio of GP to E P, and fo on. Therefore the 
Curve E W X is the Logarithmic SPIRAL. 

1949. Let a Tangent LV be drawn to the Curve at L, and 
draw the Radii PL H, PMI, PN K very near to each other, 
and from the Points M, N, let fall the Perpendiculars M O, 
NR; and upon PH erect the Perpendicular P V to interſect the 
Tangent in V. Then becauſe the ſmall Triangles LMO, 
MN R, are ſimilar, we have LO: LM:: MR: MN: : LO 
+ MR:LM+ MN::LP:LWXN::LP: LV. There 
fore the whole Length of the * Spiral LWX is equal to 

the finite Line LV. — 
1050. From P take any Diſtance pW, and deſcribe the 
Arch of a Circle WS Z, and at S erect the Perpendicular 8 T, 
cutting the Tangent in T, then in the fame Manner it is ſhewn 
that the intercepted Part of the Spiral LW is equal to the right 
Line LT, and of Vee the remaining Part WX is equal to 
TV. 

1951. Now let the 1 Figure — the common ſtereo- 
graphic Projection of the Surface of the terraqueous Globe on the 
Plane of the Equator, of which E Q is a Quadrant; P the Pole 
of the World; HP, IP, K P, ſeveral Meridians; and LW X, 
the Rhumb- Line, or Ship's Courſe, making equal Angles with 
them all. Then let HL be a given Latitude, and LP will be 
equal to the Tangent of half the Complement of that Latitude (1698, 
1926) ; and a Ship paſſing from L to M makes her D:ference of 
Longitude I H, Departure MO; and Difference of Latitude L O. 

1952. Then it is evident, that the Differences of Longitude A E, 
BE, CE, are Logarithms of DP, FP, GP, the Tangents of - 
half the Complements of the Latitudes AD, BF, CG; and HE, 

IE, K E, are Logarithms of LP, MP, NP, the Tangents of 
| M m 2 half 
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half the Co- Latitudes of the Places L, M, and N, in reſpedt to the 
Radius PE. 

1953. Then, ſuppoſe a Ship ſails from the Latitude L on the 
Rhumb ELM W to the Latitude M in the Parallel M O (Fig, 
2.) the Logarithm of the Ratio of MP to EP is the Arch IE; 
but if ſhe ſails on any other Rhumb)L w, ſhe will come t the 
ſame Parallel in the Point (,) and then the Logarithm of the 
ſame Ratio m P ( MP) to EP, will be the Arch i E. Conſe- 
quently as there may be an Infinity of Rhumbs ſuppoſed to be 
drawn through the Point L, there will be an infinite Variety of 
Scales of Logarithms to be found in the Arches of the ORIG for 
expreſling the ſame Ratios. 

1954. In failing on the ſame Rhumb LW, (Fig. 1.) it is 
as Radius to the Secant of the Angle of the Courſe OL M, fois LO 

LM::MR:MN::LO+MR:LM+MN:: LP: 

L WX; jo is the Arch of the Meridian equal to the Co- Latitude, 
to the Length of 1 the whole Spiral or Rhumb from the Latitude or Point 
L. For the Triangles LMO, MN R, are W and 
ſimilar. 

1955. Hence if LO = MR, then LM —= MN; therefore 
the Length of the Rhumb between any two equidiſlant Parallels is the 


ſame; or the Length of the Rhumb L M is always proportioned 


to the Difference of Latitude LO. For LO: LS: : &M: 
L W. (1930.) 

1956. Again, as ; Radius to the Tangent of the Courſe 
OLM, ſo LO: MO:: MR: NR:: LOT MR. MO 
NR:: LP or Co-Latitade, to the Sum of all the indefinitely 


ſmall Arches of the Parallels, or whole Departyre made i in fail 
ing obliquely from one Meridian to another. 


1957. Hence in very ſhort Courſes, where the Diſtance ſail- 
ed L M, and the Difference of Latitude L O may be eſteemed 
rectilineal 3 we have Radius to the Tangent of the Courſe, ſots Dif 


ference of Latitude L O to the Departure M O. 


1958. In failing on different Rhumbs L M and Lm wake 


ſame Parallel m O, (Fig. 2.) it will be as the Tangent of the Courſe 
M O to the Tangent F the Courſe mL O, ſo is the Departure 


MO. to the Departure m O, and ſo is the Difference of Lon- 


gitude HI to the Difference of Longitude H i. 
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1959. And hence it appears, that the Differences of Longitude 
wade in Sailing upon two different Rbumbs LW, and Lu, are as 
the Tangents of the Angles, which they make with the Meridians ; 
and therefore the Differences of Logarithms (I H, i H), of the 
ſame Ratio (vis. of MP or mP to EP} in the two different 
Scales appropriate to the two Rhumbs, will be likewiſe as 
thoſe Tangents reſpectively. 

1960. In very ſhort Voyages, the ſmall Triangle LMO 
may be eſteemed Night- lined, and uſed as ſuch without ſenſible 
Error, becauſe a ſmall Portion of the Surface of a Globe, near 
8000 Miles in Diameter, will differ inſenſibly from a Plane. 
Hence all Caſes of Sailing (except that for the Longitude) are ſolve 
ed by a /imple plain Triangle, this is therefore called PL AI SA1L- 
ING, Whoſe Principles we have now premiſed. 

1961. But when the Length of Voyages makes it neceſſary 
to conſider the ſaid Triangle really as it is, viz. a curvilineal Ong 
throughout ; and that every Part conſiſts of a Curve of differing 
Species, viz. LO the Arch of a great Circle; M O, the Arch 
of a ſmall Circle; and LM the Arch of a Spiral, it will eaſily 
appear, that under ſuch Circumſtances it will be no eaſy Mat- 
ter to reſolve Caſes of Sailing on the Surface of the GLOBE it- 
ſelf, or by the Glabular Chart. 

- 1962. Therefore to facilitate the Praxis of ſo excellent and 
neceſſary an Art, Methods have been contrived to delineate the 
Surface of the Globe on aPlane, in ſuch Manner, that all the 
Calculations relative to NAVIGATION, ſhould ſtill be ſubje to 
Plain Triganometry, and yet productive of Accuracy and Truth 
beyond all neceſſary Degrees. 

1963. To illuſtrate this Affair, let C (Fig. 3.) be the Center 
of the Globe; P, the Pole; AP, BP, two Meridians ſtand- 
ing on the Arch of the Equator Q R. Let ED, ST, be Ar- 
ches of Parallels whoſe Radii are DO, TV. At the Points 
A, B, are erected the two Perpendiculars or Tangents A M, 
BN; and through the Points E and D, are drawn the Secants 
GC, FC. Then is the Arch of the Parallel E D thereby pro- 
jected into the Right- line G F on the Plane between the two 
Tangents. Therefore GF = A B, in the ſame Manner the 
Arch 8 T is projected into MN = AB, all which is evident 
from the Doctrine of Gnomonical Projection (1738, Sc.) 


1964. 
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half the Co- Latitudes of the Places L, M, and N, in reſpedt to the 
Radius P E. 

1953. Then, ſuppoſe a Ship fails from the Latitude L on the 
Rhumb EL M W to the Latitude M in the Parallel M O (Fig, 
2.) the Logarithm of the Ratio of MP to EPis the Arch IE; 
but if ſhe fails on any other Rhumb Lu, ſhe will come @ the 
ſame Parallel in the Point (n,) and then the Logarithm of the 
ſame Ratio m P ( MP) to EP, will be the Arch i E. Conſe- 
quently as there may be an Infinity of Rhumbs ſuppoſed to be 
drawn through the Point L, there will be an infinite Variety of 
Scales of Logarithms to be found in the Arches of the Nen for 
expreſling the ſame Ratios. 

1954. In failing on the ſame Rhumb LW, (Fig. 1.) it is, 

as Ragius to the Secant of the Angle of the Courſe OL M, fois LO 
LM::MR:MN::LO+MR:LM+MN:: LP: 
L WX; jo is the Arch of the Meridian equal to the Co-Latitude, 
to the Length of therwhole Spiral or Rhumb from the Latitude or Point 
L. For the Triangles LMO, MNR, are W and 
ſimilar. 

1955. Hence if LO= = MR, then LM = MN; therefore 
the Length of the Rhumb between any two equidiflant Parallels is the 
ſame; or the Length of the Rhumb L M is always proportioned 
to the Difference of Latitude LO. For LO: LS: 14 
L W. (1950. 

1956. Again, as Radius to the Tangen of the Courſe 
OLM, ſo LO: MO:: MR:NR::LO + MR: MO 
+NR::LPor Co-Latitude, to the Sum of all the indefinitely 
ſmall Arches of the Parallels, or whole Depar ture made i in fail- 
ing obliquely from one Meridian to another. | 

1957. Hence in very ſhort Courſes, where the Diſtance ſail- 

ed L M, and the Difference of Latitude L O may be eſteemed 
rectilineal we have Radius to the Tangent of the Courſe, ſo is 18 
ference of Latitude L O ta the Departure M O. 
1958. In failing on different Rhumbs L M and Ln 22. 
ſame Parallel m O, (Fig. 2.) it will be as the Tangent of the Courſe 
M L O to the Tangent of the Courſe mL O, ſo is the Departure 
MO to the Departure m O, and ſo is the Difference of Lon- 
gitude HI to the Difference of Longitude H i. 


195% 
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1959. And hence it appears, that the Differences of Longitude 
wade in Sailing upon two different Rhumbs LW, and Lu, are as 
the Tangents of the Angles, which they make with the Meridians ; 
and therefore the Differences of Logarithms (I H, i H), of the 
fame Ratio (viz. of MP or P to EP} in the two different 
Scales appropriate to the two Rhumbs, will be likewiſe as 
thoſe T angents reſpectively. | 

1960. In very ſhort Voyages, the ſmall Triangle LMO 
may be eſteemed Night- lined, and uſed as ſuch without ſenſible 
Error, becauſe a ſmall Portion of the Surface of a Globe, near 
8000 Miles in Diameter, will differ inſenſibly from a Plane. 
Hence all Caſes of Sailing (except that for the Longituat) are ſolve 
ed by a ſimple plain Triangle, this is therefore called PLAIx SAa1l- 
ING, Whoſe Principles we have now premiſed. 

1961. But when the Length of Voyages makes it neceſſary 
to conſider the ſaid Triangle really as it is, viz. a curvilineal Ons 
throughout ; and that every Part conſiſts of a Curve of differing 
Species, viz. L O the Arch of a great Circle; M O, the Arch 
of a ſmall Circle; and LM the Arch of a Sprral, it will eafily 
appear, that under ſuch Circumſtances it will be no eaſy Mat- 
ter to reſolve Caſes of Sailing on the Surface of the GLoBE it- 
ſelf, or by the Glabular Chart. 

1962. Therefore to facilitate the Praxis of ſo excellent and 


neceſſary an Art, Methods have been contrived to delineate the 


Surface of the Globe on a Plane, in ſuch Manner, that all the 
Calculations relative to NAVIGATION, ſhould ſtill be ſubject to 
plain Triganometry, and yet productive of Accuracy and Truth 
beyond all neceſſary Degrees. 

1963. To illuſtrate this Affair, let C (Fig. 3.) be the Center 
of the Globe P, the Pole; AP, BP, two Meridians ſtand- 
ing on the Arch of the Equator Q R. Let ED, ST, be Ar- 
ches of Parallels whoſe Radii are DO, T V. At the Points 
A, B, are erected the two Perpendiculars or Tangents A M, 
BN; and through the Points E and D, are drawn the Secants 
GC, FC. Then is the Arch of the Parallel E D thereby pro- 
jected into the Right- line G F on the Plane between the two 
Tangents. Therefore GF = AB, in the ſame Manner the 
Arch 8 T is projected into MN = AB, all which is evident 
from the Doctrine of Gnomenical Projection (1738, Ce.) 


1964. 
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1964. But theſe Arches ED, ST, are when compared with 
the correſponding Arch AB of the Equator, as their reſpective 


- Radi DO, ITV to the Radius A C of the Globe. Or A B is 


to E D, as Radius to Co-Sine of the Latitude; for D O is the 
Sine of DP the Complement of the Latitude BD or AE. 
1965. Again, the Arches ED, ST, are to their Projection: 
GP or MN, as E Cor SC, to OC and MC; or they are en- 
larged in Proportion of the Secant of the Latitude to the Radius. 
1960. Suppoſe a Ship fails on the Rhumb A DL from A to 
D; then is A E the Difference of the Latitude, AB the Diffe- 
rence of Longitude; the Angle E A D the Courſe; A D the 
Diſtance failed ; and D E the Arch of the Parallel at D. Now 
it is.required to delineate this mixtilineal Triangle A E D on a 
Plane in ſuch Sort, that all the Parts may have the ſame Ratio of 
MAagnitude and Poſition as they now have on the re Li the 
Globe. | 
1967. In order to this, it muſt be conſidered, that i in what- 
ever Proportion any one Part is altered by projecting the Trian- 
gle EAD an the Plane AMNB, the other Parts muſt be al- 
tered in the ſame Ratio, to produce Similarity, and thereby to 
keep the given oſitions of all the Parts to each other. But by 
the Projection, the Part or Perpendicular E D is enlarged to 
G F, in mne Ratio of EC to GC (1965.) and therefore the Side 
or Baſe AE muſt be enlarged in the ſame Proportion on the 
Line AM. 


1968. Now it is evident, the Arch AE deſcribed with the 


Radius A C is to the Arch G K deſcribed with the Radius GC, 


as Radius to the Secant of the Arch AE, or Angle ACE; if 
therefore in the Right-line AM, we take AH equal to the 
Arch G K, and draw HI parallel to AB (or Chord of the 
Arch AB) and draw the diagonal AI; we ſhall have the ri gbt- 
lined Triangle on the Plane, every Way ſimilar and proportional 
to the Triangle EAD on the Globe: Foritis HI(=GF) 
E D:: GC: EC:: AH ( GK): AE:: AI: AD. 

1969. Hence the Angle of the Courſe H ATI is the very ſame 

as the Angle E AD on the Globe; and therefore the Pofition 
of the Point I with regard to the Point A in the Plane, is the 
very ſame as that of the Port D in reſpect of the ſame Point A on 
the Globe; fo that the Zafting or Męſting on a Rhumb A D mak- 
£1124 wg 
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ing any Angle EAD with the Meridians, is truly preſerved 


and repreſented in the Triangle HAI in Plano; and conſequent- 
ly the whole A Fair of Navigation is by ſuch a r reduced 

to the Solution of a plain right-angled Triangle, and thereby be- 
comes a very eaſy Taſk as far as Calculations are concerned. 
And this Projection of the Surface of the Globe on a Plane, is 
called MERCATOR's PROJECTION, or CHART. 


CHAP. IL 
The TueoRY of NAVIGATION by @ TABLE f 


* TANGENTS demonſtrated. 


1970. ET Radius of the Equator PE Fig 1.) ; the 

5 Latitude of the Place HL = z; the Radius of the 
Parallel at L = x; and the Longitude or Arch of the Equator 
EH = y; then will HI=5; and LOS E; and we have 


PH: PL:: 1: 4: 5 =Lm, the Fluxion of the Parallel 


at L. And putting E Tangent of the Angle LMO or 


LM m, e Whence = = 


=; and 0 =; and DE =75, 

1971, To conſtruct this Equation, let the nt Areh 
of the Meridian be extended into a Right- line AB (Fig.4.); at A 
erect a Perpendicular AC = t; and make AD=z, the Lati- 
tude of the Place; upon D erect the Perpendicular DE, which is 
td AC = t, as r to x, ſo that it may be every where DE — 


; and thus by conceiving Perpendiculars to be raiſed on every 


Point of the Meridian A B, we ſhall have the Curve CE H 
produced, and of ſuch a Nature that the. curvilineal Space 
ADEC, divided by Radius, will be equal to the Atch of the 
Equator expreſſing the Longitude E H made in failing from the 
Equatar E to the Latitude Z on the given Rhumb E LW 


(Fig. 1.) | 1972. 
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1972. For let de be drawn infinitely near, ahd parallel t 
DE; then AD = x, and MAE. and DE X 54 = == 


ri 100. But the Fluent 1 = is the * ADE, 


and chat of r 5s ry; therefore ADEC _ 8835 < the Longitude 


upon the Courſe EL. 


1973. After the fame Manner we ve LS C 


= the Lon- 


gitude anſwering to the Latitude A F upon the "Rn Courſe. 
DF = E 


= the Difference. of Longitude correſ- 


ponding to the Difference of Latitude D F upon the ſame 
Rhumb. 

1974. It is eaſy to conceive the his ADEC, and its 
Fluxion DE ed may be transformed into equal rectangular Spa- 
ces or Parallelograms, as AIK C, and IK = and becauſe in 


this Caſe IK = AC= t, therefore liz _ which is to Dd 


= xz, as r to x, that is, as Rattus to the Co-Sine of the Latitude, 
or as the Secant to the Radius. But this is the Proportion of the 
protracted Arch to the Length of the natural Arch of the Meri- 
dian (1967, 1968.) And ſince AD is the Length of the latter, 
AT will repreſent the former, vis. the enlarged meridional Arch, 
uſed in Mercator's Chart, (1969.) | 

1975. Hence ſince the Rectangle A! Kc = AI * AC 
79, or, (putting AT = Z,) Zt = ry, therefore : :: Z : j, 
or Radius is to the Tangent of the Courfe, ar the prutracted Arch or 
Degrees of Latitude is to 1 Ars 2 — expreſſing the Lays 
tude, —© 
1976. Hence when a Rhumb or Spital ELW intetfedh 
the Meridians at an Angle of 45 Degrees, we have r = 7; and 
then z = y; the Degrees of Latitude, therefore, in the protratitd 
Meridian of Mercator's Chart, are a $caL of Lok@r7uBts is 
ſailing upon a Courſe or Rhumb of 45% 

1977. ap ge rixgt Str (putting 8 for baun of the Lath 
tyds) therefor > — — Ar ano — — 2 5010 and 


when 


Conſequently 


11 
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Dr, as in Caſe of the Rhumb of 45?, then Sz = rj; and 


ifr = I, as in the Canon of natural Sines, Tangents, and Se- 
cants; then 8 = 3; whence it appears, that the Fuxien of the 
Longitude (5) is equal to the Fluxion of a Space or Area conſiſting of Se- 
cants ſucceſſively erected on the fluxioary Points & of the Meri- 
dian. 

1978. Becauſe æ is conſtant in the Equation 8 = 5, we 
have 8S = j, or the Fluxion of the Longitude (3) will be as the 
variable Secant 8; and fo the Sum of all the Fluxions or the 
Longitude itſelf, will be as the Sum of all the Secants to any given 
Latitude. And hence the Reaſon why Mr. Mright took this Me- 
thod to conſtruct his Line of meridional Parts, viz, by the con- 
„ant Addition of the Secants, as they are found in the Canon, See 
his vulgar Errors in Navigation corrected ; where the nautical 
meridian Line firſt made its Appearance. 

1979. It has been ſhewn, that the Fluxion of the Logarithm of 
any Number is equal to the Fluxion of the Number divided by the 
Number itſelf (B49). But the Longitudes are Logarithms of 
the Tangents LP, MP, c. to the Radius EP (1952) ſuch a 
Tangent therefore is a Number, which put n; then, when 


r=1, we have S2 = j = 7 (1977) which gives 75 2 


and therefore 1: ::: 33 or PH(=PE):PL::IH:Lm 
(Fig. 1.) 
1980. And alſo, when et = 1, as upon a Rhumb of 457, we 


have 8 & = 7 whence it appears, that the Fluent of S, which 
is an Arch of the nautical Meridian, (1978) is equal to the Fluent 
of 5 or the Logarithm of the Tangent of half the Co- Latitude of that 


Arch. Therefore the whole nautical meridian Line is a Scale of 
Legarithmic Tangents of the half Complements of the Latitudes, upon 
that Rhumb which makes an Angle of 4 5 with the Meridian. There- 
fore this we ſhall call the nautical Scaie of Logarithmic Tangents, 
1981. But it is evident from the original Equation ba 
=y= Longitude EH, or Logaritkm of the Ratio of PL to 


PE (1972.) that the Logarithm of the fame Ratio will be vari- 
Vor. II. N n able 
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able according to the different Values of , or the Radius of the 
GlobePE. For HI is the Logarithm of the Ratioof the Tan- 
gent PL to Radius PH or PE, when r = PE = 1, and the 
Angle MLO = 45% But if r or PE be expounded by 
any Number leſs or greater than Unity, it follows, that the 


Length of HI = y will be encreaſed or diminiſhed in the ſame 
Proportion ; for the Area ADEC being conſidered as con- 


ſtant, the Logarithm (y) will be always as = or inverſely as the 
Radius. | 
1982. From the fluxionary Equation — = 173 (1970), it 


appears that near the Beginning of the Rhumb Line in the Equa- 
tor, where x = 7, that Equation becomes ?z = r j, and then r:? 
: :). And therefore upon the Rhumb of 45, where 7? = r, 
we have = . Therefore the Fluxion (5) of the Logarithm of 
the Ratio of the firſt mean proportional Tangent to the Radius is equal 
zo the infinitely ſmall Difference (æ) between that proportional and 


US. 


1983. Hence if Radius PE = 1 (Fig. 1.) and the firſt Pro- 
portional be PD = I, the ſecond PF I, the third 
PG = I-, Sc. then will the Logarithms be AE = , 
BE 22, CE = 3s, &c. therefore 1—=" is any Propor- 


tional 1 — , and its Logarithm is = =. But ſince 1— 2 = 
| g 5 


* „„ . — * 
1 — , it is I— z =1 —z=1—z ; whence 1 1—2 
= . But by the Newtonian Theorem for extracting the Roots 


T 
fB 1— 2 = 1=_- * 
of Binomials (306) we get 1I— 2 = 1 32 2? 


1 1 
1 &c, ITED 2. +32 T * + 42,0 


=I—i—z”=z; whencez + 2 2* + 42 þ 12 +5 
25%, &c, = nz = Logarithm of the Number 1 — z. 

1984. This Series is the ſame wth that derived from the Hy 
perbola (829), and when computed in Numbers gives 2302585 
for the Logarithm of the Ratio of 10 to 1, or of 1 to 0,1. Con- 

 ſequently 


ws ˙— e _=2 wwe 


— , wy 


B > 7 © 1 — 


os, by => 


22 
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ſequently 2302585 = nz; or ſo many mean Proportionals 
there are in the Ratio of 10 to 1 in this Scale of Logarithms 
which are thoſe firſt invented by L. Neper. 

1985. But in Practice it was found much more convenient to 
put the Logarithm of the Ratio of 10 to 1 = 1000000 = n#,, 
as in the common pe Canon. Hence we have n: n:: 


2302585 : 1000000 : 0, 43429448. Theſe Numbers, 
therefore expreis the Ratio of the Logarithms in each Syſtem 
reſpectively. 


1986. From what foregoes, it appears, that the infinite Series 
juſt now found, anſwers to the Space ADEC = y (1972) 
when r = 1; and a = y = the Length of the nautical Meri- 
lian for the Latitude z. Then putting R for the Logarithm of 
the Tangent of 45 or Radius, and T for the tabular Tangent 
of any other Arch, as that which denotes the half Co-Latitude 
of HL; we have, as EP: LP:: 1: 1— 2 = t = natural 


Tangent of ; LP. Therefore the Ratio of - — — 3 75 


but the Logarithm of - is equal to the Logarithm of Radius 1 
leſs the Logarithm of 1. That is, the tabular Logarithm of 
-—R—T. 

t 


1987. But the tabular Logarithm of any Ratio is to Neper's 
Logarithm of the ſame, as 1 to 2,302585 (1985); therefore 
R — „ 2,302585 = the Length of the protracted meridi- 
onal Arch HL = z, in the Scale of Neper's Logarithms. Put 
N = 2,302585, and 7 = Logarithm Tangent of any other 
Arch, as that of : NP. Then becauſe NR —NT is the 
Length of the Arch HL, and NR—NT is the Length of 


the Arch KN, we have NT —NT=T—T x N, the 
Difference of the Latitude L and N expreſled in Parts, of which 
the Radius EP is 1. 

1988. If the Radius be expreſſed in Minutes of a Degree, 
then the protracted meridian Arch will be had in Minutes likewiſe. 
Now the Circumference of a Circle is to Radius as 6,28318 to 
I, But in that Circumference there are 360? or 216007; there- 
fore ſay, as 6,28318 : I :: 216007: 343,747, Which is the 


Nn2 Num- 


\ 


* 
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Number of Minutes in the Radius. Put this Number 34377747 


S m; then mN x ['—T will expreſs the Length of the Dif. 
ference of Latitude in Minutes of the pratracted Meridian; and 
thus a Table of meridional Parts or Minutes, may be computed 
from the common Table of logarithmic Tangents. 

| 1989. For Example, let it be required to find the meridional 
Parts in the Arch of the Meridian contained between the Tropic of 
Cancer and the arctic Circle. Then the Latitude of the Tropic 
is 23? 307, its Complement is 66? 307, and the Half thereof is 
33* : 15”, whoſe logarithmic Tangent is 9,816658 = ; the 
Latitude of the ache Circle is C: J's its Complement 25 : 
30%, and the Half of that 11: 45”, whoſe logarithmic Tan- 


gent is 9, 318064; then 1 —7 = 0, 498 594; and N — 


791537043 therefore m N x; I'—T — ©,498594 * 7915,704 
= 3946,722, the meridional Parts or Minutes in that protracted 
"7 4c of Latitude, 


1999. As in all Circles, the Radii PA, PE, PI, (Fig. 6.) are 
proportioned to ſimilar Arches in their Peripheries A B, EF, IK; 
and as thoſe Arches are Logarithms of the Ratios of DP to AP, 
GP to EP, LP tolP, in failing on the Rhumbs AN, EQ, 
I'Q, making the fame Angle with the Meridians in all, there- 
fore it follows that the Rai: are the Modules or conſtant Expref- 
ſions of the Ratio of the Logarithms pertaining to their ſeveral 
Peripheries or 8yſtems reſpectively. Thus if IP be Radius or 
the Module for the Logarithms of Neper's Sort, and be expreſ- 
fed by Unity, then the Module or Radius for the Logarithms of 
the common Tables will be 0,43429448 —= EP (1985) and 
then if the Arch I K be Neper's Logarithm of that Ratio of 10 
o'r, E F will be the Logarithm of the ſame Ratio in the tabular 
Syſtem. So that if IK = 2,302585, we have EF = 1, 

1991. Again, if AN be the Rhumb which makes an Angle 
of 45% with the Meridians, and AB an Arch of one Minute; 
then making A Cg AB, we have ABDC a Square, and DC 
= AC = AB; and ſince the Radius AP is in this Caſe to be 
conſidered as divided into Minutes and equal to 343/747, (1988) 
which is but a Part of PI; the ſaid Radius PI, if it be divided 
throughout into the ſame equal Parts or Minutes, will contain 
juſt 1co00, For IP: AP1: 1:0, 3437747, which — 
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is the Module ſor the Syſtem of Logarithms pertaining to the 


Rhumb of 45, or the nautical meridian Line. 

1992. The Modules, therefore, or Ratios of the three Sy- 
tems of Logarithms are theſe, viz. for Neper's Logarithms 
PI = 1,000000 ; for the Tabular or Brigg's Logarithms P E 
— 0,434294; and for the nautical Logarithms we have PA 
= 0,343775- Therefore if EO and IQ be the ſame Rhumb 
of 45%, then by making EHS EF; and IM = IK; tre 
Triangles AC D, EHG, and I ML will be fimilar; and we 


have AC: DC:: EH: G 


IM 


1 : 


1993. Hence becauſe AC AB = 1 Minute, we have as 


02437735 : 1 (:: PA: I:: 


AB: IK) :: 1: 2, 90888 = IK. 


And this is the Meaſure of the natural Sine and Tangent of 1 Mi- 


nute in the Tables. 


: (AB:EF::) 


© yon AP:EP::0,343775 :0,434294 
: 1,2033114 = EF, the Logarithm of the 
3 Ratio in Brize's s Sy/lem. 


1994. Since then the Logarithms of the ſame Ratio pertaining 
to the ſame Rhum5, are expreſſed by the different Numbers 1, 
1,263, 2,909, in the three difterent Syſtems above-mentioned. 
t is eaſy to conceive, that upon different Rhumbs in the ſame 
Syſtem, the ſame Numbers will expreſs or be the Logarithms of 
For let PI be Radius = 1; and take Ic = 
AC, and Ig = EH, and draw the Parallels ce and gi; and 
the Squares Icab = ACBD, and IG EHGF; then 


the ſame Ratio. 


tin 132805; 10: 895: 
| 17 000%: 


CM 08 »© 


IM:ML = ce; whence Ic: I'M 
Tangent of alc = 45: Tangent of 


Ic = 71*%: 17: 42”, And therefore if a Ship fails on the Rhumb 
Je making that Angle with the Meridians, Neper's Legarithms 
will be a Scale of legarithmic Tangents of the half Co- Latitudes every 


where, 


that is 1: 1,2633 :: 


—L {ws | uf 


1995. In the ſame Manner we haveIc: Ig::ca:gh=cd, 
Tangent of alc = 45* : Tangent of dIg 
Conſequently, if a Ship fails on a Rhumb I 4+ 


making that Angle with the Meridians, then (becauſe cd = EF) 
the hgarithmic Tangents, in the common Canon, are thoſe which 
every where expreſs the Ratio of the Targents of half the Co- Latitudes 
to Radius; and therefore the Difference of the logarithmic Tan- 


gents of the half Co- Latitudes will be as the Difference of Longitude 


car 
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correſponding io the given Difference of Latitudes on the Rhumb of 

5 1 38/ "of g 
1996. But this Difference of logarithmic Tangents or Lon- 

gitudes, is an Arch of the Equator, whoſe Radius, or natural 


Tangent in the Tables, is 1. Therefore, putting T — 7 for 
this Difference of logarithmic Tangents (1987) we muſt ſay, as 
o, 434294: 1: 4342, 94: looo“ = Minutes of a Degree in 
the Radius or Arch = 1 (1990). Then ſay, as the Arch 1: 
10000 :: T—T: I—T „ 10000 = Minutes of a Degree 
in an Arch of the Equator expreſſed by 1 —T, | 

1997. Hence the principal Caſes of Mercator's Sailing are ſol- 
vable by the common Tables of logarithmic Tangents; for if 


the Difference of Latitude be given, the Quantity T- x 
10000, or Difference of Longitude correſponding thereto on the 
given Rhumb of 51* 38” 9” will be known alſo; and then, if 
the Difference of Longitude be given on any other Rhumb or 
Courſe, the Tangent thereof will be known likewiſe. For, as 


the Difference of Longitude I —T * 10000 is to the conflant Tan- 
gent of 51* 38” 9”, ſo is the given Diſſerence of Longitudes to the 
Tangent of the Courſe on which the Ship fails (1958, 1959). 


7 1998. From the fluxionary Equation _ REO r5 1 0 


appears, that upon the Rhumb of 455, when 7? r, the Equa- 
tion — 5, will then expreſs the Fluxton of the nautical meridian 
pk 
Line, which in its naſcent State, or very beginning (where x = 7) 
will become æ, or the Fluxion of the natural Meridian it- 
ſelf. 
1999. Now the nautical meridian Line 1 

begins ſrom the Radius with the natural E Q 
Meridian; but the artificial Line of Tan- 


gents begins from the Tangent of 45“. \ 


But the Fluxion ⁊ is equal toi; or half the 
Fluxion of the Tangent of 45“, as is thus 
ſhewn. On the Center C deſcribe the Cir- 7; 


cle DBE, and draw the Tangent DP, C. D 
the 


N. B. Fig. 7. was forgot to be put in the Plate, and is here added. 
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the Secant CP, and infinitely near it CT; and deſcribe the 
ſmall Arch PQ. Then put Radius CD = r, DPS :, DB 
= 2, TPS r, Bb = z; and by ſimilar Triangles we have 
TP: QP::CP:CD; ne: ess eg 
Therefore TP: BB:: CPT: CD. That is, rr + zZt: rr 
7: &; and when t r, then2:1::::s, or; = 2. 

2000. Becauſe is the Fluxion of the nautical Meridian 
(1998) it is the Fluxion of the logarithm Tangents proper to the 
Rhumb of 45 (1980). And fince the Fluxion of the Loga- 


rithm of any Tangent is = therefore when ſuch a Tangent be- 


comes equal to Radius, or t = r, then the Fluxion of its Loga- 
rithm is barely :; but we have ſhewn that in ſuch a Caſe : = 2 x. 
Therefore the Fluxion of our artificial Line of logarithm Tangents is 
double the Fluxion of the nautical meridian Line of logarithm Tan- 
gents, And, ſo the Fluents or Degrees , logarithm Tangents in one 
will be double to thoſe of the other every where. 

2001. Hence it appears, that any Line of artificial Tangents 
is the ſame with the nautical meridian Line, if we take every half 
Degree for a whole one, and number them accordingly. Hence any 
ſuch Line of logarithm Tangents may be uſed or ſubſtituted for a 
Line or Table of meridional Parts, and all the Problems of Merca- 
tar's Sailing are ſolved thereby. The Identity or Coincidence of 
theſe two Lines is repreſented in the double Scale (Fig. 8.) where 
ABis the common Line of artificial Tangents, and CD the 
nautical Meridian ; one to 25 Degrees, the other to 50. 


CH HE 


The different Sprœixs of Loxodromic SAILING, 
deduced from the preceeding Turtory, and iilu- 
ſtrated by proper DIAGRAMS. 


2002, FROM a particular Conſideration of the Nature of what 
is called Departure will reſult another Species of Navi- 


gation called MippIE LaTITUDE SAILING, It is evident, by 
In- 
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Inſpection (Fig. 1.) that which is called Departure is only the 


Arch of a Parallel contained between two Meridians, as PH, 
PI, paſſing through the two Latitudes L and M; and is al- 
ways to be reckoned in that Parallel to which the Ship arrives. 
Thus if ſhe fails from L to M, the Departure is the Arch MO, 
paſſing thro' the Latitude M. But if the Ship ſails from M to 
L, then the Departure is the Arch L, fo that there is in Re- 
ality, two different Departures belonging to the ſame Courſe, 
Diſtance, or-Difference of Latitude. 

2003. Therefore to avoid all Ambiguity and Falacy in Sail- 
ing, it is neceſſary to make conſtant Computations of the De- 
parture upoh Parallels ſo near together, that the Arches MO 
and L m may differ but by an infinitely ſmall Quantity, or that 
the Triangle LO M may be eſteemed rectilineal; and then we 
ſhall have the ſeveral Departures M O, N R, &c. computed 
as they riſe in paſſing over the ſeveral Meridians, as from L to 
M, from M to N, &c. till at laſt the Ship arrives at ſome Diſtant 
Port W in Latitude QW, and the Sum of all theſe Departures 
will be the whole Departure made in the Voyage from L to W. 

2004. But ſince the particular Departures M O, N R, &c. 
proceed continual decreaſing from L to W, tis evident their Sum 
will be greater than W S, which is the Sum of the ſame Num- 
ber of Departures each of them equal to the leaſt of thoſe made 
in the Voyage. And on the other Hand if the Ship ſails from 
Latitude W to Latitude L, the Sum of all the particular De- 
partures will be the ſame as before, but leſs than the Arch Y L, 
which is the Sum of the ſame Number of Departures, each equal 
to n L, the largeſt of thoſe made in the Voyage. 

2005. Conſequently, the Departure made in the Voyage from 
L to W, or from W to L, being the ſame ; and conſiſting eve- 
ry where of Quantities equidifferent, the greateſt and leaſt of 
which are as LY to WS; the Sum of all the Departures will 


be a Mean between the two, or as L — WS 


= de, the cor- 


| reſponding Parallel, or mean Arch of the middle Latitude He 
(135), which therefore will nearly repreſent the whole De- 
parture of the Voyage either Way between the two Ports L 
ard W. (318.) 

2006, Hence 
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2006. Hence we deduce this fundamental Tho, The Co- 
Size of Middle Latitude P e is 1% Radius PH as the Departure de is 
to the Difference of Longitude HQ. Note, If 5 the Sum of the 
Co-Sines of the Latitudes L and S be taken, it will be nearer the 
Truth than the Co-line of Middle Latitude. 

2007. Put Radius = R; Middle Lat. = M; Departure = 
D; Diff. of Lat. L; Diff. of Long. G; the Angle of the 
Courſe = CE; and Diſtance run = 8. Then by the laſt, we 
have cg M: R:: D: G; and by (1957) it is R: tC:z L: D. 


Therefore R x D = 65M x G =tC x; L, which gives 


this Theorem, the Co-Sine of Middle Latitude is to the Tangent of 
the Courſe as the Difference of Latitude is to the Diſſerence of Longitude. 

2008. Then becauſe the Diſtance ſailed LM is to the De- 
parture MO, as Radius to the Sine of the Courſe z that is, as 
S: D:: R: C; we have RA DS.. CX SS eM G; 
which gives this Theorem, as Co-Sine of Middle Latitude is to the 
Sine of the Courſe, ſo is the D Wie run to the 3 of Len- 

itude. 

; 2009. Having thus premiſed the Principles of each Species of 
Sailing, we Hal illuſtrate the ſame by Figures adapted to them 
ſeparately. > And firſt, as to PLAIN SAILING, we have ſhewn 
(1957, Sc.) that it conſiſts only in the fix Caſes of a plain right- 
lined Triangle ; which therefore let be denoted by ABC (Fig. g.) 


in which AC is the Difference of Latitude; AB, the Departure; 


BC, the Diſtance failed; and A C B, the Angle of the Courſe; 
any two of which being known, the reſt are found by plain Tri- 
gonometry (711 to 716.) 

2010. MEercaTor's SAILING has all its Caſes expreſſed in 
two ſimilar Triangles in one Figure, viz. ACB and DCE 
(Fig. 10.) in which AC is the Length of the Arch of the Meri- 
dian in proper or natural Degrees of the Latitude, or Difference 
of Latitude between two Ports. CD is the ſame enlarged ac- 
cording to (1968) and is called the meridional Difference of Lati- 
tude, AB is the Departure. DE the Difference of Longi- 
tude, CB, the natural, and CE the enlarged Diſlance run, and 
C the Angle of the Courſe. Here are alſo ſix Varieties or different 
Caſes of Sailing from two Data, as before. 

2011. In MiDDLE-LATITUDE SAILING, two plain right- 
angled Triangles are alſo uſed, but not ſimilar ones, vix. AC B 
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and DFE (Fig. 11.) in which AC= FD is the Differenus 
Latitude. A B the Departure, D E the Difference of Lapin, 
| > B is the D lance failed; ane the Angle of the Courſe. 
of theſe being given, the others are fqund by the R 
above (2006, Cc.) 
2012. But that the Reaſon of this complex Figure of Triangle 
may appear, it is to be obſerved, that if G H be drawn parallel 
to AB or D E, it will be the Tangent of the Courſe C, and G 
the Co- Sine of the Middle Latitude to the Radius CG. For on 
the Center G deſcribe the Semicircle CLN; and from L ſet. 
ting off the Middle Latitude to M, we have M K the Sine, and 
KGS FG the Co- Sine thereof; "pd therefore by ſimilar Tr. 
angles GFH, DFE, we have GF: GH:: FD: DE; 
that is, the Co. Sine of Middle-Latitude is to the Tangent of th 
C our ſe, as the Difference of Latitude to the Difference of Longitude; 
as before i in (2007). 
2013. Again; we have CG: GH:: CA: AB; and G. 
GH:: DF (= AC) : DE : conſequently it is GF : CG 

AB: DE, or Co. Sine of Middle Latitude to Radius, as th 
"xt to the Difference of Longitude, agreeable to (2006), 
And ſo of the other Theorems. 

2014. Another Species of Navigation, is called, PARALLEL 
SAILING ; which conſiſts in conducting the Ship due EAST or 
WesT upon a PARALLEL to the Equator, The Diagram by 
which this is repreſented, is that of Fig. 12. Where P is the Pole 
of the World; P C, PD, two Meridians; GH an Arch of 
the Equator, and EF a ſimilar Arch of a Parallel of Latitude 
Then we have PC: CD:: PA: AB, or Radius to the Diff. 
rence of Longitude as C 0 Sine of the Latitude to the Di flance ſailed! in 
the Parallel ( 1964). 

2015. This Sort of Sailing therefore admits of three Caſe: 
only, viz. (I.) When AB and AP are given to find CD. 
(2.) When AB and CD are given to find PA. And (3) 
When AP and CD are given to find AB, All which is eri 
dent by Inſpection. 
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CHA P. IV. 
De Tuzory of NavicaTiIon by Logarithmic 


TANGENTS exemplified in a Solution of the ſeveral 
Caſes of SAILING by that Method. 


2016, FA? all the above Methods of computing the Way and 
Courſe of a Ship conſiſt in the Solution of a plain 

night angled Triangle, they require no Example; but the Man- 
ner of ſolving the Propoſitions of Sailing by the Tables of Loga- 
rithmic Tangents is not quite ſo common, nor ſo clear; in what we 
have had hitherto publiſhed on that Subject. It may be proper 
therefore to illuſtrate the Theory we have given by a Solution of 
ſuch Caſes in which the Longitude is concerned, eſpecially as it 
will from thence appear that this Invention ſuperſedes the Ne- 
ceſſity of a Table of meridional Parts, and is when joined with 
plain Sailing, a compleat Compendium of practical Navigation. 
2017, If we tetain the Notation in 1987, &c. and, more- 
over, put L for the Difference of Longitude, C for the Ship's 
Courſe, and G for the conſtant natural Tangent of 51* : 387: 


9“; then we have this Analogy T—T x 10000 : G:: L: 
tC (by 1997) which admits of three Caſes, beſides thoſe of plain 
Sailing, viz. 1 | 

| 2018. CASE I; 

Given the Difference of Latitude, and Difference of Longitude, 


3 | F 
to a the Ship's Courſe; the Theorem is TS Cow 
e. 


2019. Cast II. 
Given the Difference of Latitude and Courſe, to find the Dif- 


TY 
rence of Langitade 3 the Theorem is = 2 — x tC 


= L. 


1% ﬀITHEE 
Given the Courſe, and Difference of Longitude, to find the Diffe- 


renee of” Latitude ; ; the Theorem is —— x L — e 
Oe 2 


tC x 10000 
30214 
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202 1. For an Example of the firſt Caſe, ſuppoſe a Ship fails 
- from the Lizard in Latitude 49® 55/ North to Barbadoes in Lat. 
13 1&f North; the Difference of Longitude being 53 of, re- 
quired the Rhumb on which the Ship was ſteered ? 


The Solution of this Caſe is as follows: 
Lat. Comp. Halves Log. Tang. 
Barbadoes 13 10 — 76 50 — 38 25 — 9,8993082 = T, 
Lizard 49 55 — 40 05 — 20 25 — 9,5620477 = T, 


The Difference is 
Multiply by 


T—T = 0,3372605 
— — 10000 


—— 


The Product is 1 — T x 10000 — = 3372, 605 
Then the Tang. of 51 387 of) = G = 
12633210 — — 


Mutt. Diff. of Long. L = 53* oO 8 3,5024271 


The Product is G & — 13, 6039375 


Which divide by T—T X 10000 = 


33724605 — 3 35279654 | 


— eee. 


— — 


The Quotient is the 


Tangent of 98 = 495 59 100% — 10,07 59721 
Courſe required 
2022. Then to find the Diſtance ſailed, uſe this Proportion 
of plain Sailing, viz. As Co-Sine of the Courſe is to Radius, (or a 
Radius to the Secant of the Courſe) ſo is the Difference of Latitude 
AC to. the Diſtance run CB = 3429, 38 nautical Miles or Mi- 
nutes of a Degree, (See Fig. 9.) 


2023. Example to ors II. 


Suppeſe a Ship fails from Latitude 49* 55/ to Latitude 135 10, 
an a Rhumb or Courſe of 49* 50 10”; 1 fr the Difference of Lu. 
gitnde. The Solution will ſtand thus. (See Theorem 2019). 
Multiply I — F x 1000 = 3372, 505 — 3,5279654 
ByTang, of the Courſes C = 49? 59 10” — 10,0759728 | 


I 3,00 
Divide by conflant Tang. G 25138709“ — . — 


The Quotientis Diff. of Long. L 53˙ O0 — 3, 5024271 


Thus, 


E 


hus, 


The Logarithm of tC x 10000 
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Thus, by two good Obſervations of the Latitude and the 


Courſe ſteered, the Reckoning of a Ship's Way is beſt aſcer- 


tained, eſpecially if you ſail near the North or South. 


2024. Example to Case III. 
Admit a Ship ſails from Latitude 49* 55/ on a Courſe of 49* 
59 10% ſoutherly, till her Difference of Longitude be 53* oC, or 
3180 Miles; to find the Latitude ſhe is then in. The Solution of 


this Caſe is thus (by Theorem 2020). 


To the Log. of the conſtant Tang. G — 10, 1015 104 


Add the Log. of the Diff. of Long. L = 
3180 5 355024271 


The Sum is the Log. of G x L —— 136039375 


Then to the T of Courſe = 
— O the ang. | = 49? 59 : 10, 759721 
Add the Logarithm of 10000 = 4:0000008 


14507 59721 1 


5 1 7 
Then 77 wo00 Ä by — 9,5279054 
0, 3372605 — 


Now one Latitude being given 49* 55”, the Logarithm 
Tang. of half its Complement is — 9, 5620477 =T. 
To which add —— o, 3372605 = =T—T. 


The Sum is the Log. Tang 38⁰ 255 — 9,899 3082 = =. 

The Double of which is 76* 507, which is the Complement of 
13* 107, the Latitude of the Ship required, (See 2021). i 

2025. From hence it is evident, that theſe three Caſes, add- 

ed to thoſe of plain Sailing, are ſufficient for all practical Compu- 
tations of a Ship's Ways, or for keeping a Reckoning at Sea, 
which are all performed by a Table of Logarithmic Tangents, or by 
the common Gunter properly made, as we ſhall hereafter ſhew, 
when we come to give the Theory and Cenſtructian of mathemati- 
tal Inſtruments. 


2026. 


EET INNS INNER — — — 
* 
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2026. What has been hitherto delivered is upon the com - 


mon Hypotheſis, that the terraqueous Globe is of a ſpherical Figure, 


but that it is not ſuch is well known; and not only ſo, but the 
Difference therefrom is ſo conſiderable, as not to be without 
its ſenſible Effects in Aftronomy, Geography, and Navigation, as 
I have at large ſhewn in my New PRINCIPLES of GEOGRA- 
PHY and NAVIGATION, and have there conſtructed large 
Charts to 70 Degrees Latitude, and new Table of meridional 
Parts adapted to the true ſpheroidical Figure of the Earth; by 
which the Solutions of all Cafes of Sailing are rendered juſt as 
eaſy as by the falſe Charts and erroneous Tables in preſent 
Uſe, which are no ſmall Diminution of the Glory of naval Sci- 
ence in ENGLAND. What farther relates to this Subject we 
propoſe to deliver in the Theory and Conſtruction of Inſtruments 
uſed in Navigation (in which there is great Room for Improve- 
ment) but this we muſt defer to a future Part of this Work, 
and proceed with our Inſtitutions relative to the Theory of the 
Sciences, which ought to precede the mechanical and * 
tal Part. 


FT, 


We 


PHY- 
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O R, 
INSTITUTIONS of GUNNERY. 


CONTAINING 


The philoſophical and mathematical Ex R- 
MENTS of that Art, connected with, 
and illuſtrated by the Experiments pub- 
liſhed by the late Mr. Rozins. 


CHEF FL 


The THEORY of RESISTANCE fo BoDIEs moving in 
a reſiſting Medium.“ 


2027. 1 in the preceding Part delivered the true 
Principles of the Art of navigating a Ship, which is 

to be conſidered as a Part of Military Science, we think it may be 
very properly connected with its Siſter Science, BALL1sTICS, 
or 


It appears, (ſays Mr. Ronins) that the modern Writers on the 
Art of Gunnery have been very much deceived, in ſuppoſing the Re- 
fiſtance of the Air to be inconſiderable, and thence aſſerting, that the 
Track of Shot and Shells of all Kinds is nearly in the Curve of a Pa- 
rabola. That by this Means it has happened, that all their Determina- 
tions about the Flight of Shot diſc with conſiderable Degrees of 
Celerity are extreamly erroneous, and conſequently that the preſent 
Theory of Gunnery in this its moſt important Branch is uſeleſs and 


* 


fallacious, Preface to principles of Gunnery. 
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or the Doctrine of Projectiles (not in Vacus, but) in a refifling Ma | 
dium, eſpecially as nothing conliderable has been wrote directly 
on this Subject in our Language to explain the true PRINC1PLys; 
or THEORY of GUNNERY, nor any Thing of a practical Na. 
ture, but a Treatiſe of Gunnery confirmed by Experiments by 
Mr. Rozins, an excellent Performance it is true, but unleſs the 
phyſical PRINCIPLES or T HEoRY on which the greateſt Part de- 
pends, be explained and connected with the Experiments, the 
Art of GUNNERY will, after all, be deficient in the moſt eſſen- 
tial Part, as we preſume will be n evident from the en- 
ſuing Diſcourſes. 

2028. Since the Path of Projection is through a r-/y/ling Me. 
dium, the firſt Thing neceſſary is to eſtabliſh the I HEOR of 
RESsISsTANxcE to Bodies moving in a fluid Medium, where the 
Particles, both in the Body and the Medium, are ſuppoſed to be 
abſolutely void of any elaſtic Force, and to act upon each other 
only by Virtue of the Vis inſita. We ſhall here alſo ſuppoſe the 
Fluid to be quite perfect, or free from all Tenacity of Parts, and 
that the Friction is of Courſe nothing at all. 

2029. Therefore let AM B be any 
Curve moving in a Fluid in the Di- 
rection of the Axis CA; then to any 
Point M let be drawn a Tangent, in 
which take Mm = * = Fluxion of the 
Curve; and let LMP be drawn per- 
pendicular to the Baſe BC, and draw 
the Perpendiculars LM and mr; and 
put CB S a, CP=x PM= y; 1 
then My, and rm A; and be. ,,q Tp 
cauſe of ſimilar Triangles CMP and f 
Mrm, we have CM (a): PM (=1) : Mm (S) rn 


5 
= 5); whence = = 5, and 4 == f 
2030. Let the abſolute Force of a direct Stroke of a Particle 


of the Fluid be repreſented by LM, and ſince the Stroke at M is 

oblique to the Curve, it muſt be reſolved into two, viz. M n, and 
Luz; the firſt of which does not affect the Curve, but the latter 
acts perpendicular to it. And therefore the whole Force is to 


the oblique Force as LM to Ln, or as Radius to the Sine - 


So 2 81 
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| Incidence (1033). Wherefore the whole Force being = 27 


that by which the Point M is ſtruck will be as = * ; ſor becauſe of 
ſimilar Trian. LMM, Mer we have MACS 2): mr (= 4 
:: LM (= 1). LN — =o 


2031. But this Force L muſt be reduced to another acting 
againſt the Point M in the Direction in which it moves, that is, 
it muſt be reſolved into the two Forces L and mr ; of which 
the latter being perpendicular to PL does no Ways hinder i its 
progreſſive Motion; but the former L acts wholly ee + it. 


But Mm ( ) : ur (): LN ( 2 1722 —_ which 


therefore expreſſes the Reſiſtance to the Particle M. moving in 
the Direction ML. 


2032. But as this Force. acts perpendicularly (not to the 
Curve, but) to the ordinate M D, it _ be * by the 


F luxion chereof, and the Product, viz. — X + = 25 will be the 
Expreſſion for the Flux. af the Reſiſtance of the Arch A M. Then 
ſince a: p :: x: = = Circumference of a Circle whoſe Radius 
isx; if we multiply this GH by the Fluxion of Reſi- 
ſtance, the Product — = wil be the Fluxion of Reſiſtance to 


the Surface of the Solid Ninh by the Revolution of the Curve 
AM abour its Axis A C. 


2033. In order to find the Fluent or Reſiſtance for the Sur- 


2 x? X x 
face of a Globe, we have's * = =— (2029) therefore 2 725 = 


but y = n whence en gs [> 


Ss 


4 = x x, whoſe Fluent is = Xx r — 1 x*, for the 
Reſiſtance z and ſo when x = @, we ball have: rap for the Ex- 
preſſion of the Reſiſtance to the e of the Hemiſphere, or 


Globe moving in the Fluid, | | 
Vox. II. | Pp 2034. 
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2034. If- a Cylinder were to move in the ſaid Fluid in the 
Direction of the Axis, ſince the Stroke of every Particle would 
be direct, and the whole proportional to the Area of the Baſe z 
it is evident (ſuppoſing the Diameter of the Cylinder and Globe 
equal) that the whole Reſiſtance to the Cylinder will be (as the 


Area of its Baſe) = (ſee 830) whence it appears, the Reſiſtance 


to the Globe is to that of a Cylinder (of equa! Diameter) as 1 10 2. 

2035. A Cylinder falling upon ſuch a Fluid, will in the 
Time of paſſing through its whole Length, communicate a 
Motion to the Particles, as will be to the whole Motion of the 
Cylinder, as the Denſity of the Medium to the Denſity of the 
Cylinder. For let Q, M, V, B, D, be the Expreffions for 
the Quantity of Motion, Matter, Velocity, Bulk, and Denſity of the 
Cylinder; and 9, m, v, b, d, denote the ſame Things in the 
Fluid. Then the Motion of the Cylinder will beQ = MV, 
and that communicated to the Fluid will be g = vm (97o); 
but it is M = BD, and n = bd (973). Whence Q = V BD, 
and'g = vbd; and ſo Q: g:: VBD: vd; but VB = vb, 
therefore : Q:: 4: D. 

2036. If the Axis and Diameter of the Cylinder be equal to 
the ſame in a Globe; it is evident, ſince the Reſiſtance to the 
Globe is but z that of the Cylinder, the Globe, that it may 
communicate the ſame Motion to the Fluid, muſt move through 
twice the Length of its Diameter. If the Velocity and Denſity 
of the Cylinder and Globe be equal, (and 2, M. J, B, D, 
ſtand for the ſame Things in the Globe) then, ſince V = V. 
it is &: Q:: (M: M:: B: B) :: 2: 3 (837). Alſo the Mo- 
tion of the Cylinder is to that communicated by the Globe in 
paſſing through two Diameters, as the Denſity of the Cylinder 
(or Globe) to that of the Medium, viz. Q: 9:: D: 4 (2035). 
Laſtly, let q be the Motion communicated to the Medium by 
the Globe in paſſing through + of it's Diameter; then : q ::2 
:4::3:2. And by compounding theſe Ratios, we ſhall have 
QA: q :: D: J] that is, the whole Motion in the Globe is to that 
communicated to the Medium (equal to the Reſiſtance of the Medium 
to the Glabe) in paſſing through + of its Diameter, as the Denſity if 
the Globe to the Denſity of the Medium. 

EP | 2037 
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037. I the Particles of the Cylinder, Globe, and Medium 


be 9 perfectly elaſtic, then the Velocity of the Parts, af- 


ter Percuſſion, will be double to what it is in the Medium be- 
ſore mentioned (1015) and therefore the ſame Effect will be 
produced in half the Time, or in paſſing through half the Space. 
Conſequently, in a perfectly elaſtic Fluid, à Gabe, in the Time 
of paſſing through 5 Parts of its Diameter, will communicate a 
Motion to the Particles that will be to the whole Motion of the 
Globe, as the Denſity of the Fluid to the Denſity of the 
Globe. 

2038. There is no ſuch Thing in Nature as a perfect Fluid, 
or ſuch whoſe Parts are abſolutely free, and unaffected by any 
external Force; for all Fluids are heavy Bodies, that is, their 


Parts gravitate towards the Center of the Earth, and conſe- 


quently on one another. Therefore the lower Parts will be 
compreſſed by the Weight of thoſe above them; and therefore, 
when a Body is conſidered as moving through ſuch a compreſſed 
Fluid, the Motion or Velocity of the Body will be leſs than that 
with which the Particles will ruſh into the Space relinquiſhed 
by the Body, by Virtue of the Compreſſion, I fay, in this Caſe 
we are to conceive the Force of Re-aCtion on the fore Part of 
the Body, in ſome Degree abated by the Particles circulating 
round to fill up the relinquiſhed Space, in order to reſtore the 
Equilibrium (that would otherwiſe be deſtroyed) by the conſtant 
Influx of the Fluid behind the Body. 

2029. This complexed Caſe of real Fluids makes the Com- 


putation of their Reſiſtance to Bodies very difficult and tedious, 


but Sir Iſaac Newton has fully conſidered the Thing,* and found 
that the Reſiſtance to a Cylinder moving in ſuch a compreſſed 
Fluid, is but a fourth Part of what we have ſhewed it would be 
in a perſectly non-elaſtic Fluid (2035.) ſuppoſing the Veloci- 
ty of the Body and Denſity of the Fluid the ſame in both Caſes ; 
that is, the Motion imparted to ſuch a Fluid in the Time it paſſes 
through four Times its Length, is to the whole Motion of the Cylinder, 


as the Denſity of the Fluid to that of the Cylinter. 


2040. In ſuch a compreſſed Fluid, Bodies of every Form (if 

their tranſverſe Sections are equal) will be equally reſiſted; for 

if a — Globe, Cone, circular Plane; &c. of equal Dias 

0 P p 2 teĩs 
* Sec his Principia, Lib. II. Prop. 37, Cc. 
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ters were · placed in a Canal of ſuch a current Fluid, it is evident 


the Fluid would be equally obſtructed by them all, or the in- 


creaſed Velocity of the Fluid paſſing by each will be the ſame; 
they therefore equally reſiſt the Fluid, and, were they to move 
in the Fluid, would be equally reſiſted by it. Conſequently, 
fince the Motion of a Globe is but + of that of the Cylinder cir- 
eumſcribing it, the Force that will generate or deſtroy the 
whole Motion of the Cylinder while it moves through 4 Times 
its Length, will generate or deſtroy the whole Motion of the 
Globe while it moves uniformly through 4 of 4 Diameters, or; 
Parts of its Diameter, that is, through 2 2 Diameters. 


2041. It will be neceſſary here to obſerve, that the Theory of 


Reſilance in a rare elaſtic Medium is, by the Newtonian Matheſi,, 
arrived to its Perfection, ſince thereby it is determined what the 
| Figure or Form of a Body muſt be, which, moving in ſuch a 
Medium, ſhall meet with the leaft Reſylance poſſible. And as 
this Part of mathematical Philoſophy is of primary Conſideration 
in Naval Architecture, and Military Science, we ſhall here ex- 
plain the Principles of the Calculus, as follows. | 
2042. On the 7 
Right-line B C, NES * 
ſuppoſe the Pa- 
rallelograms B | 
Gg, MN nm, | 
of the leaſt * 
Breadth, to be . . —— - 
erected, whoſe 1 CB N 
Heights BG, MN, their Diſtance M 5, and half the Sum of 
their Baſes : MM + i Bb = a, are given: Let half the Diffe- 
rence of the Baſes MM — : B be called x: Let G and N be 
Points in the Curve G ND; and producing bg, and mn to: 
and n, (fo that gg = nn == b,) the Points g and u may alſo 
be in the ſame Curve. 
2043. Now if the Figure C DNG B, revolving about the 
Axis BC, generates a Solid, and that Solid moves forwards in 


a rare and elaſtic Medium from C towards B, (the Poſition of 


the Right-line B C remaining the ſame ;) then will the Sum of 
the Reſiſtances * the Surfaces generated by the Lineolz 
G25 


AN] 2 
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6, Nu, be the leaſt poſſible, when g is to Nut as BG 
x Bb to MN x Mm. 
2044- For the Force of a Particle on G e and N z, to move 


them in the Directio 


the Number of Particles that ſtrike in the ſame Time on the Sur- 
faces generated by G g and Nu, are as (the Annuli deſcribed by 
gg and nn, that is, as BG x gg and MN x nn, or as) BG 
and MN; therefore the Reſiſtances _ thoſe Surfaces 


are as wa to m— - that is (putting for & g ry „ and 2 for N n wh 
Go: Na 


M 

2045. But the Sum of theſe Reſiſtances == + +) is a 
y 2 

Miimum. Therefore — BG x = — MN * — So, 


9 
or MN x = =—BG x 2: But) = (Gg = >. 
ZZ Jy 


2 =) aa—2ax + xx + bb; and z = (Nun = Mm + 
nn =) aa + 2ax þ xx + bb; therefore; = 2 xx —2 az, 


ands 244 + 2x#: Conſequently X2xX@+x 


BG | — MN — MN 
=— X2xX 4 —x; 0r _ — 
Jy 2 Z 


xMm = (= Xa —x = )— x Bb. (2042,) There». 
yy 

fore (yy) Get: (zz) Nn':: BG x Bl: MN x Mn. 
2046. Conſequently, that the Sum of the Reſiſtanees againſt 
the Surfaces generated by the Lineolæ Gg and Nu, may be the 


leaſt poſſible, Got muſt be to Nu“ as BG x Be @NM 
x Mm. 


2047. Wherefore, if gg be made equal to g G, fo that the 
Angle gGg may be 45%, and the Angle hs Fog = 1 ; alſo 
Gr =282 , and Ug = 42g"; then 4gg :Nn':: GB 
* 3 
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x Bb:NMx Mm; and ſince GR is parallel to N a, and 
BG, BR parallel to n, Nn; alſo an gg = gG; it 
follows, that (xn = gG =) Bb: (Nn=)Mm:: BG: BR; 


1 705 =; alſo (an =)egG:Nn:: BG: 
TH ala 
| 482 _ \4BG BG x Bb 
G R. Conſequently, ) FN (MN Ma =) 
Ore Therefore 4 BG* x BRis to GR* asGRto 
MN. 


2048. How this Curve DNG is to be conſtructed by Means 
of the Logarithmic Curve, and from thence a practical Method 
of forming the SOLID of 4 RESISTANCE, we may hereafter 
ſhew, in its proper Place, when we ſhall have premiſed and ex- 
plained the general Doctrine of Curves, 


CHAP. IL 


The Doc TRINE of abſolute, ſpecific, and relative 
WIICGHI in BoDIEs, explained on the ſtatical 
PRINCIPLES of refiſting FLuiDs, as WATER, 

AIR, Sc. 


2049. B EFO RE we proceed any farther, it will be neceſſa- 
ry (in the THEORY of BALLISTICS) to premiſe a few 
Things 1 to the various Diſtinctions of GRAvIT x, or 
Weight in Bodies, viz. abſolute, relative, and ſpecific, Gravity. 
Abſolute Weight is the whole Weight of a Body in Vacuo. Relative 
Weight is that which a Body has when weighed in a reſiſting 
Medium. Specific Gravity is the comparative Weight of Bodies of 
equal Bulk. Thus if the Weight of a Cubic Inch of Mater be to 
that oba Cubic Inch of Copper, as 1 to 9, we ſay the Specific Gra- 
vity of Copper is 9, or its Ne is 9 Thanh greater than that of 
W ater. 
2050. 
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2050. But to illuſtrate this | 
Affair, let A B be a Ballance, 

and from the Scale D let any A 


Body F be ſuſpended by a fine | 


Horſe Hair E, and equiponde- 
rated in the Air with Weights 
put into the other — 4 C. O2 
After this, immerſe it in the 
Fluid I H, contained in the 
Jar GH, and the Equilibri- Z a 
um will be deſtroyed. For the Body F will now appear r lighter, 
and aſcend, while the Scale C deſcends. 

2051. That the Weight of the Body F ſhould be diminiſhed 
in the Fluid, is hence evident, that it cannot deſcend therein 
without raiſing at the ſame Time an equal Bulk of the Fluid, 
which Quantity of the Fluid, thus raiſed, will reſiſt the Body F 
with all its Force (equal to its Weight) and therefore will de- 
ſtroy jult as much Motion (or Weight) in the Body F (965). 
And therefore, by putting Weights in the Scale D, till the E- 
quilibrium is again reſtored, we ſhall have the Compariſen of 
eight between the Body F, and the Fluid, in equal Bulls: For the 
Weight of the Solid is in the Scale C, and that of an equal Bulk 
of the Fluid in the Scale D; and hence the ſpecific Gravity of 
the Solid and Fluid becomes known; for which Reaſon this In- 
ſtrument is called the HYDROSTATIC BALANCE. 

2052. If from the Weight of the Solid, in Air, we deduct the 
Weight of an equal Bulk of the Fluid, the Remainder is the 
relative Gravity of the Body; and is all that Force by which the 
Body finks or deſcends in the Fluid. But if the Weight of the 
Solid be leſs than that of an equal Bulk of the Fluid, it is evident 
ſuch a Solid cannot be totally immerſed by its Weight, but will 
fwim with a Part extant above the Fluid. If the ſpecific Gravity 
of the Solid and Fluid be equal, the Solid will retain any Poſition 


in the Fluid, and neither /in, nor ſwim. Hence the Rationale of 
SINKING and SWIMMING is evident. 


2053. Not only the ſpecific Gravity of Solids, but alſo of 
Fluids become known by the ſame Balance; for if the Solid F 
be weighed in two different Fluids, the Weights put into the 
Scale D to reſtore the Equilibrium, each Time will expreſs the 
Gravities of equal Bulks of thoſe Fluids ; and hence a Table 


C. 
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of ſpecific Gravities for Solids and Fluids may be made, a Speci. 


men of which here follows, where the Comparifon is made, b 
with the Gravity of Rain- water, put = 1,000. q 
2054. Rain-water 1,000 Ebory ——— ' 1,197 4 
Sea - water ?82—ͤ— 1 „030 Cork xk! 0,240 7 
Aqua-fortis ——— 1,300 Good Wheat —— 0,757 tl 
Oil of Vitriol —— 1,700 White Peaſe ——— 04807 v 
Spirit of Wine rectified 0,840 Bone — 1,656 
Spirit of Nitre tectified 1,610 Ivory ag 1,826 1 
Burgundy Wine — o, 953 Horn —— 1,840 t 
Canary 1,033 Adamant — 3,400 t 
Red Wine — 0,993 Glaſs — 25666 2 
Diſtilled Vinegar — 1,030 Flint — 2,542 , 
Cow's Milk 1, 30 Marble — 2,700 
Urine 1,030 Mundick 4,430 
Mercury Crude — 13,593 Chalk — 2,370 
Amber — 1,040 Magnet — 1,840 
Sulphur —— 1,800 Newcaſtle Coal — 1,272 
Borax — 1,720 Oil-ftone —— 2, 380 
Red Coral ——— 2,689 Slate — 2,740 
Cinnabar natural 7, 300 Alabaſter 5 
Tartar common 1,849 Copperas Stone — 4,300 
Camphire 0,095 Copperore —— 3,775 
Vitriol of Dantzick — 1,715 Lead Ore ——— £6,800 
Sal Gems —— 2,143 Biſmuth — 9,700 
Allum 1,714 Speltar ! 7,065 | 
Nitre — 1,000 Tin — 7,550 | 
Gum Arabic 1,375 Iron — 7,045 | 
Verdigreaſe —— 1,714 Braſs, wrought — 8,009 | 
Bees Wax ——— 0,960 Copper | —— 9,000 
Pitch  —— 1,190 Lead — 10, 131 5 
Roſin — 1,100 Silver, Sterling — 10,000 
Honey ———— 1,450 —— Pure — 11,091 
Dry Box Wood —— '0,950 Gold, Sterling — 17,150 
Dry Fir ——— 0,546 ——— Pure —— 19,640 


Lignum Vie — 1,327 


2055. Becauſe it is found by Experiment, a Cubic Fine of Rain- 
water weighs very exactly 1000 Ounces Averdupois, therefore 
| the 
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the Numbers in the Table will expreſs the Ounces contained in 


a Cubic Foot of any of the other Subſtances. An Ounce Aver- 
dupois = 437%» and an Ourice Troy = 480 Grains. But 
4372: 480: : 51 : 56, nearly. The Averdupois Pound is to the 
Troy Pound, as 437 1 X 16 = 7008 to 480 X 12 = 5760; 
that is, as 17 to 14 nearly. Therefore a Cubic Foot of Water 
weighs 62 4 1b. Averdupois, and 76 1b. Troy neatly. 

2050. What relates to the abſolute and ſpecific Gravitiet, the 
Magnitudes, Denſity, &c. of Bodies, will beſt be underſtood 
by ſymbolical Computation ; in order to which let A ahd B be 
two Bodies of equal Bulk, but different Quantities of Matter; 
and let B and C be two other Bodies with __ W of 
Matter, but of different Bulks: 


| D= Denſity 3 
And let OB — Bulk in the Body A, 
M = Quantity of Matter 


D = Denſity | 
Alſo 2B = Bulk P! in the Body B. 
M = Matter | 


Qs = = Deploy 
And s = Bulk p in the * C. 
m = = Matter 9 


2057. Then, becauſe the Denſity of any Body is proportional 
to the Quantity of Matter under equal Bulks, we ſhall have 
D: D:: M: M; and, becauſe when the Quantities of Mat- 
ter are equal, the Bulks muſt be reciprocally as the Denſities, 


therefore we have D: d:: b: B. Whence D = IJ = 


2 conſequently DA, = d M. But B = B, and M= n; 


B 

therefore DBM = dM. Whence we have D: d:: UM: 
m B; and B: J: 4 M: Dm; and M: n:: DB: db. 
2058. The ſpeciſie Gravity of Bodies being as the Weights, 
that is, as the Quantities of Matter, in equal Bulks, will be as 
the Denſity : Therefore D: :: 8:53 and by Subſtitution of 
Ratios, we have the general Theorem above become 8 B m — 
sbM. And fince the abſolute Weights (A, a,) df any two Bo- 
Vor. II. ; Qq- dies 
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dies are as the Quantities of Matter, we have SB a'= A's; bt 
Wherefore 8: :: Ab:aB; that is, the ſpecific Gravities 


will be as the abſolute Weights directly, and the Bulks inverſely, 


or as the abſolute Weights divided by the Bulks, 


2059. Alſo A: :: SB: 5b; that is, the abſolute Weights: 
of Bodies are in the compound Ratio-of their ſpecihc Gravities 


and Bulks. Or the abſolute Weight of any Body is had by mul- 


tiplying its Bulk and ſpecific Gravity together. 

2060. Again; becauſe B: b:: Af: 48, it appears that the 
Bulk or Magnitudes of Bodies will be as the abſolute Weights 
directly, and ſpecific Gravities inverſely. Or the Magnitude 
of any Body is had by dividing its abſolute Weight by its ſpecific 
Gravity. 

2061. From what we have ſaid, it is evident we have not the 
abfolute-Weight of Bodies in the Air, but only the Relative. Let 

= abſolute Weight, and B = relative Weight; then A — B 
= the Weight of an equal Bulk of Air, (2051) and the ſame 
may be ſaid for any other Fluid. Wherefore let the Motion of a 
Globe moving in a Fluid be ſuch as will- be generated by the 
Force of its relative Weight falling in Yacuo through a Space (8) 
that ſhall be to £ of its Diameters (+ D) as the Denſity of the 
Globe (D) to the Denſity of the Fluid (4), then will the Velecity 
it will acquire by the Fall be the greateſt it can poſſibly acquire by di- 
ſcending in the Fluid; and the relative Weight of the Globe will be 
equal to the Reſiflance, ariſing from the Medium to the Globe, ay 
mentioned in (2039, 2040). 

2062. Forlet R = Reſiſtance, F = Force that will generate 
or deſtroy the Motion of the Globe while it deſcribes 3 Parts of 


its Diameter; then F: R:: D: à4 (2039) and fo F => 


And fince S = Space deſcribed in the Fall, the Globe by an 


uniform Motion with the Velocity acquired by the Fall, will de- 
ere a e = 28 in the fame Time (993) and ſo, becauſe 
8:4 D:: (28: 3D) D:d. But the Times T, t, in which 
the ok 25 and 40 are uniformly deſcribed are as thoſe Spa · 
ces, viz. T: t:: 25: 3D, hence T: t:: D: d. 

2063. Again, ſince in the Times T and ? equal Quantijie 
of Motion are produced (for F produces the whole Motion of the 
Globe in the Timer, and the relative Weight (B) of. the Globe 


pro- 


# 
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produces the ſame in the Time T, (2061). And fince the leſs 
the Time is, the greater muſt be the Force to produce a given 


Effect; therefore F: B:: T.: t:: D: d. Conſequently r= 


BY = — 72 en b ve ne et 


0 the relative eight, the Body can be no longer accelerated, but 
mult deſcend with an uniform Motion in the Medium, with a 
Velocity equal to that acquired by the Fall through 8 in 
Vacuo. 

2064. Hence if the Denſity of the Globe and of the reſiſting 
Medium be given, as alſo the Velecity of the Globe in the Be. 
ginning of its Motion; then the Reſiſtance it meets with may 
be computed as follows. Let A = abſolute Weight of the 
Globe in Vacuo, and B = Weight of an equal Bulk of the Me- 
dium; then A — B = B = therelative Weight of the Globe 
in the Medium, (2061). 

2065. And fince the Spaces deſcribed in the ſame Time in Va- 
cus are as their accelerating Forces (999), therefore as the Space 
deſcribed in Vacuo by the Weight A is 16,2 Feet in one Second, 
the Space deſcribed in Yacuo by the Weight B in one Second 

16,2 B 


will be known, for as A: B:: 16,2 * = to the ſaid 


Space. 

2066. Moreover, the Time of deſcribing the Space 8 in Vacuo 

; ; r 
by the Weight B is thus found; 3 r _ 
the Square of the Time required; or — — 
»2 

. 5 1 4 A 

Time. But 8 = 2 (2061) whence T = E 


2067. The W of the Fall will carry the Globe with a 
uniform Motion over a Space 28 in the Time of the Fall T; 
and the Velocity of uniform 3 is 8 80 as the Space divid- 


ed by the Time (991) 3 therefore 5 5 = V = the Velocity ac- 


quired by the Fall. 
2068. The Globe _— in the reſiſting Medium meets with 
a Reliftance = = B (2063) ; if any other Velocity (/) be given 
 »Qq2 the 
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the Reſiſtance agreeing to that Velocity will be thus found. As 
2M : Ni: B: * = Reſiſtance to the Velocity /. For that 
the Reſiſtance is as the Square of the Velocity in general, is 
hence evident; becauſe the Reſiſtance will be greater in Propor- 
tion to the Number of Particles which ſtrike againſt the Globe 
in agiven Time, and alſo to the Intenſity of the Stroke of each 
Particle ; and each of theſe will be as the Velocity, and therefore 
both together as the Square of the Velocity, 

2069. But, as I ſaid, this Ratio of the Reſiſtance to the Velo- 
city is only general, and agreeing to flow Motions; becauſe in 
very ſwift Motions the Circumſtances will be altered, on which 
the Reſiſtance depends, both in regard to the Medium, and to 
the Figure of the Body moving in it, For with reſpect to the 
Medium, though compreſſed, yet if the Velocity of the Body 
be ſo much greater than that af the Particles ruſhing in behind 
the Body, that a Vacuum is left, the Caſe of this compreſſed 
Fluid will be nearly the ſame with one that is free (2028); and 
conſequently the Reſiſtance to a Cylinder moving ſo very ſwift 
as to leave a vacuous Space behind, will be near 4 Times as 
great as when it moves ſlowly through the ſame compreſſed 
Fluid (2030). 

2070. Again, the Reſiſtance will vary in ſwift Motions ac- 
cording to the Figure of the Body. In ſuch a Caſe the vacuous 
Space will be more or leſs, and the compreſſed Fluid approaches to 
the Nature of one that is free, wherein the Reſiſtance to a Globe 
has been ſhewn to be but half what it is to a Cylinder (2034) ; 
therefore the Reſiſtance to a Globe moving very ſwiftly, even in 
a compreſſed Fluid, {becauſe of the Facuum behind) may meet 
with little more than half the Reſiſtance of the Cylinder moving 

with the ſame Velocity, 
2071. But we cannot ſuppoſe the Compreſſion of the Medium 


not at all to affect the Body, for even to a Globe, the Particles 


which ſtrike it obliquely, will be in ſome Degree confined by 
the compreſſing Force, and therefore give more Reſiſtance than 
when they are free to move. Alſo if the Medium be Elaſtic, 
this Reſiſtance will be thereby farther increaſed (2037), ſo that 
upon the Whole we may conclude that the Reſiſtance to a Globe 
moving ſwiftly in a compreſſed elaſtic Medium wm as our ga 
W 


"I. 
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will be between that of a Globe and of a Cylinder in a free and per - 
fect Fluid, and that ariſing to either in a flow Motion from a 
compreſſed Medium; that is, it is more than ?wice and Iſs than 
4 Times the Reſlance the ſame Globe would meet with moving 
lowly in a compreſſed Medium. SK th 

2072. Hence then we may take it for granted, that in'very 
ſvifc Motions, a Globe is reliſted about three Times more, in 
Proportion to its Velocity, than when its Motion is ſloweſt ; and 
that the Reſiſtance will decreaſe as the Velocity decreaſes, and 
as the Circumſtances of the Medium return to their natural State, 
Let this ſuffice at preſent, for the Theory of the Reſflance of 
Fluids, which is a fundamental Doctrine in the Science of BAL- 
LISTICS,* | | | 


CH XUE 


Of the NATURE and PROPERTIES of AIR; its 
ELASTICITY, DENSITY, abſolute and ſpecific 
GraviTY explained by COMPUTATION and Ex- 
PERIMENTS. - 


2073. 8 Nature of ELasTICITY, and whence it ariſes 

| has been already, in general, ſhewn (975—980). 
We now propoſe to conſider the Phyfico- mathematical 
thereof ; and apply it to the Air, and other elaſtic Fluids, par- 
ticularly that which is generated by firing GUNPOWDER, that 
the ENGINEER may be fully acquainted with the Philoſophy of 
this important Subject, 

2074. In order to this, let there be K. B 
placed any Number of Particles in the WG.  D 
right-lined Diſtance AB at an equal 
| Diſtance 


It is neceſſary here to correct an Error in the Table of ſpecific 
Gravities, Pape 296, where that of a Magnet is ſaid to be 1,840, 
Whereas it ſhould be 4,840, as I have found by Experiment. This 
Error alſo paſſed unobſerved in the larger Table of the PuiLosoPuta 
BRITANNICA, 2d Edition, 
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Diftance from each other ; and in any other equal Diſtance 
CD let there be placed twice as many Particles, at equal In- 
tervals alſo, then it is plain the Intervals between the Particles 
in CD will be but half fo great as thoſe between the Particles in 
the Line AB. Hence the Number (N) of Particles in the Lines 
AB, CD, will be inverſely as the Interval (L) between each, 
that is N will be always as L. 
2075. In a Super ficies, fuppabng the Intervals of all the Par- 


ticles equal, we ſhall have N* as — (670); Alſo | in a Solid it 


will be N* as 7; (675). But N?, and N* is as the Denſity 
(D) of the . 5 and of the Solid (973) ; therefore D is as 


1 in a Surface, and as _ in a Solid. 

2076. Let us now ſuppoſe each Particle repels the Particles 
next to it (and thoſe only) with a Force as (F) which is as my 
Power (1) of the Interval inverſely ; that is, let F be as 1 
Now the Sum or * Force in the Superficies will Ws as the 


Denſity D, IN as the centrifugal F orce F; or as D * F — 
** _ FED _ Which therefore will expreſs the elgſtic Force 


of the Fluid. 
725 But in the Body of the 8 the Denſity being as 


575 (2075), we haveD L as 1, L* as 5 5 and L as 75 which 


fabſituted in the Expreſfion of the elaſtic Fo orce 
11 = 2 
D; therefore the elaſtic Force of the Medium is as the Cube 
| Reek if that Power of the Denſity whoſe Index is n + 2. 
2078, Hence if the elaſtic Force (E) in any Fluid be as the 
n n+2 * 1 ＋ 2 


E gives 


Denſity (D) then the Expreſſion D 7” E =E; and 
KD — I, whence n + 2 2=3 and therefore » = 1; 


where- 
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wherefore in ſuch a Fluid F will be as ＋ (2076); that is, the 


Particles repel each other with Forces that are inverſely as the Diſtances 
of their Centers. 

2079. And this is the Property of our Air Af 
whoſe Denſity is always as the compreſſing 
Force, as is proved by the following Experi- 

ment. Let Mercury be poured into an inflec- 
ted Tube AB CD, open at both Ends, to a 
mall Height B C; then ſtopping the Orifice 
D very cloſe, meaſure the Length of the con- 
fined Air D C very nicely ; this done, pour 
Mercury into the other Leg AB till its Height 
above the Surface of that in C D be equal to 
the Height at which it ſtands in the Barometer. 
Then it is plain the Air in the ſhorter Leg will 
be compreſſed with a Force twice as great as B 
at firſt ; for then it was preſſed only with the 
Weight of the Atmoſphere, but now it is 

preſſed with that Weight, and an additional 
al Weight of Mercury. With this double Force the Air in 
DCis now compreſſed into the Space DE ADC, as appears 
by meaſuring it. 

2080. Hence it appears, that the Spaces S = D c, and s = 
DE, which the ſame Quantity of Air poſleſſes under different 
Preſſures p and P, are as thoſe Preſſures inverſely, viz. S: s : 
P: p. And becauſe the Denſities 4 and D (where the a 
of Matter is given) are inverſely as the Bulks (973); therefore 
d:D::5:S::p:PÞ; chat is. the Denſity of the Air is diretily 
ar its compreſſing Force, or as the Elaſticity, which is equal thereto 


(98a). 
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2051. 


the Tube AB, and it will condenſe the Air CE in 


will raiſe a Column of Water BF in the Tube, whoſe 


Inch of Water is equivalent in Weight to 864 Inches 


Ai at the Rate of 5 of a Grain, per cubic Inch, as above. 
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- 2081. The ſpecific Gravity of Air, and thence its abſolute 
Weight may be diſcovered by the following Experi- 

ment. Let A B be a Glaſs Tube, open at both Ends, A 
and the End B immerſed in the Water E D of the | 
Phial C D, and let the Mouth of the Phial C be 
ſealed cloſe. Then let a little Air be blown through | G 


the Phial, and thereby encreaſe, its Elaſticity, which 


Weight together, with that of the Air, prefling on 
the Surface F, will be equal to the encreaſed Spring 
of the Air CE. If now this Phial be carried to the = 
Height of 72 Feet, or 864 Inches above the Earth's 
Surface, the Water will riſe from F to G, through 
a Space FG = 1 Inch; whence it appears, that 1 


En 
of Air, of the Denſity it has at the Earth's Surface; 


and fo 1 Inch of Air is equivolent, or of the ſame Weight with 
122 Part of an Inch of Water. Whence the Weight of Air 
is to the I of Water (in equal Bulks) as 25% to 1, or as 
I to 864. Sir Iſaac Newton has ſtated it as 1 to 860. | 

2082. Now becaufe it is found by Experiment, a Cubic Inch 


of Water weighs 253,3 Grains; therefore ſay, as 864 : x :: 


2533: 0,293 = e of a Grain nearly, for the Weight of 4 
cubic Inch of Air; and becauſe a Cube is to its inſcribed Sphere 


as 1: 0,524 (847); therefore ſay, as 1 : 0,524 :: 0,293: 


"4 0,1535 18s of Grain, the Weight of a Globe of Air 1 Inch 


in Diameter.“ 
2083. The ſame Inſtrument (viz. the Phial with the Tube 
of Water (2081) being held near the Fire, the Water will aſcend 


to the Height of ſeveral Inches in the Tube, which ſhews the 


Expanſion of the Air, or its increaſed Elaſticity by HEAT. On 
the other Hand, if the Phial be immerſed in cold Water, the 
Water in the Tube will deſcend ſome Inches below F, which 
will demonſtrate the Contraction of the Air, or the Diminution of 
its Elaſticity, by Cor p. god 


2084. 


The Weight of a Pint of Air, Wine Meaſure, or 231 cubic In- 
ches, I have conſtantly found by the Balance to be 8 ; Grains, which 
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Of the NATURE and PRODUCTION of artificial Alx; 
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and a COMPUTATION of the exploſive Foxck of 


GUN POWDER thence deduced. 


2034. 


HE Properties of common Air hitherto conſidered 
are not ſo much the Subject of our preſent Specu- 


lation, as the ſame Properties in another Subject which the mo- 
dern Philoſophy has diſcovered, and which from its perfect Si- 
milarity to common Air, is uſually called artificial or fackitious 


Arx. This Subſtance, in its natural State, is no other than 


the common Subſtance of all Sorts of Bodies, and which being 
by chymical Operations, or otherwiſe, ſet at Liberty, acquires 
the Form of Air in every Reſpect, . a fine, tranſparent, 


mnviſable, elaſtic, ponderous Fluid. 


2085. One eaſy Method of obtaining this elaſtic Fluid it 


thus; let AB be a tall cylindric Glaſs, with a very 
ſmall Hole E at the Bottom in the Glaſs put any 
alkalinous Subſtance D as a Piece of Chalk, T artar, 
Sc. then fill the Glaſs to the Top with common 
Water (ſtopping the Hole E with the Finger) and 
to the Water put a little Aqza Fortis, and then ſtop 
the Orifice A cloſe with the Cork C; this done, 
you will ſee the Acid act upon the Alkali, and pro- 
duce a Fermentation which conſiſts in the violent 
Eruption and Ebullition of this new generated Fluid, 
which will keep conſtantly aſcending to the Top of 
the Veſſel, in Form of ſmall Bubbles of Air; and 
” by its Elaſticity, it will, by Degrees, force all the 
Water out of the Tube through the Hole E. 


2086. By this Experiment the Elaſticity of this new genera- 
ted Air is ſhewn to be greater than that of the Atmoſphere; 
and by many other Experiments, it appears to be extremely 
great, and to produce Effects thereby ſuperior to thoſe of any 
other Force we know of in Nature; but in order to make Eſti- 
mations of this Kind, we muſt firſt know what Quantities and 


vol. II. R r 


Weights 
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Weights of this Fluid are produced from Bodies of ſeveral Sorts; 
and as theſe have been determined by Experiments, by ſeveral 


eminent Philoſophers, I ſhall here ſubjoin a Specimen thereof 
from the late Dr. Hale's Vegetable Statics. 


2 0 = 0 m4 
= 2 FO 3 £9 32.37 
8 r 
o 5 I > D bn = = 4 = * 
2 us 4 = = 8 6 
85 „ | A 53 
= 1 
2087. Dear's Horn F 1 IS 
Oyſter Shell ——— 1 162 266 46 3 
Heart of Oak ——— : 108 135 30 2 
Indian Wheat ——— 270 388 77 a 
Peaſe -— — 1 396 318 113 2 
Muſtard Seed 270 ' ©» 77 La 
Amber 7 ˙·». 0. 
Dry Tobacco . 
Honey with Calx of Bones 1 I» 4-5 
Yellow Wax I 54 243 3 
Coarſe Sugar I 126 373 36 1 
Newcaſtle Coal — 0 a 
Nitre with Bone Calx 2 „„ 9 
| Rheniſh Tarter 1 Foa 443 144 | | — 
Calculus Humanus — 4 516 23% 147 2 


2088. By this Table it appears how greatly this Fluid is con- 
denſed in its natural State in Bodies; thus 4 of an Inch of Cal- 
culus Humanus, produced 650 Times its own Bulk of Air, 
which made nearly one Half of its fixed Subſtance, When this 


Air, therefore, comes to be ſet at Liberty, no wonder we fee 
ſuch violent Expanſions, Exploſions, Incaleſcences, &. as 


| happen in firing the Pulvis fulminans, GunyowDER, and in the 
Mixtures of various Sorts of Fluids. For ſince it has been found 
by-many Experiments, that the Elaſticity and Weight of this 
Air is the ſame with that of the common Air; therefote its 


Elafticity being as its Denſity (2078, 2079) will be as much greater 
in its fixed State in Bodies than that of the common Air, as its 


Bulk 
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Bulk when ſet at Liberty (or in a State of Expanſion) exceeds 
the Bulk of the Body which produced it (973). 
2089. But to apply this to GunyowDER (with which we are 
here more immediately concerned) we muſt firſt conſider its 
conftituent Parts which are Nitre, or Salt-petre, Sulphur, and 
Charcoal Powder. As to Charcoal, it appears, by Experiment, 
to afford none of this fluid elaſtic Air; and as to Sulphur, it 
is ſo far from yielding any of this Fluid, that on the contrary, 
it abſorbs or attracts, and fixes the common Air in which it is 
fired, and thereby diminiſhes its Quantity and Elaſticity, as is 
well known by Experiment. The elaſtic Fluid, therefore, that 
is produced, by firing Gunpowder, muſt be derived chiefly from 
the Salt-petre; and this is known to be a Subſtance imbibed 
from the Air by the Earth, becauſe thoſe who make it, extract 
it from the ſame Parcel of Earth many Times one after another, 
after it has been duly prepared, and expoſed to the Air ſor a 
proper Time. 
2090. But becauſe Nitre produces only 180 Times its Bulk 


of Air (2087) and Mr. Haukſbee, by Experiment, found Gun- 


powder produced 232 Times its Bulk ; and by moſt accurate 
Experiments, Mr, Robins has found it to produce 244 Times 
"ts Bulk; therefore it ſeems, that ſome additional Quantity of 
Air is produced by compounding theſe different Subſtances to- 
gether in this Sort of Powder. This Quantity of Air, from 
Gunpowder, was determined in the following Manner : Mr. 
Robins fired g of an Ounce, Averdupois, in a Receiver of about 
520 cubic Inches Capacity; this ſunk the Mercury in the Gage 
2 Inches; and as the Height of the Mercury was then near 30 
Inches, therefore 35 of an Ounce would have produced ſo much 
Air as would have preſſed all the Mercury out of the Gage; that 
is, 43 of an Ounce would produce 520 cubic Inches of Air of 
the ſame Elaſticity of common Air. But 45 : 520 :: 1: 575, 
the cubic Inches that one Ounce of Powder would produce. 

2091. But as Heat augments the Elaſticity of Air, and this 
Powder was fired upon a red-hot Iron; Part of the Expanſion 
was owing to that Heat. But this Heat was leſs than that of 
boiling Water which encreaſes the Expanſion of Air to more 
than a 2 Part of the Whole; if, therefore, the Number 575 
be Icfened by + Part, it may be nearly the ſame as would be 

Rr 2 pto- 
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Produced in the Receiver not heated, viz. 460 cubic Inches; 
but 17 Drams of Powder will fill 2 cubic Inches, therefore 16 : 
17 :: 460 : 488 3 = cubic Inches of Air from 2 cubic Inches 
of Powder; therefor 1 cubic Inch of Powder will produce 244, 
of Air. 

2092. Mr. Robins, to try how much this Elaſticity or Expan- 
ſion of Air would be augmented by the Flame of the fired Pow- 
der, ſuppoſes the Heat of this Flame nearly the ſame with that 
of the extreme (or white) Heat of red-hot Iron; and this he 
found to augment the Elaſticity of common Air in Proportion of 
1943 to 796. If then we ſay, 194: 796 :: 244 : 9993; 
this laſt Number will fhew how much the Elaſticity of the Air 
produced from Powder, when inflamed, is greater than that of 
the Air in its natural State. 

2093. Since 1 cubic Inch of Mercury weighs very nicely 
148,1 Ounce Averdupois Weight, a Pillar of Mercury, whofe 
Baſe is one Square Inch, and Height 29 2, will weigh 14 Pound 
15 Ounces; therefore as the Air fuftams by its Preſſure or na- 
tural Elaſticity, a Weight of 15 Pound (at a Medium) upon a 
Square Inch; the Elaſticity of the inflamed elaſtic Air of Gun- 
powder, which is 1000 Fimes as great, will act upon every 
Square Inch (at its firſt Accenſion) with a Force which is = 
15000 lb. or ſomewhat above 6 Ton Weight. 


SHA R V. - 


From the given DIMENSIONS of any Pitce of Ax- 


TILLERY, tbe DENSITY of its BALL, and the 
QUANTITY of its CHARGE, are determined the 
VELoOciITY 2 the Ball will acquire from the 
FExplofion ; and alſo the Length of the Charge pre- 
ducing the greateſt Velocity poſſible. 


2094- 1 the preceeding Article we have ſhewn what the Force 
of the Powder is at the Inſtant of its Accenſion or 
king Fire, but ſince this Action of the Powder is not inſtanta- 


Neousz 


7 
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neous, but continues to urge the Bullet all the Time it is in the 
Barrel; and ſince this Force is not uniformly the ſame, but de- 
creaſes from firſt to laſt, and is every where inverſely as the 
Space which the elaſtic Fluid fills, that is, as its Bulk, (2080) 
it will be neceſſary in order to make a Computation of the Mo- 
tion or Velocity of the Bullet, to premiſe the following Lem- 
mata. 

2095. Let AC be the Space 
thro' which a Body is propel- 
led by any Force whoſe Action 
is continued and determined, 
and which may be repreſented 


by the Ordinate G E moving 5 A 


on the Abſciſs A C, and let B G be the Curve deſcribed by the 
Point G; draw D F indefinitely near to EG, and put AE = 
x, EG = y; the Velocity of the Body in E = v, the Time 
in which AE is deſcribed = t; then will & (= ED) & and: 
(the Fluxions of the Space, Time, and Velocity) be as the naſ- 
cent or evaneſcent Increments of thoſe I x, v, and # 
88). 

on Now though the Velocity upon the Whole is not uni- 
form-yet for a Moment, or while the Lineola E is deſcribed, 

it 1555 be eſteemed ſo (992) and therefore we ſhall RG U= 


— (by 991). Alſo we have the moving Force y = - — (998) ; 5 
4 | 


wherefore it is ; = - = 7 whence yz = u = EG x ED 


= the Fluxion of the Space AB G E; therefore 20> = ABGE 
(804), and fo we have v \/2 ABGE; chat is (ſince 2 is a 


conſtant Quantity) the Velocity will be every where in the ſubduplicate 
Ratio of the Area ABGE. 


2097. Since the Quantity of Motion Qis always proportional 
to the moving Force GE, or); therefore Q = = vm(970) 


whence z2 = —; alſo, becauſe when Q=1, a given Quantity; | 


then, alſo v = = and t a8 5 therefore 2 = # * v = *; 


con- 
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eonſcquently 2 & 4 — that is, the Velocity of any Bady urged 


ebrough 4 given Space by a given Power acting with a determinate 
Force in every Part of that Space will be reciprocally i in the fubdepl. 


cats Ratto "of the Quantity 7 Matter. 
1 1 K 
EV 
As 
Þ | 
* | _ 
| 7 0 


2098. Theſe Things premiſed, let A B repreſent the Axis of 
any Piece of Artillery, A the Breech, and B the Muzzle; DC 
the Diameter of the Bore, and DE G C a Part of its Cavity filled 
with Powder ; O the Ball that is to be impelled thereby, lying 
with its hinder Surface at the Line G E. Then, becauſe the 
Force(F) of the Powder againſt an Inch Square is known (2092, 
2093) the Force (F) exerted on the Area of a Circle, one Inch in 
Diameter, will be known alſo ; for it will be F: F:: 1 : 0,7854, 
whence # = 0,7854 F (269). Now let D = 1 Inch, and 
4 = Diameter of any other Circle as that of the Ball O, that 


is, let 4 = EG, and (/) the Forte of the Powder exerted on 


this Jaſt Circle ; then F: F:: D*: di (840) therefore f Fd 
= , 7854 F "Ins = the Force of the Powder acting at the firſt 
Inſtant of its Accenſion on the Ball Oi in the DireRian of the 


Axis AB. 


N | 2099- 
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2099. Let this Force then be repreſented by any Line FH, 
perpendicular to AB in the Point F. Then, becauſe the Den- 
ſity of the elaſtic Fluid confined in the Space ED CG is to the 
Denſity thereof when expanded into any other Space aD C5, as 
thoſe cylindric Spaces inverſely (2072) or as the Lengths A M, 
AF; and fince the elaſtic Force is in the ſame Ratio with the 
Denſity ; therefore by making MN: FH:: AF: AM; and 
BQ: FH:: AF: AB; then fhall MN and B be as the 
Force of the Powder upon the Ball at M and at B, and the 
Curve which connects the Points H, N, Q, will be an Hyper- 
bola (by 778). 

3000, To the Point A draw the Right-line Al parallel to FH, 
and 8 H parallel to AB; then will AI, A B be the Aſymptotes of 
the Hyperbola, and the Rectangles AF x FH =AM x MN 
= AB x BQ = 1, the Power of the Hyperbola (779); and 
from what has been ſaid, it is eaſy to underſtand that the whole 
Force of the Powder exerted on the Ball while it moves from F 
to B, is as the hyperbolical Space HF LOG and therefore as the 


abel Logarithm of the W IF 26 850). 


3001. Since the Force impelling the Ball at F is known (2098) 
and the Weight of the Ball is ſuppoſed given, the Ratio between 
the ſaid Force and the Weight of the Ball is known, which 
let be as F H to FL; then if the Ball were to be impelled to 
the Diſtance FB by a Force equal to its Gravity, becauſe 
the Force of Gravity through ſo ſmall a Space is uniform, or 
acts in every Point with the ſame Tenour, therefore i in any Point 
M or B the Force will beas MR = F L, and BP = FL, and 
conſequently the Line which joins the Points L, R, P, is 4 
Right-line, and parallel to the Axis AB, and the whole Ae- 
tion or Force of Gravity impelling the Ball through AB will be 
as the Rectangle FLPB=FB x FL. 

3002. But the Velocities acquired by the Ball when propelled 
by the Fotce of Gravity, and nd by the the Force of the Powder, thro? 
the Space F B, areas QF LBP, and FHC (2096). 
And fince F B is a given Length, the Velocity acquired in falling 
through that Space is known. Thus ſuppoſe the Length of the 
Bare AB = 45 Inches, and the "_ of the Charge AF = 


23 
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2 3 Inches; then AB - AF = FB = 42 3 Inches (as in 
Mr. Robins s Example). Then 16,2 Feet : 424 ( 62353 Feet) :: 


32,4 : V* (by 996). Whence 4/ 64,8 x 3,53 = V = 15,07 
Feet per Second, the Velocity acquired by the Body falling thro 
the Space F B. 

3003. Again, to find the Ratio of FL to FH, ſuppoſe the 
Ball O be of Lead, whoſe Diameter d = à of an Inch; then 
will its Weight be z of a Pound Averdupois. Therefore the 
Gravity of the Ball is to the Force of the Powder at F, as r to 
o, 7854 F d (by 2098), that is, as 1 to 79521, 6; and ſuch is the 
Ratio of F L to F H, ſuppoſing the Preſſure of Air on a ſquate 
Inch juſt equal to 150. 

3004. But the Number 79521, ö is ſomewhat too olarge, ſince 
a Column of Mercury, whoſe Baſe is 1 ſquare Inch, and Alti- 
tude 29 £, weighs but 14 0. 15 Ounces; and I find Mr. Robin 
has taken for a mean Altitude 28,2 Inches of Mercury, or 33 
Feet of Water, whoſe Weight is but about 144. 4 Ounces, 
and he alſo makes the ſpecific Gravity of Lead to that of Water, 
as 11, 345 to 1, conſequently a Column of Lead, 34,9 Inches Al- 
titude, will have the ſame Weight or Preſſure; and multiplying 
this by 1000 (2093) the Product 34900 Inches, will be the 
Height of a Column of Lead, whoſe Preſſure is equal to that 
—_ on the Bullet at the Moment of Accenſion. 

3005. Now the Bullet being J of an Inch in Diameter, is 
equal to a Cylinder on the ſame Wa and + Inch in Height; for 


the Solidity of the Sphere is 75 and that of a Cylinder is — 


| (by 836, 831). Wherefore 1270 = A2 pAb, then 4 4 = 64; 
| whence þ= f = of i = 4, the Height of the Cylinder, 


equal to the Ball vl Weight and Magnitude. Therefore 
34900 X 2 = 69800 ; whence the Ratio of the Force of Pow- 


der is to the Weight of the Bullet, as ** 98 to 1. And ſo 7 L: 


. : 1 3.698000. | 
But we have FB: FA :: 425: : 339 : 21. 
Hence the Rectangle FL BP is to the kai AFS E, as 
I X 339: 21 x 69800 :: 1: 4324. And ſince the Rectangle 
AFS H is equal to tho Power of the Hyperbola (853) it is to 
any 12 e FH QB, as 9:43429, Sc. to the 
tabu - 
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tabular Logarithm of the ſame Ratio = = which is 
1,2340579 (by 54): "Therefore the ReQangle FLBP 
N F HQB 1 „ 0,43429 : 4324 N 1,2 340579 

: 12263. Can v: V:: SFLBP: SFH HQB 
r : T2263: :: 1: 110, :: 15,07 Feet : 1668 
Feet = V = Velocity-of the Ball . that is, the Velo- 
city communicated to the Hall by the whole Force or Action of 
the Powder will be that We Ken l Second, of uniform 
Motion. 1 C00 973199! 


The TaxoRv. or determining the VeLocitvy, of the 
Bor Tyr ar the Muzl of the-Gun ar: ifing from 
the QUANTITY of the CHARGE, the LENGTH 
of the PIECE, and DiamerTeR, of its Bore; alſo 

fle CHARGE producing the GREATEST VELOCI- 
TY in a Piece of given —_— 


_ N the-THzony of military "ONE" conſiſts 
chiefly in two great Points, viz. (1.) To ſhew 
how far the Velocity of the Bullet or Coon: bal is affected, 
whilſt in the Piece, by the Force of the Powder, the Diameter of 
the Bere, and the Quantity of i the Charge; under any given Varia- 


tions 3 or (2.) after it is out of the Piece, by the Refitarce of the 


Air; and having premiſed the neceſſary geometrical Princi- 
ples, we ſhall now proceed — to an Illuſtration of chem 
both. 

3008. Let a = AB, the Laneri of the Prect under Con- 
ſideration, and & = Length of any other Piece of Artillery, 
Then if the Length of the Charge A F and the Bore 5 che ſame 


in each, we ſhall have the Area F H QB, or L I V2; 
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L _— 7 3006). But the three firſt Quantities are known, 


and therefore / = Velocity of the Bullet through the Length of 
the Bore denoted by (5) will alſo be known. Hence it appears, 
that the longer the Barrel is, the greater will be the Velocity of the 
Bullet. 

3009. If the Bore of the GuN be varied, all other Things 
remaining the ſame ; then, putting D = Diameter of the Bore 
in the preſent Inſtance, and D = Diameter of any other Bore 
it is evident the Quamity, and, conſequently, the Force of the 
Powder in each will be in the Ratio of D“ to D*, and the Force 


of the Powder in the Bore, whoſe Diameter is D, will be reſiſt- 


ed in the Ratio of the Weight of the Ball or of its Magnitude, 
that is as D? (by 841). Wherefore the Area FH QB will be 


varied in the Ratio of gr, N that is, D: D:: V. H*; 


and ſo B: HB: : v: = the Velocity of the Bullet 
ſought. Hence the ſmaller the Bore is, the greater will be the Vel. 
city of the Bullet. 

3010. If AF, or the QUANTITY of the CHARGE be varied, 
other Things remaining the fame ; then the Rectangle A FSH, 
and, conſequently, the Area F HQ B will alſo vary, but not in 
the ſame Proportion ; for there is a certain Quantity of Powder 
or Length of A F, which with Reſpect to the Length of ths 
Piece A B, will give a greater Velocity to the Bullet than any 
other. 

3011. Therefore let AB = a, and AF = x, Then will 
the Velocity be as the Force of the Powder at the firſt Inſtant of 


Accenſion, viz. as AH, or AF &; and alſo as the whole 


Action of the Powder upon the Ball while in the Barrel, or as 
the AraFHQB=L =; conſequently, the Velocity will be as 


Le, or isæ La- Lx. Let à2 = any other Length of the 


Charge, then we ſhall have x L © :2L - :: YÞ2 2 Y*,. 


3012. Hence the Velocity of the Bullet at the Muzzle of 
Guns of a different Lepgth, Bore, and Charge, will be as in 
the following Analogies, V1. 


V3 
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#21 L- : 1 for Lengths as a to b. 
V*: Y*:: D: D, for Diameters of Bore as D to D. 
n „LILA. for Lengths of Charge as x to z. 


Conſeq uently, V: V:: J b! * . > 


3013. But ſince it is evident from the Expreſſion of the Velo- 
city x L : = xLa—zxL-zx, there will be one determinate Va- 


lue of x which will make it a Maximum, therefore by putting its 
Fluxion = ©, we have 2 L- 4 LX - = o (becauſe the 


Fluxion of L = 5 (849); wherefore La — 1 = L x. Now 


let a = 10; then, becauſe, the hyperbolica} Logarithm of 10 
5 2,960 585; therefore Lx = 1,302585 ; but as 1 : 0,4342448 

1,302585 : 0,565710 = tabular Logarithm of x (853). 
The on x = 37679 = = AF, when ;he Velocity is a Maxi- 
mums 


3014. And becauſe in this Cafe L- =1 (for La—Lx= 


1 = L 5) the Velocity x L. © when a Maximum, will be ag 
x or 3,679, Alſo when xor AF = 4, of AB, then becauſe 
* = 1, we haye the Velocity x L- = La= 2,302585, which 


is not quite 4 of the Maximum Velocity. And thus the Valacity 
acquired from any other Charge of Powder my be compared with the 
greateſt Velocity. 

3015. It is obſervable, that when the Velocity is greateſt, 
then AF:AB:: (3,679: 10 ::) 1: 2,1828; which Ratio 


is called the modular Ratio, becauſe its Meaſure (12) * 1 

the Module of the Syſtem, or Pawer of the Hyperbolg (779). 
3016, This Maximum Charge is to that in common Uſe, 
(in Art. 3003) as x, to e = Ts that is near 7 Times as 
large, The Reaſons why we do not, or rather care not to uſe 
| 82 | this 
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this Charge for the greateſt Velocity, are many; for fir/t, it 
| would make too great a Conſumption of Powder, viz. 6 or 
Times more than what wt now uſe, Secondly, the Force of the 
Powder in the Gun, 'would in that Caſe, be fo great, that the 
Barrels muſt be 5 or 6 Times as thick as they now are to avoid 
burſting ; by which Means they would he rendered too expen- 
ſive and unweildy. Thirdly, the Velocity of the Bullet, from 
common Charges, is ſufficient in long Guns; and the greateſt 
Velocity would be much too great. Laſtly, in ſhort Guns, as 
Piſtols, &c. we may uſe this Maximum Charge very well on 
many Occaſions, for 1: 2,7 ::24: 7 Inches, the Length of 
the Barrel, whoſe Charge AF = 24+ Inches. 

3017. If inſtead of one Bullet, het be 2, 3, or 4, laid bes 
fore the Charge, then will the Velocities of the Bullets, f in each 


reſpective Caſe, be as 5 2 52 2, V (574). Therefore, 


ſince vo + = +» the Velocity of a Bullet when there is 4, will 
be but 2 that of a ſingle one. Hence alſo the Velocity of a 


leaden Bullet is to that of an Iron one, as 11,345 I1, 34 5 to v 7,045» 7,6455 


or Vs to V2. * | 

3018. In this Theory, Mr. Robins has ſuppoſed two Things, 
iz. CI.) That the Action of the Powder upon the Bullet ceaſes 
as ſoon as it is got out of the Piece; and (2.) That all the Pow- 
der of the, Charge is fired before the Bullet is ſenſibly moved out 
of its Place. The firſt of theſe Potulates is ſelf evident; and 
the Second is very nearly true, that the few Grains uſually 
thrown out unfired, can but little affect the Theory; and he 
found it ſo by many Experiments upon Guns of different Lengths, 
and diſeharging a different Number of Bullets from the ſame 
Gun. But this was more particularly confirmed afterwards by 
many Experiments made by Appointment of the Royal Society. 
The general Reſult of which proved, that not above 3 Part of 
thewhole' Charge was collected in Grains unfired ; and this, in 
Reality, could be reckoned; no more than a 22 Part. For theſe 
Experiments were made with common Powder, which produ- 
ced a larger Quantity unfired, than the fineſt grained Powder 
will do (ſuch as. Me. Robins uſed) in the Proportion of 5 to 3, 55 
was found by Experience: And again, the Saltpetre extracted 
ſoon: the Fond eaown « out unfired, compared with that of 
2! the 


wer 8 S  _yo- 


the Charge, was found to be nearly the Ratio of 7 to ; and, 


therefore, though 2 Penny- weight of unfired Grains were col- 
lected from a Charge of 12 Penny-weight, which was + Part, 
yet this reduced in the Proportion of 5 to 3, will be but 2, and 
this again reduced in the Ratio of 9 to 7, is nearly r of the 
Whole. In ſome Trials, the Deficiency was but the 2 Part 
of the whole Charge, from whence it will appear, how inſtan- 
taneuoſly the whole Body of the Charge is fired,” and how little 
the Velocity of the Bullet muſt be affected by the ſmall Part un- 
fired, as will be evident from the enſuing II in 
Chap. VIII. 


HA x. 
Th: Tuzory of the Macuing contrived by Mr, 


RoziNs, for determining the VELOCITY ' which 
any BALL moves with at any Diſtance from the 
Piece it 15 diſcharged from. 


Jorg. Haun aſcertained by the THEoRy what the Ve- 
locity of a Bullet ſnould be under any given Quan- 
tities of Charge, Length of Barrel, and Diameter of Bore; it re- 
mains in the next Place to confirm this excellent Theory by 
Experiments. For this Purpoſe, Mr. Robins invented a Me- 
thod, which by Means of a compound PENDULUM, and its 45. 
paratus, gives the Velocity of any Bullet iſſuing either from the 
Muzzle of the Gun, or at any Diſtance from it. The Ratio- 
nale of which Machine, and the Manner of applying it for ſuch 
Uſes, are now to explained. 
3020. To this End the Machine müſt be firſt of all deſcribed; ' 
of which the Body conſiſts of three ſtrong Poles or Legs B, C, D, 
ſpreading at Bottom, arid joining at Top in the Head-piece A. 
On two of theſe Legs, towards the Top, ate ſcrewed on two 
Sockets R, 8, in which a Pendulum EF H is hung, by Means 
of the Croſs-piece N F, which is the Fs of Suſpenſion on Which 
* 3 i 1 % ee | f bs a the 
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the Pendulum vibrates very freely. The lower Part of the 
Pendulum is a thick ſquare Piece of Wood GHIK, faſtened 
to the Back- part (which is of Iron) by Screws. A little below 
the Bottom of the Pendulum, there is a Brace O P fixed to the 
Legs B, C; and to the Brace is fixed a Part MN U made with 
two Edges of Steel, bearing on each other in the Line UN, 


fomewhat in the Manner of a Drawing - Pen; the Strength with 


which they preſs on each other being diminiſhed or encreaſed at 
Pleaſure by a Screw Z going through the upper Piece. At the 
Bottom of the Pendulum is faſtened a narrow Ribbon L NW, 
which paſſes between the Steel- Edges, and paſſing thro' a Hole 
in the lower Piece of Steel hangs looſely down as at W. 

3021. The Artifice of this Contrivance, tho? ſimple, is ad- 
mirable; the Bullet diſcharged from the Gun againſt this Pen- 
dulum puts it into Motion; and both the Bullet and Pendulum 
are to de conſidered as Non - Elaſtic Bodies ; the Bullet being of 
Lead, is evidently fo; and the Wood tho” to flow Motions it 
may be conſidered as ſome what elaſtic, yet with reſpect to very 
ſwiſt Motions. it cannot be conceived in the leaſt Degree fo; 
fince there is no Time far the Parts to act by their natural 
Reſort. 

3022. The Bullet and Pendulum, therefore, will in their 
Motions and Action on each other, obſerve the Laws of Percuſ- 
fion laid down for Non-elaſtic Bodies (from Art. 1003, 1012.) But 
before we can come to apply them in the preſent Caſe, we muſt 
fuſt ſhow how the Momentum or Quantity of Motion is to be eſ- 
timated in the Pendulum when put into Motion by the Bullet, 
and alſo with what Velocity it moves after the Stroke. 
| 3023. In Order to this we muſt know that the 7/e:ght of the 
Pendulum (Mr. Robins made Uſe of) was 5616. *. The Cemer 
F Grauity was diſtant from the Axis of Suſpenſion 52 Inches, And 
200 of its ſmall Vibrations were performed in the Time of 253 
Seconds; wherefore the Time of one Vibration is 2542 Parts 
ofa Secand ; and therefore ſince the Length of a Pendulum which 
vibrates in one Second is 39,2 Inches (1125) and the Lengths of 
Pendulums are as the * 1 their Time of Vibration (1116. 


Therefore ſay, as 157: — : 39-2 Inches : 62, 73 Inches, 
the Diſtance of the Cat of Oſcillation from the Axis of Vibra- 


tion. 
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tion. Laſtly the Center of the Piece of Wood G HI K (on 
which the Bullet is ſuppoſed to impinge) is diſtant from the ſaid 
Axis 66 Inches. 

2024. Now if all the Matter of the Pendulum were concen- 
tered in the Center of that Piece or Wood, it would reſiſt the Bul · 
let with all its Force, viz. of 561. 3oz. becauſe that would then 


de the Center of bath Gravity, and Oferllation ; but ſince the Cen- 
i I tecof Gravity is ſhore of this Point, the Reſiſtance will be dimi- 
he niſhed in Proportion, vi. in the Ratio of 6b to 52. And again, 
V another Diminution of the Force will ariſe on Account of the 
1; || Velocity of the Motion, becauſe alfo the Center of Ofillation 


(by which that is eſtimated} is ſhort of the Center of the Wood 
where the Stroke is made in the Ratio of 66 to 62 3. Therefore 
the Force or Refiſtance will be diminiſhed in the Ratio of 66 K 
= 6b to 62 2 x 52 ; chat is, it will be 66* : 627 X 52: : 56t. 
of 302. 42 K. z. ; | 
it 3025. What has been hitherto ſaid, is rather by Illuftration 
deduced from the Conſideration of a cunpcnd Pendulum of the 
myſt ſanple Form, but ſuch was not the Pendulum which Mr. 
1} Rebins uſed in his Machine, the Theory of which we ſhall there- 
fore give with its Demonſtration, as follows: 


o 3026. Let FC be the Shaft, and DTT * Tn 
ABE D the Weight of the Pendulum, II | 8 
0 both Patallelopipeds, and HI the Axis _ 
of Motion; then is FG (= FC), f 
: che Diſtance of the Center of Gravity of 44 
: the Shaft, and FN (== FC), the | 


Diſtance of the Center of Ofeillation, and G 
7 pat the whole Length F C= 4. And nf 


let the End C be the Center of the * 
ſquate Parallelopiped A B DE, whoſe 

Weight let us call W, and the Weight A [: 
of the Shaft w. / 7 | 

3027. The two Centers of Gravity, I 

Gand C, will have a common Center 
at g; and it will be w : W:: Cg: ws; 
Ge. Put Cg = d; then is Go = | 


' 10 


| 
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== a ren therefore Wd = 4 aw — wd; and Wi 


9 
+ wd = = , whence d = = Rs Conſequently, 
aw „ 22 AT. 


7 = 42 — d 2 4 — 


g= =» the 
2W ＋ 2w Ann Wh. be: L 


Diſtance of the a ——— Center of Gravity from the Axis of Mo- 


3028. By the Addition of the Weight AD, [the Center of 
Oſcillation will be drawn down from N to ſome other Point ; 
to determine which, we proceed thus. Since FN 3a (1097) 
and the Momenta of the Weights in the Shaft is 4 aw; there- 
fore q a X 4 we = + aaw'= Momenta, or Sum of all the 
Forces in the Shaft. . Alſo the whole Force of the Body AD 
(conſidered alone, vibrating at the Diſtance F C= a) is as W, 
_ the Momenta of its Weight will be a W. If therefore the 

Sum of the Forces of the Shaft and Bady AD, be divided 


2 
* the Sum of the Moments, we ſhall have I - aw + &W _ 


aw + a W 
W 
x e W = F, the Diſtance of the Center of Of- 


cillation from the Axis HI (1094). K 
3029. From what we have ſhewn, it appears that 


a: 67 : W +.w Re 
W e W F 


Wherefore by Compoſition of Ratios, we have aa. g:: . 10 
2 +! z w; and therefore gn * W + w = aa'k 


W . 


3030. But z x W + w F, the Force of the Pendu- 
lum expreſſed in a general Way (1095) and therefore with Re- 
gard to the Point C, the Force is aa x Wg. w. But were 
the Body AD a imple Pendulum of the ſame Weight, its Force 
at the ſaid Point would be aax W + uv, w, which is to the Force 


in its preſent State, as W + w to W + 2 0 ; and which, 
therefore, is the Ratio of Diminution. 


2030 
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3031. To apply theſe Theorems to the Machine here uſed, 
we have a = 66, g = 52, n = 62,73, (or 62 4 to uſe Mr. 


' Robins's Number) and the Weight of the whole W + w — 


50 lb. 3 on. = 899 Ounces. Then we have 66* (= 4350): 
62 X 52 (= 32582) :: 56. 30z. (= 899 oz.) : 671 


Ounces, or 42 1b. nearly (3025). As 899 — 671 = 228 oz, 


A-; therefore w = 342 oz. and W = 557 oz. 

3032. This compound Pendulum, then, is reduced to the 
Caſe of a ſimple Pendulum whoſe Length is 66 Inches, and 
Weight = 42 1b. 2 oz. which is to the Weight of the Bullet = 
Tr 1b. as 504 to 1. Let this equivalent 
ſimple Pendulum then be repreſented 
by AC= 66; and on the Center C 
and Diameter DE deſcribe the Semi- 
citele DAE. Let Aa E be the Arch 
deſcribed by the Pendulum impelled by 
the Bullet; and AE the Chord of that 
Arch. Then we have ſhewn (1113) 
that the Velocity of the Pendulum by 
which it ſhall deſcribe the Arch E A is 
the ſame as would be acquired by an 
heavy Body falling through the ſame 
perpendicular Height G E; which Ve- G 
locity is the next Thing to be deter- D 
mined. In order to this, it is eaſy to 
underſtand, that when the Pendulum is in its perpendicular Po- 
ſition in a State of Reſt, and the Ribbon drawn firait, with a 
Pin put through that Part which is contiguous to the Edges UN, 
that when the Bullet impinges on the Pendulum, the Rib- 
bon will be drawn out in ſuch Manner as to meaſure the Chord 
of the Arch deſcribed by the Point L; for it will be equal to the 
Interval between the Pin, and the Edges UN. | 

3033. Now by an Experiment made with” a Gun 45 Inches 
in Length, 2 4 Inches Charge of Powder (weighing 12 Penny- 
weight) the Bullet + Inch- diameter, and I. Weight; and 
the Muzzel of the Gun at the Diſtance of about 16 or 18 Feet; 
it was found that the Ribbon was drawn out 17 > Inches. Now 
the Diſtance of the Point L is 71 + Inches from the Axis, and 
therefore if we ſay, as 71 4 : 17 : 66 16 Inches nearly; it 

Vor. II. #1 | will 
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Will appear, that the Chord of a ſimilar Arch deſcribed by the 


Center of the Piece G H IK was 16 Inches nearly. 
3034. Wherefore (in the Fig. 3026) AE = 16, and DE 
= (2AC=) 132. And draving AD, we have DE: AE 
: AE: GE, that is 132: 16 :: 1,939 = GE. If then 


we ſay, as 4/1935 : 32: —_— 33 = Number of Feet 
per Second, that a Body would deſcribe by an uniform Motion 


with the Velocity acquired in falling through G E. The Velo- 
city therefore with which the Pendulum moved after the firſt 
Moment of Impact was that of 3 4 Feet per Second. 

3035. The Caſe of the Bullet and Pendulum is therefore re- 
duced to that of the two Bodies B and A (in 1003) ; and ſince 
: 35 2 426. £ $0.2: 0,003 : 42,031 : 1; $04.03 
and becauſe the Pendulum was at Reſt, we have (1009) the Ve- 
M + m 

mM 

* 34+ = 1643 Feet per Second. That is, by Experiment, 
the Bullet moved at the Rate of 1643 Feet per Second, and by 
the Theory it was determined 1668 Feet (in 3006); and as this 
was at the Muzzel of the Gun, and the other at the Diſtance of 
16 or 18 Feetfrom it, the ſmall Difference of 15 Feet is no more 
than the Allowance which ought to be made for the Refiſtance 
of the Air to the ſwift Motion of the Bullet paſſing through that 
Space. Whence appears the wonderful Degree of Exactneſs be- 


locity of the Bullet = v = =-505,6) x V= 505,6 


. tween the Theory and Experiments made quite independent of it, 


3036. Having thus determined the Velocity for the Length of 
one Chord; the Velocity of the Pendulum for any other Length 
of a Chord (or Ribbon drawn out) will be known; becauſe the 
Velocities have the ſame Ratio with thoſe Chords, for fince DE 
x GE = AE?, and DE is a ftanding Quantity; it will al- 


ways be GE as A E?, and conſequently AE as GE, that 
is, as the Velocity acquired in falling through G E (by 991). 
And hence, becauſe the Velocity of the Bullet v = Y x 50556; 
and this Number 505,6 (for the ſame Bullet and Pendulum) is 


conſtant, we have the Velocity (v) of the Bullet always propor- 


tional to V) the Velocity of the Pendulum, and conſequently to 
the Chocd of the Arch in any Vibration, | 


CHAP, 
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CHAS VIE 


An Account of the EXPERIMENTS made for com- 
paring the actual VELociTIEs with which Bur- 


LETS of different Kinds are diſcharged from their 
reſpective Pixcxks, with their VELOCITIES com- 


puted from the TueoRy. 


3037. 'F* HE THeoRy for determining the Velocities of Bul- 
lets diſcharged from given Pieces of Artillery having 
been fully deſcribed ; and in the laſt Chapter it has been ſhewn 
how the aua Velocities of Bullets are meaſured and aſcertained 
by Means of a Machine; it now remains to compare the Reſult 
of the Theory with Experience, and thereby to evince how ac- 
curately this Theory agrees with the real Motions of Bullets 
though founded on Principles no ways connected with thoſe Ex- 
periments. Some of theſe we ſhall ſelect for illuſtrating the 
Theory by a particular Application; and then give a general 
View of the Experiments as we find them tabulated by Mr. Ro- 
bins himſelf, 
3038. By Experiments made on a Barrel only 12,375 Inches, 
the Theory was farther confirmed. For (cæteris paribus) we 


have by the Theory (3008) the L 252. 2 7 1155 
162,37 = Square of the Chord whoſe Length is ſought in 
the preſent Caſe, which therefore would have been 12,74 In- 
ches, had the Weight of the Pendulum been the ſame, but as it 
was ſome ſmall Matter lighter, than that in (3020), the Chord 
was by the Theory a little larger, viz. 12,8 Inches; and by 
Experiment it was 12,7, 12,0, 12,4 3 on three different Trials. 


Here the very ſmall Differences are little more than what muſt | 


reſult from the Bullets lodging in the Pendulum and making it 

thereby heavier each Time. | 
3039. By Experiments made with a Barrel 24,312 Inches in 
Length, all other Things the ſame; the Length of Chord, by 
the Theory, agreed cexactiy with the Length of the Ribbon drawn 
1 out 
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out being both = 14,4 Inches. Whence the Velocity of the Bullet 
from the preſent Gun was to that ſrom the Gyn of 45 Inches, as 
14,4 to 17,1; that is, as 17,1 : 14,4 :: 1643”: 1544 neatly. 
And for the Velocity of the Bullet from the Gun of 12,375, we 
have by Theory 17,1 : 12,8 :: 1643” : 1432”, Whence it 
appears, the Velocity in a ſhort Gun is much greater (ceteris 


£ aribus) than in a long one. 


3040. Again, by varying the Quantity of Powder in the 
ſame Space or Cavity DE G C the Theory is ſtill farther con- 
firmed ; for if inſtead of 12 dwt. you put only half that Quan- 
tity, viz, 6 dwt, Then by the Theory (2096) the Velocity by 
6 dwt. is to that of 12 &wt. in the ſubduplicate Ratio of 6 to 12 
(becauſe thoſe Numbers are as the Forces or Elaſticities impel- 


ling the Ball) that is, as \ 12 :: 1, 1: 12; the Chord 
or Length of Ribbon therefore ſhould be nearly 12 Inches when 
the Bullet was diſcharged with 6 dwt. of Powder, and by two 
Experiments the Length of the Ribbon drawn out was 11,2 ; 
12,2; and the Deficiency was owing to this, that the Heat in 
firing ſmall Quantities of Powder is not proportionally ſo great 
as in firing larger Quantities ; and therefore the Impulſe is not 
to be expected quite ſo great as by the Theory. Thus 1 dur. 


of Powder by the Theory gives a Velocity of 482 Feet per Se- 


cond, but by repeated Trials with that Quantity, the Velocity 
was not quite 400 Feet per 1”. 


3041. The leſs Space the Fire or inflamed Powder has to 


act in the more Denſe it is, and conſequently the ſtronger its 
Action; therefore when the 6 dwt, of Powder was rammed into 
but half the Space DE G C, it was found in two Experiments 
to produce Lengths of Ribbon which meaſured 13,2 and 13,9 
Inches, whereas by the Theory it ſhould be 13,6 Inches. 
3042. Let us now apply the Theory to determine the Velo- 
City of a Ball of 24 U. ſhot from a Cannot of 10 Feet = 120 In- 
ches Length, with 4 of its Weight (viz, 16 .) of Powder. 
The Diameter of an Iron Globe of that Weight (and conſe- 
quently of the Bore of the Piece) will be found to be 5,325 In» 
ches, allowing the ſpecial Gravity of Iron to be as in ( 2054) 
Alſo 16 . of Powder will fill a Cylinder of that Diameter ta 


che Height of 21,63 Inches, allowing 8; Drams to a Cubic 


Inch, 
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Inch. Hence (in the Fig. of Art. 2098.) we have AB = 120; 

AF = 21,63; and FB = 98,37. Whence (computing as in 
3092, Z003,) we ſhall find FL:FH::1: 147324 

3043. Therefore FP: FS:: 1 x 98,37 : 21,63 X 14732,4 

AB 


:: 1 : 4078, 1. Alſo, we have ES:FQ: : 0,43429 - LF ; 


= 0,744125- Conſequently it is FP: FQ:: 1 * o, 43429: 


4078 X o, 744125 :: 1: 6987, 4. The ſubduplicate of this 
Ratio is that of 1 to 83,58. And the Velocity acquired in fall- 
ing through the Height F B = 98,37 Inches is 23,05 Feet per 
1/9, Whence 83, 59 * 23,05 = 1926,6 Feet per 1“ which 
the ſaid Bullet acquires at its Exit from the Muzzel of the Can- 
non, And ſince the ſpecific Gravity of Iron and Lead are (as 
the Quantities of Matter under equal Bulks) as 2 to 3 nearly ;* 
therefore ſay (by 2097) as 3: V:: 1926,0: 15777, 
the Feet per 1” ſuch a Bullet would move through if made with 
Lead. 

3044. In theſe great Guns it will be neceſſary to underſtand 
what Space the Piece will recoil through in firing it, or rather 
what Space the Gun will move through Backwards, while the 
Ball is carried forwards to the Muzzel thereof. In order to 
this, we muſt conſider, that it is one and the ſame Power (vix. 
the Elaſticity of the Powder) that acts both on the Gun and 
Ball; and therefore in the Theorem Q V = GSM (1001) G 
is a given Quantity; and ſo in the preſent Caſe, we have Q 
=$M, but Q = VM in every Caſe (970) therefore 8 = V*; 
that is, the Spaces deſcribed in a given Time, by given Forces, will 
be as the Squares of the Velocity. 

3045. LetS = (F B =) Space deſcribed by the Ball, and V its 
Velocity; and let 5 = Space through which the Gun recoils 
with the Velocity v; M = Quantity of Matter in the Gun, 
and m = the ſame in the Ball. Then we haveS:5:;:V*:F*:: 


— 11 (by 2097). Whence 8: :: M: m. Now the Weight 


of the Gun is about 47 Cwt. or 5264 . and that of the Ball 
24 lb. alſo S 98, 37 (3042). Therefore we have 5264 {b. : 24 66. 


:: 98,37 


. The Reader is deſired to correct an Error in the Table of ſpeci. 
ic Gravities (2054) where that of Lead is 10,131 inſtead of 11,131, 
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:: 98,37: 0,448 = Space of the Recoil, which is not quite; an 
Inch, when the Ball is juſt out of the Gun, 

3046. Hence we ſee the uſual Methods of conſtructing Plat- 
forms for Cannon with ſo much Strength and Firmneſs, and 
conſequently with ſo great an Expence, are not at all neceſſary; 
ſinee if it be but ſufficiently ſteady at the Beginning of the Re- 
coil, the remaining Part may be much lighter (as Mr. Robins 
obſerves) ſince its Unſteadineſs or Shaking bevond the firſt 3 Inch 
can have no Influence on the Ball, (which is then out of the 
Gun) nor any how alter the Direction of the Shot. 

2047. Having thus finiſhed a particular Application of theſe 
Experiments to elucidate the THEORV of Guxx ERV according 
to the new Principles of Mr. Robins; we ſhall now give a gene- 
ral View of the many valuable Experiments he made, and di- 
_ geſted into proper Tables, by which it will appear how ſurpriz- 
ingly the Theory agrees with and is corroborated and confirmed 
by thoſe Experiments. In theſe Trials it became neceſſary 
ſometimes to change the Board of the Pendulum (when too 
much battered and over-charged with Bullets) but when its 
Weight varied any Thing conſiderable, Mr. Robins has taken 
Care to acquaint us with it. The A yn. Account we ſhall 
give in his own Words. 
| 3048. The firſt Table contains three Expeiinenit only, made 
with a Barrel 45 Inches in Length, and the Board on the Pen- 
dulum was 4 Uh. lighter than that deſcribed (302 3). 


antity of | Chord of aſcending | The ſame by } Error of 
oder. Arch meaſured on | the Theory. | Theory. 
1 the Ribhon, | 
No, Dw. Z | 
. 18,7 1950 473 
2 12 19,6 19,0 —,6 
a e {4 134 | a 


3049. The next Experiments were made with the ſame Bar- 
rel, but the Board on the Pendulum was now of little more 


Weight than that in the Example of (3023). | | 


Ns. 


2 
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, Length | Quan- | Chord of aſcend- | The ſame by | Error of 
of the tity of | ing Arch mea- Theory, Theory, 
Cavity Powder. I ſured on the | 
x | AF. Ribbon. | : 
No. | Inches, Dw. Inch, Inch, | Inch, 
47 2'4$ 6 11,9 12, 1 + 52 
5 KF 27 6 1252 12,1 12 
5 6112 6 13,2 13.6 | Þ+ 4 
1 +1 135 1. 6 13,9 1756 ð 23 
2 8 | 2 8 12 16,7 1 17,2 +345 
9] 25 12 175 1772 | —>S$ 
| 307 2.5 12 16,9 16,8 {| —, 
111 21 12 17, I 16,8 | —2 
Z 2 1:2 $ 6 1157 11,5 —,2 
. ext 'n £7 i648 11.5 {| +4 
11 22 ü © $4 ey © 3 mos 
| The laſt five Numbers reſulting from the Theory are correct- 


ed from the Quantity of Bullets lodged in the Board, which, as 
many other Experiments of a different Kind were tried in the 
interval, amounted at laſt to above two Pounds; whence the 
Weight of the Pendulum being increaſed, its Vibration with the 
| fame Blow muſt be proportionably diminiſhed, 

3050. The next Experiments were made with a Barrel of the 
fame Bore with the laſt, but only 12,375 Inches in Length: 
To diſtinguiſh them, we ſhall for the future denominate the 
irſt Barrel by the Letter A, and this ſhort one by C. The 
3oard on the Pendulum was at ſirſt rather lighter than in (3023). 


Extent | Quan- Chord of af- | The ſame | Error of 
of the tity of cending Arch | by Theory, | Theory, 
Cavity Powder, | meaſured on 
| contain- the Ribbon, 
| ing the | 
| Powder, 
Ne. | Barrel | Inch, I D. Inch, Inch. 
F 12,7 1258 4 
16 C 2 5 12 12,6 12,8 +,2 
PT 7-34 3:48 12,4 12,8 |} +4 
18 A 2 5 I2 17,0 1753 +353 
lg} A 2 + 12 17,2 17,2 „0 
20] A 2 4 I2 17,1 17,2 +,1 
. 12 2778 17,2 0 
ee, 16 þ 12,3 1 
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2051. In ſome of the following Experiments a third Barrel 
was uſed of the fame Bore with the other two, but 24,312 In- 
ches in Length: This Barrel 1 denominate B; the Board fixed 
on the Pendulum was at firſt but little heavier than that in 
(3023); and when in the Courſe of the Experiments it is ſen- 
fibly increaſed in the Weight, I diminiſh the Numbers ariſing 
from the Theory by a correſponding Part. 


* Extent uantity. | Chord of aſ- | The ſame | Error of 
| of the | of Pow- | cending Arch | by Theory, | Theory, 
Cavity der, meaſured on 
| contain- the Ribbon. | | 
| | ing the! | 
| Powder. | | | 
ö ö 
Ns, | Barrel | Inch, Dw Inch Inch. 
23 A 2 7 | 12 1771 | I7,2 + „r 
24 A] 25% 9 I5,2 I5,0 | — 42 
25 A | 25 — I 544 1550 23 
26] C | 25 i2 | 11,5 | .12,8 + 1,3 
TC Tat 12 11, 128 | +157 
28 C | 25 6 7 9. + „3 
r 12 1253 12,5 + 42 
30 B 2 4 12 14,4 14,4 0,0 
21} B | 2 5 12 14,4 14,4 0,0 
22 B =— s | © 10,3 10,5 | Þ+ „2 
334 14 8 1% 105 — * 
34 A 4+ 1 12 | 1557 | 15,3 Abs 


The Error in the 26th and 27th Experiments being much 
greater than what has occurred to me in any other Trials, I ſuſ- 
pect, that ſome Miſtake was made in the Weight of the Powder, 
or that the Barrel (which had indeed lain by ina moiſt Place) was 


very damp; which Circumſtance, I know by Experience, will 


conſiderably diminiſh the Action of the Powder. 

3052. The following Experiments were made with a Pen- 
dulum much heavier, it weighing in the whole 97 1b. its Center 
of Gravity was 55,625 Inches diſtant from its Axis of Suſpen- 
fion, and 200 of its ſmall Swings were performed in the Space of 
255” 7, whence its Center of Oſcillation is 63,9 Inches diſtant 
from the Axis of Suſpenſion. Alſo ſometimes another Barrel 
was uſed 7,06 Inches in Length, and, 83 in Diameter, its Ball 
Was exactly fitted to the Bore without any Windage, ſo that 
it went in with Difficulty, the Weight of this Ball was 331 
6, This Barrel we ſhall denominate D. v 

| Ne. 
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! . I Extent | Quantity | Chord of 
| of the Tas. 1 at of aſ- | The ſame | Error of 
G | — | 1 7 — wm by Theory. 55 
x ENS 
1 37 Powder. ; 
| g _ 
„ear r ha,” | 
30 A 2 5 9,2 8 9,2 = 0 
A ＋ 1 2 975 | 2 - 5 
37 5 1 | 2 | Q, —7 2 
81 A 1 + \ 41,7 | 11 3 
ſa 3 * t 2 i 6 | +0 4 
29 A f EY - 1 152 12, 26 
40 A | I ” 1 8 y 2913 | | 951 —,2 
I 70 |- 81 4 
| I2 5 
42210 5 | | 6,1 6,6 + 
M5 ba A 129 65 | 66 | +: 
I 4215 4 27 | 22 8,0 8,2 35 
2 45 CO... | n 7 0 12 | 8,3 | 8,2 | WO 
3 01-9485 14 2 „ 0 5 
3 48 A , 1 1 0 | 752 18 6,5 N —57 
3 49] CC | 2 H E 
i 50 CC i 2 H = 6,8 {| 67 | —1 
0 51 C | 2 $ * 75 | 6,7 | — . 8 
6 2| 23 7 au 485 [r 
2 53 D . 4 F | 6 | 5,0 | 4,8 | * 
ba 54 | D | - 2 7 65 | 70 752 ö N 
4 55 D 133 4 * | 7ů¹ 6,8 — 2 
h | D | 25 6 | 47 4,8 +31 
57 A 2 48 4,8 K ** 0 
60% A 2 0 | 64 er 
Ty 59| A | 8 5,TT 88 # * 
6 1 6 | 6,6 t) I 
48 O A 22 65 55 — 
ill 61 | A f 22 12 6,7 6, 5 ? 3 
n | 970 | 971 | bot 


Ne was doubtleſs owl 
| ng to the Wind; for the ich 
to 49, which wa 
deren before it in the ſame Manner, par with ms —_ 
* 3 of Powder, differs but little from the Theory. The 
Wa ee. = =— — above the Theory 2 1 Part 
occal e Impulſe-of the Flame on the Pendul 
in this large Quantity of Powder was plainly to be Aenne 3 3 
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CHAP. IX. 


The 3 PRINCIBLES applied to inveſtigate the 
 VeELoctTY which the FLAME F GUNPOWDER 


 Ecquires by expanding itſelf, ſuppeſt ng it be fired in 


a-given PIECE of | ARTILLERY without either 
Bullet gr any other Body before it. 


30 5 3: N order to experiment the Velocity with which the Par. 
ticles of (Gunpowder expand themſelves (in the Ex- 
ploſion) at the Muzzle of the (Gun, Mr. Robins charged the 
Barrel of 45 Inches ( Art, 3933) with 12 pw. of Powder, and a 
ſmall Wad of Tow only; and then placing the Muzzle 19 In- 
ches from the Center of the Pendulum (mentioned Art. 3023) 
it was fired, and the Impulſe of the Flame on the Pendulum 
made it aſcend through an Arch, whoſe Chord was 13, 7 Inches. 
Now ſince a Chord of 1.7 4 Inches agrees to the Velocity of 7 
r eet per 1”, (ſee 3034 herefhre fay, as 17 3 Feet: 3 f Feet 

: 13,71 F eet : 2,6 Feet; ; that i is, the Velocity of the Pendulum 
was at the Rate of 2,6 Feet 8 

3054. Now the Weight of the Powder and Wad was about 
13 put. and that of the Pendulum 42 1b. ! N o. (when reduced 
to 1 Center 3024). Whence m: 2 b: 42031 

103456 ; therefore the Velocity br the Powder v = 
M JET: x S 1035,6 x 2,6 = 2692,56; (ſe 1009 10 
30 34). Hence ths Velocity of the Particles of Powder, (ſup- 
poſing the Whole of it (together with the Wad) impinged upon 
the Pendulum,) was at the Rate of 2692 x Feet per 1”. of uni- 
form Motion. 

3055. And this ĩs the leaſt Velocity the Particles of Powder can 
be ſuppoſed to acquire in the e For firſt we may ob- 
ſerve, that not more than 7 of the Whole is converted into 
this elaſtic Fluid. Since 1 oz. = 437 grs. produced 460 Cubic 
Inches (2986) and each Cubic Inch weighs o, 293 = b of a 
Grain ch Whence 460 . 0,393 = 1 34378 Grains of 

elaſtie 


bs AMA 
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elaſtic Air. But 735 = + of the whole Powder, nearly. 
Therefore the other 7; muſt, in mixing with the elaſtic Part, 


greatly impede the Action, and retard the Motion or Velocity 


thereof in Exploſion; eſpecially if it be conſidered that this inert 


Part is in fome Meaſure of an unctuous Nature, and will not 


be thrown out; but ſtick or adhere to the Inſide of the Barrel an 
Impediment to the Reſt; 

3056. Again, ſome Part of the Flame muſt be loſt in Expan- 
fion Sideways through 19 Inches of Air; for an elaſtic Fluid ex- 
pands itſelf equally every Way, and conſequently only a Part 
thereof can impinge upon the Pendulum. And even that Part 
will meet with a great Reſiſtance from the Air, and ſo will have 
its Velocity diminiſhed on that Account. The Quantity there- 
fore of the Powder, and its Velocity; eſtimated this Way, is 
ſhort of what it is in the Barrel, and at the Exit from the Muzzle 
thereof. Now to diſcover what that is very accurately, Mr. 
Robins contrived the Experiment in a different Manner, which 
I ſhall here explain, with a Variation of ſome Circumſtance to 
render it eaſier to be underſtood and practiſed.“ 

3057. The Method of proceeding is this; let the Barrel be 
fixed to the Center of the Pendulum, and let the Weight of the 
Pendulum, Barrel and all, be 5616. (or 4216. reduced to the 
Center, as per Art. 596) ; in this Situation let it be charged with 
12 pwt, of Powder only, put cloſe together with the Rammer, 
and then upon diſcharging the Piece, the Pendulum will aſcend 
thtough an Arch, whoſe Chord, at a Medium, will be 14 * In- 
ches. Now fince in this Caſe the Powder (or rather its elaſtic 
Air) acts equally on its ſelf and on the Pendulum, therefore 
the Quantity of Motion or Momentum of the Powder (viz. 7 = 
vn) will be equal to that of the Pendulum (Qrg VM) that is, 
VM = vm(970). Alſo, ſince to 14 f Inch Chord there cor- 
n the Me of 2 2. Feet per 1//; therefote ſay, as m= 
Th 3 M= 42: : V2 7; V = 3082, nearly; fo that the 
Velpcity is by this 2 determined for the whole Maſs of 
Powder to be at the Rate of 3082 Feet per Second. 

Uu 2 3088. 


* This Pendulum with the Barrel fixed upon it in the Manner te- 
preſented by Fig. 2. of the preceding Plate, we apprehend is the 
moſt fate 2 Lare of any. 
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3058. If now ſo light a Body as 1 pt. of Tow be placed be- 
fore the Powder contiguous to it, it will preſently acquire the 
Velocity with which the elaſtic Part of the Powder will expand 
itſelf when uncompreſſed, and by this Means we may be able 
to meaſure that Degree of Velocity pretty nearly. Thus if the 
Barrel be charged with 12 pw. of Powder, and 1 of W adding, 
and thoſe fired, the Pendulum will aſcend through an Arch, 
whoſe Chord is 17, 3 from which, if we ſubduct 14,5 for the 
Powder, the Remainder 2,8 will be owing to the Wad; and 
therefore ſince 2,8 Inches of Chord gives the Velocity 0,53 of a 
Foot per 1//; therefore ſay, as 240 42: : 0, 53: 7128 Feet, 
the Velocity of the Wo, or that which nnn Part of the 
Flame moved with per 17 

2059. In this Way alſo the Velocity of the Bullet may be de- 
termined to* a greater Exactneſs than by the former Method 
where the Barrel was fired, and at a Diſtance from the Pendu- 
lum. Thus let the Barrel be charged with 12 pt. of Powder, 
and Bullet r /b. (as at 3033); then upon diſcharging it, the 
Pendulum will aſcend through an Arch, whoſe Chord will be 
32, 3 Inches. Now 14, 5 of this Chord is owing to the Impulſe 
of the Powder (as above 3057); therefore 17,8 is occaſioned 
by the Motion of the Bullet, and is ſomewhat greater than that 
determined (in 3033), Now to a Chord of 17,8 Inches, there 


anſwers the Velocity 3,45 Feet (as per 3034); whence the Ve- 
locity of the Bullet o = — 1. * =505,6x 45 1734 


Feet, nearly, Whence we find the Velocity of the Bullet, at 
the Muzzle of the Gun, is at the Rate of (at leaſt) 1700 Feet 
per 17. 

3060. From this Experiment it appears, that the Action of 
the Powder on the Gun is the ſame, whether it impels a Bullet 
before it, or whether it be fired alone; and it is therefore a con- 
vincing Proof, that the whole Quantity of Powder is fired in the 
latter Caſe, as well as in the former. In all the Experiments 
hitherto mentioned, the Bullet has been ſuppoſed contiguous to 
the Powder; and Mr. Robins found that it was laid at a ſmall 
Diſtance from it (as an Inch, or two, at moſt) the Theory will 
agree very * with the Experiments, But when the Bullet 


18 


Of GUNNERY. 333 
is laid at a conſiderable Diſtance from the Powder, as 12, 18, 
or 24 Inches, the Caſe will be very much altered, and the Bul- 
let will be impelled or acted upon in a Manner very different from 
what-it was before. 

306 1. For now we are to conſider the nne by the Time 
it reaches the Bullet, as acting with two Forces, viz. one by 
Pulſion or Percuſſion, which it receives from the great Velocity 
with which it's parts expand, and ſtrike againſt the Bullet, as 
ſhewn above (615), and the other Force is by Preflure ; for 
when the inflamed Powder has expanded itſelf into all the Ca- 
vity behind the Bullet, it will, after the firſt Impact, continue to 
preſs on the Bullet with all the Force of its Elaſticity, till the 
Bullet be out of the Barrel; and hence it will be eaſy to under- 
ſtand that the Velocity of the Bullet will be in this Caſe greater 
than if it were impelled by its elaſtic Preſſure of the Powder on- 
; and it is demonſtrably fo by Experiment. 

3062. For Mr. Romins charged the Barrel of 45 Inches with 
12 pwt. of Powder as uſual, and then placed the Bullet at the 
Diſtance of 11 4 from the Breech (or 8 4 from the Powder) and 
upon diſcharging it againſt the Pendulum, he found that it had 
acquired a Velocity of about 1400 Feet per 1“. Whereas if it 
had been acted upon by the Preſſure of the Flame only, it would 
not have acquired a Velocity of 1200 Feet per 1”, as may be 
eaſily made appear by the Theory, thus; let M be the Place of 
the Bullet (ſee Fig. to 2097) then will MN repreſent the Force 
of Preſſure on the Ball the firſt Inſtant; butitis AM = 11,25 : 
AF = 245 :: HF = 69800: MN = 19131, (2099). Then 
we find (by the Methods in 3006 and 3002) the Rectangle 
MRP B: Space MNQB:: MR x MB x 0,43429: AM 


x MN x L 2 22 3 which Quantities are all known; the Sub- 


duplicate of this Ratio is that of 1 to 86,338 ; now the Velocity 
acquired in falling through the Space = M B, is 13,51 Feet per 
1”. Therefore ſay, as 1: 86,338 :: 13,51 : 1166 Feet, the 
Velocity acquired by the Force of Preſſure only (by 2096). 
3063. And to this the Experiment agrees; for the ſame Gen- 
tleman (with his uſual Sagacity) in order to ſeparate the two dif- 
ferent Actions of Powder upon the Bullet, and to retain that 
only which aroſe from the continued Preſſure of the Flame, con- 


trived 
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trived the following Method. He no longer placed the Powdet 
at the Breech from whence it would have full Scope for its Ex- 
panſion, but ſcattered it as uniformly as might be through the 
whole Cavity of 11 4 Inches left behind the Bullet, conceiving 
that by this Means the progreſſive Motion or Velocity of the 
Flame in each Part would be prevented by the Expanſion of the 
neighbouring Parts. And he ſound upon diſcharging the Bar- 
rel, the Velocity of the Ball was (inſtead of 1400 Feet per 1“ 
no more than 1100 Feet per 1“. Which was 66 Feet ſhort of 
what it ſhould be by the Theory. 

3064. This Deficiency he ſuppoſes was owing to ſome inte- 
ſtine Motion of the Flame; for the Powder being kindled in a 
Space much larger that it could fill, muſt have produced many 
Reverberations, and Pulſations of the Flame; and from theſe 
internal Agitations of the Fluid, its Preſſure on the containing 
Surface, he ſuppoſes, muſt be conſiderably diminiſhed ; and 
from hence he judges it neceſlary, to avoid any ſuch Irregulari- 
ty, to take particular Care to have the Powder confined cloſely 
in as ſmall a Space as poſſible, even when the Bullet lies at ſome 
little Diſtance from it. | | 

3065. From what has been ſaid, it will be apparent, that 
when the Ball lies at a great Diſtance from the Charge, the 
Action of the Powder will be ſo greatly augmented in the Space 
behind, and will be ſo accumulated and condenſed by the Velo- 
city each Part has acquired by the Time it comes to the Ball, 
that if the Barrel be not of an extraordinary Firmneſs in that 
Part, it muſt by this reinforced Elaſticity of the Power infallibly 
burſt, And the Truth of this Reaſoning he experienced in an 


exceeding good Toter Muſquet, forged of very tough Iron; for 


charging it with 12 pt. of Powder, and placing the Ball at 16 


Inches from the Breech, on firing it, the Part of the Barrel juſt 


behind the Bullet was ſwoln out to double its Diameter, like a 


blown Bladder, and two large Pieces of two Inches long, were 


burſt out of it. 


3066. From what has been ſaid „ we ſee the Reaſon of all the 
extraordinary and enormous Effects of warlike Engines in which 


Gunpowder is uſed; as in Grenades, Bombs, Petards, Mines, 


&c. For as we have ſhewn the Force of this Powder upon every 
ſquare Inch is 15000 1b. (2093), and that it expands itſelf with 
| 4 


| 
| 
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2 Velocity more than 3000 Feet per 1” (3057) it is no Wonder 
it ſhould burſt the Shells of Bombs and Grenades with ſuch 
Force and Violence, and rend the Planks and Parts of Gates, 
Bridges, Walls, Cc. in Petards, with ſuch ſudden inſupera- 
ble Power and Impetuoſity. For the Powder in the Petard 
weighing 5 B. will have an Effort equal to that of a Cannon- 
Ball of 10 . moving with half the Velocity, viz. at the Rate 
of 1500 Feet per 1, For the Momentum is the ſame = both 


Caſes (970). 


La 


CHAP. & 


The QUANTITY of the AlR's RESISTANCE 7o PRo- 
JECTILES, and BULLETS in particular, deter- 
mined by EXPERIMENTS on the Balliſtic PENDU- 
Lux. 


3067. WV have demonſtrated the Principles on which the 
Computation of the Velocity and Reſiſtance of 
Bullets depends; and have confined the Theory by Experiments 
in reſpect of the former: We now proceed to do the ſame 
Thing for the latter, that is, we ſhall ſhew how the Quantity of 
the Air's Reſiſtance to Bullets is to be computed from the The- 
ory joined with the Experiments made by Mr. RoBins' for that 
Purpoſe. | | 
3068. We have already ſhewn, that when two Bodies im- 
pinge on, or ſtrike each other, the Magnitude of the Stroke is 
proportional to the Loſs of Motion in the percutient Body (1c08), 
Now in the Caſe of a Shot made with a Gun, Bow, Ec. the 
two impinging or percutient Bodies are the Bullet and the Air; 
which, indeed, are very different in their Natures ; the leaden 
Ball being a continuous and unelaſtic Subſtance ; but the Air a 
diſcontinued elaſtic Body. The former in Motion, the Jatter 
at Reſt, Yet this, notwithſtanding their Actions on each other, 
may be eaſily eſtimated both by Theory and Experiment as fol- 
lows. 


3069, 
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2069. Mr. R6p1ns charged the Mufket-barrel of 45 Inches 
with the Bullet and Powder as uſual, and fired it againſt the 
Pendulum at the Diſtance: of 25, 75, and 125 Feet from the 
Muzzle of the Piece at three ſeveral Times reſpectively and he 
ſound that it impinged againſt the Pendulum in the firſt Caſe, 
with a Velocity of 1670 Feet per 1“; in the ſecond Caſe, with 


| a Velocity of 1550 Feet per 10%; and in the third Caſe, with a 


Velocity of 1425 Feet per 1”. Therefore in ſtriking againſt 


50 Feet of Air, it loſt a Velocity of about 120 Feet per 1”, 


Now ſince the whole Motion of the Bullet in the firſt Caſe was 
1670 X + (by 970, 3003) and in the ſecond Caſe it was 1550 
*r; therefore the Difference 120 * r = , = 10b. will 
be the Loſs of Motion in the Bullet which it ſuſtained in paſſing 
through the 50 Feet of Air; but this Loſs of Motion was the 
Effect of the equal Reaction or Reſiſtance of the Air; conſe- 
quently the Reſiſtance of the Air to a Bullet moving wich the 


mean Velocity of 1610 (= = 2. —7 Feet per 1” is a- 


bout 120 Times its Weight. 


3070. To find the Time which was ſpent in paſſing rec 
this 50 Feet of Air; ſay, as the mean Velocity 1610 Feet: 1 = 
60” :: 50 Feet: 1,87”. And therefore to find the Reſiſtance 
of the Air to the Bullet paſfing through the ſame Space with any 
given Velocity, and Time will be cafy as follows. In a ſecond 
Experiment made with all poſſible Care, the Mean of three Diſ- 
charges againſt the Pendulum placed at 25 Feet Diſtance was 
the Velocity of 1690 Feet per 1”, and of 5 Shot againſt the 
Pendulum at the Diſtance of 175 Feet, the Mean was a Velo- 
city of 1300 Feet per 1“. The Velocity loſt in this Caſe in 
paffing through 150 Feet, was that of 390 Feet per FI or 130 
Feet per 1“ for 50 Feet of Air. 

3071. Now the Mean . Velocity in this Caſe was 
( _ 8 5 ) 1490 Feet per 1“. And ſince the Reſi- 
ſtance is at leaſt as the e of the Velocity (2068): There- 


fore ſay, as 1490* : 1610*:: 130 Feet: 152 Feet, nearly; fo 


that the Loſs of Motion would be 152 Feet per 17, with the 
Velocity 1610 Feet per 1“. But the Time ſpent in paſſing this 
50 Feet of Air is about 2”; and ſo this Loſs of 152 Feet 

| in 
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in 2% will be but 142 in 1,87”, the Time of paſling through 50 
Feet with the Velocity of 1610 per 1/7. Conſequently the Loſs 
of Motion or (is Cauſe) the Reſiſtance of the Air in this Caſe 
was 142 * x; 16, = 11,83 1b, or almoſt 12 1b. viz. 142 Times 
the Weight of the Bullet. 

3072. Let us next ſee what Reſiſtance a leſs Degree of Velo- 
city met with from the following Experiment made by the ſame 
Gentleman with great Accuracy; he charged the ſame Gun 
with the ſame Bullets, but with a leſs Quantity of Powder ; 
and the Mean of 5 Shot made againſt the Pendulum, at the Di- 
ſtance of 25 Feet, was a Velocity of 1180 Feet per 1“; and 
then of 5 others againſt the Pendulum removed to the Diſtance 
of 250 Feet, the mean Velocity was that of 950 Feet in 1”. 
Whence the Ball in paſſing through 225 Feet of Air loſt a Ve- 
locity of 230 Feet per 1//, or 51 Feet in ſtriking againſt 50 Feet 
of Air, \Now the mana Velocity is that of 1065 Feet per 1//; 
whence the Time of deſcribing that Space 225 Feet was about 
1/; and that of deſcribing 50 Feet, about 3,1” ; conſe- 
quently in 1, 87“ the Loſs of Motion will be about 31 Feet per 
1//; wherefore 31 K r = 26, 10 90x. nearly, which is the 
Reſiſtance of the Air to this Velocity. 

3073. Having thus determined by Experiment what Refi- 
ſtance the Bullet meets from the Air with two different Degrees 
of great Velocity; let us next ſee what will reſult from a Com- 
putation made from the Theory eſtabliſhed by Sir J. Newton 
for low Motions, the Principles of which we have already 
explained in Chap. V. and ſhall now apply them. Since 
the Weight of a Globeof Air, equal to the Bullet, is incon- 
ſiderable in Compariſon of the Weight of the Bullet itſelf, 


we have (2061) A = B. And conſequegtly * — = T, 
(2066). Alſo becauſe it is D= 3, we have f * =1; and 
ſo 8 = D 3 but Lead is 11,345 Times heavier than Water, 


and Water is 860 Times heavier than Air; whence D: :: 
9756,7 : 1. Conſequently $ = 9756,7 Inches = 813 F es 
Vor. II. X x - whence 
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| undeniable Experiment, that a Velocity of about 1500 Feet fer 


4, or 3 to 1; according to wat was delivered in the The- 
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whence 14 —— = 9 = 1. We Time of the Fall through 8. 


1 = 220,5 Feet per 1%. 


3074. Now this is the greateſt Velocity the Bullet can ac- 
quire by falling in the Air (2061) and the Reſiſtance it then meets 
with is equal to B = A = F; 1b. = Weight of the Bullet; 
if we would have the Reſiſtance, therefore, to any other Ve- 


locity, as that of 1600 Feet per 1“, we muſt ſay, as 429,5 


: 1600* :: 7; lb.: 4 lb, nearly. But we have before found by 


1” (3072) meets with a Reſiſtance of 12 lb. nearly; therefore the 
Reſiſtance to ſwift Motions is greater than that to flow Motions 
(which is as the Squates of the Velocity) in the Ratio of 12to 


ory (2072). 

3075. If we enquire A Theory what Reſiſtance a. Velo- 
city of 950 Feet per 1“ will meet with, we ſhall find it to be 
about 1,427 /b. but by Experiment it was found to be in Reality 
2 1b. 100z. which is nearly as 1 to 2. We ſhall ſee that this 
Reſiſtance is very ſenſibly encreaſed, even in ſo ſmall a Velocity 
as that of 400 Feet per 1“. For by Experiment, a Bullet diſ- 


charged with that Velocity ranged but 319 Yards, or 957 Feet, 


on the Surface of Water. Whereas by the Theory for flow Mo- 
tions, it ſhould have ranged to the Diſtance of 1109 Feet, as 


ſhall now demonſtrate. 


3076. The Refiſtance to a Velocity of 400 Feet by the Theo- 
ry is 0,253 1b, (iound as above); then fay, as.4*, = 0,0836, 
0,253 10. :: 16,2 Feet: 49,4 Feet, the Space a Body would 
deſcend through in one Second if urged by a conſtant uniform 
Force equal to the Reſiſtance o, 253 lb. (999). Whence 49,4 


2 D 98,8 Feet is the uniform Velocity acquired in 17. And 
ſince the Times are as the Velocities (1000) when the. Force is 


given; therefore ſay, as 98,8 Feet: 400 Feet :: I” : 4/,049 
= the Time in which the Velocity of 400 Feet mn wil be 


| 3 the Force = 0,253 0. 
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3077. Now let ICF be an Hyper- 4 
bola, whoſe Aſymptotes ate A E, AD. 
Let AB be the Time juſt now found | 
= 4,049; and BC the given Velo- | 
city of 400 Feet per 1“, generated in 
that Time by the Force 0,253 lb. Alſo 4 2 — 


let BE = 4“, draw CG parallel to Fees 
AE, and EG to BC, then will the 
Rectangle BCG E be as the Space deſcribed by the conſtant 
uniform Velocity B C in the Time BE ; and the hyperbolic 
Space B CF E will be as the Space deſcribed with the ſame Ve- 
locity B C decreaſing by the Reſiſtance (2096). 

3078. Now AB x 1 = 1 Power of the Hyperbola, 


(779) hene BC= * ; therefore the Rectangle B C GE 


= (BC x BE =) BE N = ABanddbe Area BOFE 


A IB 
is the hyperbolic Logarithm of the Ratio 2 which is equal to 
the tabular Logarithm of the ſame Ratio multiplied by 2, 302585 


„ b 3 
(854). But D I, nearly; and the Logarithm 


2 | | 
of In (=) = , 30 1030; thereſore o, 301030 Xx 2, 302585 


= , 6931, &c. Therefore ſay, as 1: 0,6931: : (BC x BE 
=) 1600 Feet: 1108, 96 = 1109 Feet nearly, as before aſſer- 
ted (3075). The Reſiſtance therefore by this Theory is 
much leſs than what it really is, in as much as it gives a Velo- 
city of 152 F eet in 1109 more than the Truth, in this ſo low a 
Motion. 

3079. Where this Theory can take Place, we have FE = 
Velocity at the End of the Time B E; and is eafily had thus, as 
AE (= 2) : AB({=1)':: BC(= Feet): FE ( 200 


Feet). Alſo, by drawing AF, it will cut B C in H; and BH 


will be as the Reſiſtance at the End of the Time BE, in the 
Hypotheſif of the Reſiſtances being ſimply as the Squares of the 


Velocity, which is very erroneous as we have ſhewn in all the 
a x 4 above 
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above Inſtances, and therefore cannot be applied to any —_ 


(Caſes of Gunnery. 
3080. As in all the foregojng Caſes of ſmall Shot, 


the greateſt Velocity has not exceeded that of 1700 


Feet per 1“; and as it has been ſhewn that the Re- 
ſiſtance to ſuch a Velocity is three Times more 
in Proportion than what it is in flow Motions (3074) 
it will be ſtill neceſſary to ſhew what Proportion of this 
increaſed Reſiſtance belongs to all other leſſer Degrees 
of Velocity in order to compleat the Theory, and 
render it of general Uſe, For this Purpoſe let A B be 
a Right-line divided into 100 equal Parts, and Jet 
CDS Ab, be divided into 1700 equal Parts; 
then ſince DB: AB: : 3 :: Reſiſtance to a Velo- 
city of 1700 Feet per 1/ : Reſiſtance given to the 
ſloweſt Motion; it is evident, that to a Velocity of 
any given Number of Feet in the Line C D, there 


will correſpond a Number in the Line A B, which in 
reſpect of the whole Line, will ſhew what Ratio of 


the encreaſed Reſiſtance belongs to that given Velo- 
City ; thus for Inſtance, to the TY of 1500 Feet 
per 1// correſponds the Ratio of + 15 = 4, nearly; to 
the Velocity of 1000 F on or 1”, the Reſiſtance is 


nearly in the Ratio of TVs or 43 - and that of 500 
Feet per 1“ has the Ratio 9, = +4, nearly. And 


ſo for any other Velocity propoſed. 


3081. Hence then if the Reſiſtance for any propo- 
ſed Degree of Velocity be calculated by the Theory, 
the Error of the Theory in ſwift Motions may be 
hereby corrected, and brought pretty near the 
Truth. Thus, ſuppoſe I find by the Theory that 
to a Velocity of 1000 Feet per 1”, there is a Reſi- 
{tance of 1,5 b. to a Ball of r bb. wt. if this * en- 


creaſed in the Ratio of 3, by ſaying, as 3: 5 :: 1, 5 b.: 2,5 h. 
this 4th Number 2,5 = 2 lb. 8 oz. will be _—_ the ſame as 
was found by Experiment (3072) to be the true Quantity of Re- 


fc 


"—_— 


ſiſtance. So that by this Contrivance the Theory for low Mo- 


tion may {tl be applied to very good Purpoſe, 


3082. 
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3082. We have ſhewn that when a Cannon Ball of 24 hb. is 
impelled by a full Charge of Powder, it acquires a Velocity of 
1900 Feet per 1“; but if it were impelled with only a common 
Charge (viz. 12 4. of Powder = + the Weight of the Ball) its 
Velocity will then be about 1700 Feet per 1”. With this Ve- 
Jocity we have ſeen a Bullet of 3 of Inch Diameter will meet 
with a Reſiſtance of 10 Jb. (3096). And fince the Reſiſtance is 
(ceteris paribus) in the duplicate Ratio of the Diameter, or as 
the Surfaces ; and the Square of 5,325 = Diameter of the Can- 
non Ball, is equal to about 5o Times the Square of 3, the Dia- 
meter of the Bullet; therefore the ſaid Cannon Ball will meet 
with about 5o Times the Reſiſtance of the Bullet, or 500 Ib. wr, 
or about 20 Times its own Weight. | 

3083. That the Reſiſtance is in the duplicate Ratio of the 


Diameter in Globes or Balls of different Size, is deducible from 


(2033) where it was ſhewn to be as 5 ap, which is half the Area 
of a great Circle (830) and + of the Superficies of the Sphere 
(839) ; therefore the Reſiſtance is in the Ratio of the Superfi- 
cies of Globes, or in the duplicate Ratio of their Diameters 


(842). | 


AG HEME: XE 


The THEORY of RESISTANCE, VELOCITIES, 
TIMES and SPACEs deſcribed by PRO IE 
TILES in their perpendicular ASCENT and DE- 
SCENT in reſiſting Mediums, 


3084. — we can proceed further, it will be neceſlary 

D to raiſe Theorems tor aſcertaining the Spaces, Times, 
and Velocities in the perpendicular Aſcent and Deſcent of Projectiles, 
in a Medium refiſting in any multiplied Ratio of the Velocity. 
In order to this, let s = Space, = Time, v = Velocity, 
r = Reſiſtance. Then (by 971) we have vt ,; and ſince 
this holds in every Cale of f and s, therefore v 7 = 5, 


308 5, 
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3085. The Reſiſtance being the Reaction of the Medium, 
will be proportional to the Decrement of Motion it cauſes in the 
moving Body ; that is, 7 = — 5, = — © m (9750); and when 
Mm is given, it is 1 = — ©, or the Reſiſtance is as the Decte- 
ment of Velocity, The Reſiſtance (7) will alſo be inverſely as 
the Time (:) in which it produces a given Effect (— ©), there- 


| I . V . . 
forer = =; wherefore in general r = ——, or 7 = — . 
t tk 


Hence { = _ = (3084) therefore 11 =—YU 


3086. If the Body aſcends, it will be retarded by two Forces, 
the Reſiſtance (r) of the Medium, and the centripetal Force, 
ot Gravity (g); and this Retardation will produce a Decrement 
of Velocity () which will be as the Moment of Time (r), 
and the Sum of the retarding Forces r + g, (as is evident from 
the Nature of the Thing); therefore in general r ; + g; =— v, 
And for a deſcending Body, if the Reſiſtance be leſs than Gra- 
vity, it will beg; - T. = . But if Gravity be leſs than the 
Reſiſtance, then ri gr = — 3, 


3087. We have ſhewn that vi , whence v = 5 there- 
3 | 


fore for the aſcending Body, we have 7: + gi * 5 = — 
*f 


Xv=r;+g:. But for a deſcending Body, if Gravity be 
greater than the Refiſtance, the Theorem will beg; — 7; = 
VV; Y: -g: — u, when the Reſtſtance exceeds Gravity. 
3088. If the Body aſcends in an unreſiſting Medium (or in 
Vacuo) then r = 0; and g; = - , and g = -v; but 
if the Body deſcends, it will beg ; = v, and gi = vw. When 


the Reſiſtance becomes equal to Gravity, then 7 = gz, and g; — | 


, S o; that is, the Velocity will then become conſtant or 


uniform. And ſince till then the Velocity is continually in- | 


creaſing {for there will be @ = g — x, in any given Time, ) it 


is evident, the Velocity is in that Caſe a Maximum, as we have 
before ſhewn (2063). 


3089. Suppoſe the Fat ( r) be as any multiplied Ratio 


of the Velocity (= = „ that is, n . = , Where (e) 
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is given Quantity. Then for a deſcending Body it will beg; 


n == WM 
= = 9% (644) and (6; re. Allo, be- 


od Fa And for the aſcend- 


cauſe 828 - we have: =- 
; P en ES 
ing Boas S fr f ru 

3090. If we ſuppoſe the Reſiſtance to be as the Square of the 


— 


Velocity, then 2 = 2, and = — (3089) let V = greateſt 
Velocity acquired in the Deſcent, and becauſe in that Caſe r = 2 
(3087) and v becomes V, we have g = 72 „ and ſo ag = V*. 


Letz = Space which a Body falls through in Vacuo, to ac- 


quire the greateſt Velocity V; then gz = VV (3088), and 
(taking the Fluents) gz = + V*; therefore2gz= V* = ag. 
Whence a = 22. 

3091. Therefore in the deſcending Body, it will be ; 


avw 2296 


e let V? — * — 2, EY 


. 4 - 4 2 2 2 
Fluxions, we ſhall have vw = — «+; and ſo; = —.— 
X XxX 


_— 


= —>——— And taking the b s= Q— 22zL . 
(Here Qi ſome conſtant Quantity, and L. x is the Fluent of 
= by (849). But Q—2L.z*z=Q—zL.f = Q— 


2 L. V — v*, Now when S ©, and then v = c = the Cele- 
rity with which the Body begins to deſcend, we ſhall have Q in 


that Caſe = 2 L. V* — 4. And conſequently s = z L. 


2 0 * 
3092. LetL. d = 1 and it will be L. d 2 L * Lid and 
A as s 
-Ld=Ld dz = ad, FOE FOTO 0. i 
V2 v 2 


the Space s = z L 


LL. V+4v 


; aſcending Body areS=% Is * = 
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S 
V2 az + Mo 


= whence we get v* = — . And for the Time 
2 dz 
8 3 — 2Z· . 
(ij of the Deſcent, we have ; = SS (3089) == 
RS | 
3 


5 | 
N * — = as will appear by reducing the two laſt 


Fractions to a common oi ) Therefore taking the 


| Fluents, we have r = — Q + + L.V + v— L. V = 


Q+ pL 5— * ; let t 2 o, then v—=c; and we ſhall have 
v c * 

2 — +L V=7 Conſequently, we have t = 7 L. 

V+vxV=—c 

Ver 


3093. If the Body falls from «abs of Reſt, then the incep- 
tive Velocity c = 0; and the above Equations will become for 


97 — ; for the velocity at the End of the 


bh 


V2 dz V | 4 
Fall v* = : and for the Time of the Fall tz = 


$ 


ds 


1 my 
FEI If we put dæ = n, thenv = V ö 


3094. In the ſame Manner, we find the Theorems ſor an 


* 4 4 | vv, 


4 
a | 
a V -& 


F _ — (3089, 3090). Now this 


fluxionary Equation is analogous to that which is found for the 
Fluxion of an Arch of a Circle, by Means of the Radius and 
Tangent of that Arch ; and therefore the Fluent of 'the Time 


1 


E 


Quadrant AT E; let the initial 
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may be found in the Meaſure of the Arch of a Circle, as fol- 
lows. 


3095. On the Center D, with 
the Radius AD = V, deſcribe the 


Velocity c be expounded by the gi- 
ven Tangent AP, the reſidual Ve- 
locity v by a Part of that Tangent 
AM; and draw D m infinitely near 
to DM; and then v» = Mi; 
draw DP; and from the Point M let fall the Perpendicular M R 
upon D n; then are the Triangles DN xz, and DMR fimi- 
lar; and ſo DM: DN 8 : MR: N. Alſo the 
TINS mRMand MAD are Amar; ; and ſo DM: DA 

n M: MR. The reſpective Terms of theſe two Analogies 
bang multiplied together, give D M* : DA*:: Mm: NA; 
that is, VV + vb: VV 2: : NN = ASE = the 
Fluxion of the Arch AN. 

3096. If this laft Equation be multiplied in each Part by 


2 Xx N 

= it will become —— © * yn — ; therefore ; = 
Nn 

4 or (3094); and taking the Fluents, it is? = Q — 

x AN - = Fw | | 
FH, Let t = e, then will AM = AP, and AN e 
AT), and in that Caſe; therefore, Q = - _ Fo 2 There- 

2 „ 22XAT—=AN a RN TN TN 
fore it will be f TAY = TY = * 


becauſe 2zg = V*, by (3090). 

3097. To apply theſe Theorems to the Motion of a Bullet 
ſhot from a Gun in a perpendicular Direction upwards, on Sup- 
poſition that the Reſiſtance is always in the duplicate Ratio of the 
Velocity. Let us take the Example of (3059) where the Bullet 
is projected with a Velocity c = AP = 1700 Feet per 17. To 
determine the Height or Space of that Projection, we have 5 = 

Vol. II. Ty z L 
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— 


L pl MA . (by 3094) becauſe in this Caſe v = . Now 


ſince c = 1700, V = 229,5 (3073); and z = 813 (ib.) we 
ſhall have 5 = 1420 Feet, for the perpendicular Altitude of 
the Projection in a reſiſting Medium. Now this is conſiderably 
greater than the real Altitude, becauſe we have ſhewn (2072) 
the Reſiſtance to the initial Velocities is three Times more than 
what we have here ſuppoſed. 

2098. But let us ſee what Height the Bullet will aſcend to in 
Vacuo, projected with the ſame Velocity of 1700 Feet per 1“. 


m* \ 


This is found by the Theorem — me Es (1154) where m = 


1700, and u = 16,11, and f= 1”. Whence m* = 2890000, 
and 4 = 64,44 ; and ſo a = 45675 Feet, which is about 32 
Times higher than before; and very likely 40 Times higher 
than it does really aſcend in Air with the given Velocity. 


3099. The Time in which this perpendicular Altitude in Va- 
cuo is deſcribed, is found by Theorem (1152) — — = T, for 


in this Caſes = r = 1, and : = 1” ; therefore the Time of 


I 700 | | 
by 22 * 53* nearly. 


3100. Now the Time in which the Bullet aſcends perpendi- 


an 
Aſcent and Deſcent is * — 


cularly to the Height of 1420 2 Feet in the Air is equal to = 


(by 3096), becauſe in this Caſe T N becomes T A (fee Fig. 
to 3095). To find the Arch A T we have the Radius AD = 
V = 229,5, and AP = = 1700; wherefore ſay, 


As AD — — 220,5 — 2.360783 
Is WAT — — 1700 — 3.230447 
So is Radius — g0* 00” — 10.000000 


— 


To the Tangent of the Angle PDA = 82187 — 10.869664 


3101. The Diameter is 2 AD = 459; therefore ſay, As 
1: 3,14159 :: 459: 1442, the Circumference of the Circle. 
Then fay, As the Circumference 2609 is to the Arch 82® : 187 
ſo is 1442 to the Length of the Arch A T = 329,8, Now 

| Ft Gra- 
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Gravity produces an uniform Velocity g = 32,22 F eet per 1”, 


Whence — 2225 ( — _ = Ic” nearly, the Time of the 


7 


Aſcent in the Medium of Air, reſiſting according to the dupli- 
cate Ratio of the Velocity. The Time therefore in this Cafe is 
not more than + of that which is ſpent in the Aſcent in Facus 


(3090). 
3102. The Time of the - 8 through the Air from the 


V+». 
laid Altitude of 1420 Feet, is V L W = e (by 3093). 


But in order to determine this, we muſt 0 find the Velocity 


(v) acquired in the Deſcent from the Theorem v = V by I — | 
(in Art, 3093) where V = 229,5; 4 = 10, (becauſe its Lo- 


garithm = 1 (by 3092), 5 = 1420,5; 2 = 813 ; and m = d 
= 55,86. Whence we find the Velocity v = 227,44 Feet 
fer 1“. Therefore V + v = 56,94; and V —v = 2,06; 


and Ly= 


= 2,345992 3 alſo d = 25543 j therefore * 


8,31. Whence it appears that the Times of the Aſcent and 
Deſcent are in the Ratio of 10 to 8, 3; on nearly as 5 to 4, and 
both together make but 187%, 3 which is 35“ leſs than the Time 
in Vacuo (3099). 

3103. Hence it appears they are e widely miſtaken who aſſert, 
that if an heavy Body be projected upwards with a Velocity 
greater than that which can be acquired in falling, the Time 
of the Deſcent will be greater than that of the Aſcent; ſince it 
is demonſtrated, that a longer Time is required to deſtroy a 
great Velocity in aſcending, than in generating a much ſmaller 
one in deſcending through the ſame Space. 

3104. From this Theory alſo it is manifeſt, that if a Ball or 
Shot be projected downward with a Velocity equal to the great- 
eſt that can be acquired in falling, the Motion will be uniform; 
but if it be projected with a Velocity greater than that, the 
Motion will be retarded ; if with a leſs Velocity, it will be ac- 
celerated, but never will become equal to that greateſt Veloci- 
55 all which is evident from the Theorem in Art. 3092. 


FEY A 3105. 
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3105. Hence alſo we ſee the Reaſon why the Force acquired 
bya Bullet i in falling is ſo much leſs than that with which it is 
projected; for ſince the Maſs of Matter continues the ſame, the 
Forces will be as the Velocities, that is, in the foregoing Ex- 
ample (Art. 3097, 3102). The Forcę of the Bullet, when pro- 
jected, from the Muzzle of the Gun, is to the Force it acquires 
in falling, as 1700 to 227,53 or nearly as 8 to 1. 

3106, Indeed, with reſpect to very light Bodies, the Caſe 
may be a little different; and the Times of Deſcent of an Arrow, 
a Ball of Wood, c. may be greater than that of the Aſcent, 
ſince they are reſiſted by the Air in a much greater Proportion 
to their Quantity of Matter, on Account of their larger Quan- 
tity of Surface; what this may be, as nothing of Conſequence 
depends upon it, I have not here calculated ; but it may be 
eaſily done by any one who underſtands the foregoing Theory, 
and has Curioſity and Leiſure for ſuch Amuſements. 

5 3107. In all that has been hitherto ſaid of the perpendicular 
Projection i in a reſiſting Medium, we may obſerve what an egre- 
gious Diff. rence there is between ſuch a Shot and one made in 
Vacuo in regard of the Height, the Time, and the Vellcity and 


Force of the PROJECTILE ; and how widely the latter is different 
from the Truth. 


oF — ""y . — : _— 9 "I 


— — * * * „ 


. AI. 
The common practical Ru LES of GUNNERY, de- 
rived from the parabolical HYPO TH ESIS, com- 
pared with EXPERIMENTS, and thereby ſhewn 


to be extremely fallacious, and of no Uſe 7 in PRAC- 
TICE, 


3108. W. next proceed to ſhew how very fallacious all the 
Rules and Caſes of practical GUNNER Y are, as they 


are derived from the Prine ples of the parabolical Hypotheſis, which 
we have explained (in 1141, &c.) and ſhall here apply, in or- 
der to confute them by Experiments. After this we ſhall conſi- 


der the Nature of the Motion of a Body projected obliquely in a 


re- 
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ſeſiting Medium, and the Form of the Path it deſcribes, and 
hew it to be no PARABOLA (as is always ſuppoſed) nor any 
other regular or geometrical Curve. 

3109. It was ſhewn (1155) that the greateſt Amplitude or 
Random of a Shot (in Vacuo) was that which was made upon 
in Elevati- 
on of 45“. 
And it ap- 
pears, that 
AD is equal 
to half AL, 
and there- 
fore ſince 
AD = 
AM, we 
ſhall have AM = 2 AL = the greate// Random poſſible. 
But we have ſhewn (in our common Example (3098) that 
AL = 45675 Feet; and therefore 2 AL = 91350 Feet = 
AM, the Random on 45%. Now this is about 17, 3 Miles; 
but all experienced Gunners, and practical Writers aſſure us 
that this Range is actually not quite £ a Mile; and fo Merſennus 
ſound the horizontal Range of an Arquebuſe of 4 Feet to be leſs 
than 800 Yards, which is not quite 4 a Mile. The Range 
therefore by this falſe Theory is about 35 Times greater than the 
Truth, 
| 2110. The Caſe is the ſame with reſpect to large Shot as in 
ſmall ones; for St. Remy (as quoted by Mr. Robins) tells of ſome 
Experiments made by Mr. Du Metz, in which the Range at 
45%, of a Piece 10 Feet in Length, carrying a Ball of 2416, and 
charged with 1616. of Powder, was 2250 French Fathom, which 
is not quite 3 Miles. But ſuch a Ball was projected with a Ve- 
locity of about 1900 Feet per 1”, (Art. 3043.) and therefore 


jer Theorem (1154.) — AL 56021 Feet; and ſo 2 AL 


S AM = 112042 Feet = 21 Miles, which is more than 7 
Times the real Random, in the reſiſting Medium of Air. 

3111. The ſame Difference between this Hypotheſis, and 
the Truth, will be found in Proportion to obtain in ſmaller De- 


grees of Velocity, and on any other Elevations, as is evident fron- 
Mr. 


\ 
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Mr. Robins's n compared with this erroneous Theory. 
For a leaden Bullet, 4 of " Inch Diameter, n with a 
Velocity of 400 Feet per 1”, and in an Angle of 19: oF, of 
Elevation ranged on the horizontal Plane no more than 448 


Yards, whereas by the Theory it ought to have ee 1023 
Yards. 


3112, Forin this Caſe AL (= _) = = 2483 Feet; and 2 Al, 
= AM = 4966 Feet = 165 ; 8 the greateſt horizon- 


tal Random. But all Randoms, in Vacuo, are as the Sinet of 
double the Angles of Elevation; as is thus ſhewn. Draw C . 
then is the Angle of Elevation HAM A LH (665) = 
HCA (642) therefore FH is the Sine of double the Angle of El. 
vation; but FH g AD = AM, the Random. Conſe- 
quently the Randoms are as the Sines of double the Angles of 
Elevation. Therefore ſay, 


As the Sine of double 45* = go? 10. 
To the Sine of double 19“: 5” = 382; 107 9.790954 
So is the greateſt Random 1655 Vardss — 3.218798 


To the Random on 19? : 5 = 1023 Yards 3.009752 
So that the Range made in the reſiſting Air is but about 3 of 
what it would be in the parabolic Hypotheeſis. 

3113. Again, a Ball was diſcharged with the «ſame Velociy 
as in the laſt Experiment, but on an Elevation of 9® : 45” ; and 
its Range on the Horizon was at a Medium 99o Feet, or 330 
Yards. Now if this were to be deduced directly from the The- 


=A M, we ſhould find AM = 1655 


a cs 
orem (in 1152) 


Feet, or 552 Yards nearly, as in the following Operation. 


Sine of 9 45, 9.228784 
Add the r of ? Coſine, 80* 15” 9 99 3681 
| And of m = 160000 —— 5. 204 120 


From that Sum 4.426585 
Subduct the Value of 1 = 16,11 —— ——— 1.207095 


| — AM = 1665,5— 3.219400 


i 3114. 
The Reader is defired to draw this Line in the preceding Figure, 
as it is there (by Accident) omitted. 
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3114. But if this Random were to be computed from the 


Random on an Elevation of 19˙: 307 found in (Art. 3112.) it 
would come out a very different Number from either of the 


foregoing ; for ſay 
As the Sine of double 19® : 5 = 38® : 107 — 9:790954 


Is to the Sine of double 9® : 45” = 19: 30 — 9.523495 
So is the Random on 197: 5 = 448 — 2.651278 


To the Random required 


242 — 2.383819 


Now this is as much too little as the other was to big, and proves 
the Theory falſe on every Account. 

3115. Apain, for greater Variety, a Ball was fired at an Ele- 
vation of 8, and with a Velocity of 700 Feet in 17, and the 
horizontal Range at a Medium was 690 Yards ; but if this 
Range be computed from the common Theory, we ſhall have 


2AL 7 = AM = 15208 Feet, and then by (Art. 1154.) 
we ſhall find the Random at an Elevation of 8? to be 4192 
Feet, or 1400 Yards nearly, which is more than double the 
real Diſtance. | 

3116, Laſtly, a Ball being fred at an Elevation of 4* with 
the ſame Velocity as in the laſt Experiment ranged 600 Yards 
on the Horizon. Now this Range if deduced from the laſt Ex- 
periment, and the Theorem (in Art. 1154.) ſhould not have 
been more than 350 Yards. From all, which Inſtances of the 
Inconſiſtency of this vulgar Theory, with Facts and Experi- 
ments, we obſerve the Falſity of the Hypotheſis on which it is 
founded, and may juſtly wonder to ſee every Day Books pub- 
liſhed relating to GUNNERY, and the De&r:ime of Projectiles, 
with as ſtrong a Preſumption of theſe falſe Principles, as though 
Philoſophy were not in the leaſt underſtood, and the Nature of 
theſe Things had never been enquired into by any onc. 


CHAP. 
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CHAP. XIII. ſh © 


Sir Isaac NewToN's Method of inveſtigating te wh 
PaTH of @ PROJECTILE in @ reſiſting Mediun H! 
illuſtrated, applied to practical GUNNERY, and 
exemplified by EXPERIMENTS, 


| 
N 
= 


3117. 3 now that the ENGINEER may be aſſured from 1 
genuine Phy/ico-mathematical THEORY, that the 
Path which a Projectile deſcribes, when thrown from the Gun 
in any oblique Direction, even when the Reſiſtance of the Me. 
| | dium is no more than proportional to the Square of the Yelrcity, 
| cannot poſſibly be a PARAaBoLA, nor any regular geometrical 
Curve, he is to conſider in the firſt Place, that ſince the Body 
is prevented going on in the Right-lined Direction A B by the 
perpendicular Action of 
Gravity by which it is 
brought down from any 
Point C to the Point D in 
the Curve of the Parabola 
' © ADF in Vacuo, ſo if we 
ſuppoſe the Projection to 
be made in a reſiſting Me- 
dium, the Reſiſtance will 
leſſen the Velocity of the 
Ball, and prolong the 
Time of its arriving to the 


/ 

0 

| | , 

Diſtance of D, and therefore as Gravity acts all the Time uni- 1 
C 

] 

1 

| 

| 


formly, it, will produce in the Projectile a greater perpendicular 
Deſcent from the Point C, and carry it from C to ſome Point 
E below D; and ſince this is the Caſe every where; it follows 
that the Curve A E G deſcribed by the Projectile, cannot be the 
Parabola A D F, but ſome other Curve contained within it. 
3118. Again, ſince the Velocity of the Projectile in the de- 
ſcending Part of the Curve H G will be always much leſs than 
that in the aſcending Part AH, as we have above demonſtrated 


a , (3102). 
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(3102) therefore Gravity will in this Part carry the Ball through 
much greater perpendicular Spaces (in the ſame Time) from 
the parabolic Curve; and ſo the Curve in the Part HG will 
have a leſs Degree of Curvature, and therefore the Point G, 
where it falls on the Horizon, will be much nearer to the Line 
HI of the greateſt perpendicular Altitude, than the Point A 
from whence it was projected, different from what happens in 
the Parabola. 


2 
N 
S 
: F4 % 
„ 
: Fd A 
e 
1 B 7 — Wt 5 
— of = \ 
6 — — 3 
MA ,"E F 


3119. And Sir Is A Ac NEwTON has ſhewn, that the Curve 
AH G approaches nearer to the Form of an Hyperbo/a than that 
of a Parabola; for an Hyperbola will be truly deſcribed in a reſiſt- 
ing Medium, whoſe Denſity is every where inverſely as the 
Tangent to the ſaid Curve, as he has proved in Prop. X. Lib. II. 
of the Principia. And therefore if AGE be the hyperbolic 
Trajectory of the Ball, projected from the Point A in the 
Direction AH, (in a Medium of a variable Denſity) whoſe 
Aſymptotes are MX, XN, cutting the horizontal Line MN 
in the Points M and N; and of which the latter XN is 
perpendicular thereto; then ſince in this Caſe the Denſity 
in any Points A and G is inverſely as the Tangents AH and 

Vor, II, 2 2 GT, 
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GT, it is manifeſt if the Medium be now ſuppoſed of an 
uniform Denſity, ſuch as is equal to the mean Denſity of the 
Medium in Queſtion, then in ſuch an one, on Account of 
the greater Denſity at A, the Velocity of the Projectile will 
be more diminiſhed than in the other Caſe, and conſequent- 
ly the Trajectory will be continued within the Hyperbola 
AG K (by 3117) in the aſcending Part AG. But in the de- 
ſcending Part G K it will approach nearer to the Aſymptote X N 
than the Hyperbola, (which can never meet it, by 776); con- 
ſequently in the uniform Medium, the horizontal Motion of the 
Projectile (ſetting aſide Gravity) will be infinite; and therefore 
after a determinate Time, the — will arrive at the ſaid 
Line X N (3097). 

3120. But notwithſtanding the ad Trajectory is not truly 
an Hyperbola, yet it approaches ſo nearly thereto in the ſmall 
Part of it aBove the Horizon, that in practical Affairs the Conic- 
Hperbola may be uſed without any ſenſible Error, for eſtimating 
the Motion of a Projectile in an uniform reſiſting Medium. Now 
ſuppoling AG K ſuch an Hyperbola, and drawing AI and 
HC parallel to NX and MX, then Sir Iſaac Newton has proved 
(in the above cited Propoſition) that the Velocity of the Projec- 


tile will be as A1 1 _ that is, the Velocity at 


A is to the Velocity at any other Point G, as EN to 


/ G Alſo, that the Reſiſtance of the Medium is to the 


Force of Gravity (in any Point A) as AHto& Al, More- 
over, from the Nature of the Curve, AM=KN; and Al 
= AC; and by Conſtruction IC = (2AI =) HX. 

3121. Theſe Things premiſed, it is evident that if the Lines 
Aland AH be given in Magnitude and Poſition, the Hyper- 


bola A G K may be deſcribed, becauſe in this Caſe we have gi- 


ven HX = 2 Al, and therefore the Center of the Hyperbo- 
la X. Hence alſo the Aſymptote X N, and ſince the Point! is 
given, we have alſo the other Aſymptote X M cutting the hori- 
_ Zontal Line in M. Hence, laſtly, we have given the Point K, by 

| taking 
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taking KN=AM (776 to 780). It remains now to ſhew 
how the Lines AI and AH may be determined in the preſent 
Caſe of the Problem by Experiments, and thence an expeditious 
Method of deſcribing the Hyperbola AG K, or Trajectory of 
the Projectile ; and thence a Solution of all the Cafes of the 
Problem. 

3122, In order to this, let two equal Balls be diſcharged 
with the ſame Velocity on two different Angles of Elevation 
HAK, and YA; and let the Points K and 4 where they 
fall on the Horizon be obſerved, and the Proportion of their 
Diſtances AK and A 4 be found by Meaſuration. And let A K 
A:: 4: e. Then having erected the Perpendicular AI of 
any aſſumed Length, take A H or Ah alſo of any Length what- 
ſoever, and then by Scale and Compaſles find the Lengths A K, 
and A 4, as directed in the laſt Article; and if they are found to 
be in the ſame Ratio as d to e (by Experiment) then was the 
Length AH rightly aſſumed, and the Hyperbola AG K every 
Way ſimilar to that deſcribed by the Ball in the Air, | 
3123. But if not, take in the indefinite Right-line SM, the 
Length S M equal to the aſſumed Length A H; and ere& the 
perpendicular MN equal to the Difference of the Ratios of A K 


to Ax, and of d to e; that is, let MN 277 And in 


like Manner, aſſuming ſeveral Lengths of A H, find ſeveral o- 
ther Points N, thro' all which draw a regular Curve NN XN, 
cutting the Line S MMM in X. Laſtly aſſume AH = S, 


and thence again find | 
theLengths AK and N 
A“; theſe ſhall have 

the ſame Ratio with 8 
4 and e, or the ſame 


Lengths found by K 
Experiment; and Al, | | 
and this laſt found 508 


AH, ſhall be ſimilar 
to, or have the ſame Proportion with thoſe which belong to the 


Hyperbola deſcribed by the Ball in the Air. For ſince 


AK 
* 
. 
7 


22 2 
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us. 


— MN, where SM = = SX there MN o, 2 conſe. 
| A d | 
quently there I and ſo AK A 4. e. 


3124. To illuſtrate this by an Example; let it be required to 
find AI and AH for the two Shots made upon the two Eleva- 


tions of 19* 5” and 9? 45” (in Art. 3112, 3113) where the ho- 
rizontal Ranges were 448 Yards = d, and 330 e. There. 


fore 7 435 — 1,36. Then aſſuming AI = 10, and AH 


= 70, you find AK = 45, and A = 37,8, and ſo AK = 


| 1 
5758 — 1,19 (by 3122). And then N 2 8 = 1,36 — 1,19 
= 0,17 = MN. In like Manner, if you > FE other Lengths 
AH = 60, 50, 45, 40, reſpectively you will find other Values 
of MN — 1,23. 1,28. 1,39. 1,50. Then drawing a Curve 
through the extreme Points of all the Ordinates MN, and it 
will interſect the Line SM in X, fo as to give the Abſciſſa 8 X 
= 46: = AH ſought; and in this Caſe AK will be to A4 as 
448 to 330; or meaſured upon the Scale by which Al and AH 
were laid down, they will be AK = 25,7 and A = 18,8, 
3125. Having thus obtained the Proportion or Values of the 
Lines AI and AH in this one Caſe, they remain unalterably 


the ſame for all other Angles of Elevation, for Diſcharges of the 


ſame Velocity. And indeed in all Caſes whatſoever, the Value 


of AH will remain as being reciprocally as the Denſity of the 


Medium, which is ſuppoſed to-be uniform ; but if the Velocity 
of the Projection be varied, then will alſo the Value of AI. For 


oh 5 3 I 
ſince it is V = <7 (3120) it will be AI = yoo Al 


will be always in the inverſe duplicate Ratio of the Velocity 
greater or leſs. And therefore in any Caſe of a given Velocity 
you have the Lines AI and AH, and ſo the Trajectory may be 


deſcribed. for any Angle of Elevation H A N, according to this 
| TR 


3126, 


ſes 
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3126. Hence likewiſe the Ratio of the Reſiſtance ( R) in the 
Point A to Gravity (G) is given. For R: G:: AH: 4 AI 
(3120) :: 4,65: 4 = 1,333 (3124). Therefore if the Weight 


of the Bullet were z I. then 4 : 4,65 : 11 48 = 0,288 bb. 
the ſame nearly as found by the common Method to the ſame 
Velocity (in 3076). 


3127. Having now found the Values of AI and AH for any 
propoſed Velocity of Projection, we may proceed to find the 
Random A K generally for any given Velocity and Angle of 
Elevation HAN; in order to this let AH g a, AI = b, and 
then HX 2 AIZ 23. Alſo let AK =x, AN = x, and 
NH =y; and we ſhall have z—zx= KN=AM = AE, 
and AC S AI = B. AlÞPEN = AK = x. Then by the 
ſimilar Triangles EAC, ENH, we have this Analogy AE 
(2 — *): EN (x) :: AC (): HN 6%). And thence com- 


n 2 
pounding, z:x::6 +y: y; whence x = 1 and z = 


b + y? 


bx + xy re But becauſe of the right 


- and ZZ = XX X 
-2 


; | 
Angle AN H, itisag—yy=2Zz = xx N 27 And ſo 


2 4 3 

* . = xx; and thereforex AK = 2 Gi 1 
b+y bt y 
3128, Hence alſo if the Amplitude A K be given, then may 

the Sine HN of the Elevation neceſſary for ſtriking any Object 


K at the given Diſtance AK be | found by the ſame Theorem. 


For we ſhall thereby get *x* = &*—x* - pf —2bu*y; 
from which Equation by a — = Trials, the Value of y = 
NH may be found. Or in a Method eaſy for Practice thus. 
On the Center A with the Radius A H deſcribe a Circle, as 
(ab); and on the given Point K erect the Perpendicular K F ; 
then apply a Ruler to the Point C in ſuch Manner that the Part 
FH intercepted between K F, and the Circle a b may be equal 
to CE. Then through the Point H, draw the Right-line A H, 
and it ſhall be the Direction or Elevation required. For ſup- 
poling the __ given, we have always C E = FH, becauſe 


(by 


— 
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(by Conſtruction 3120) the Angles ACE and HEN are ſimi. 
ar, and therefore CE; A:: EH: EN: : FH: KN, 
kerrce ſince AE (= MA) KN, we have CE = FH, 
And the Point H muit be in the Ciccle a b, becauſe of the given 
Lengih AH. | 

3129. By putting the above Equation (3127) into Flexions, 
and making the Fluxi m of x = A N equal to uvth.ng, we ſhall 
get an Equation for the Sine NH of the Angle or Elevation 


: which of all others will produce the greateſt horizontal Random 


AK; ior then we ſhall get 2 49 — 49% = 2 ba*5 + 
2 x*3 3; and dividing by 2y, we have dy — 2) =bax* + 
a y* — * * 


r ** b + 5. But xx = —==—= ; wherefore a* y= 
b+y 
„ 0 
2 =b +y x 2 i 2 . Whence by Re- 


duction, and by dividing by y, we get aab = 2 byy + 35. 

31 30. Here it is plain the Quantity 2 bpy is leſs than @ab, 
and therefore y y leſs than 2 aa, or HN“ leſs than z A H*; and 
conſequently the Angle HAN is lets than half a Right- angle, 
which it would be in an unreſiſting Medium, (fee 1155) and in 
that Cale, we have yy = 2 4, and y 4, which Value 
of y, if it be ſubſtuuted in the above Equation, in order to re- 
duce it, it becomes @ab = 2byy + 5A N; whence yy = 


aab SEES 5 
A * 2b + ayJi_ 
3131. Let us now ſee what the Quantity of this Angle is for 
the Values of Al and A H as determined above (3124) where, 
if we put AI = i, then AH 4 = 4,65, and the Equa- 


. 6 21,0225 
tion is 4 2 + y* = 21,0225. Now y = —— 
2 + 47,65 f 
| 21,0 8 : a 
5 7 — 2,3. But it is plain this Value of y is too 


55255 | 

ſma!l, for it makes 2 yy KC little more than 16, whereas it 
mult be = 21,6255; this was occaſioned by making y = 4 VI 
= 3,25 according to the cuſtomary Method, which makes one 
of the Roots too large, and conſequently the whole Quantity 
2 yy T too ſmall. The beſt Way, then, to approximate to 
the Value of y is-(Tentando) by Trial, for by this Means we 
ſhall eaſily find that y = 2,26 nearly. Therefore ſay, as AH 
= 4,05: HN = 2,26: : Radius: Sine of 29® nearly; where- 
as in Vacus we have ſhewn this Angle is preciſely 45 Degrees 
(1155), 

3732. 
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3132 If it be required to find what this Maximum of Am- 
plitude is for the above found Values of Al and A H, you have 
it determined by the Theorem in (3127) (and alſo for any other 
Degree of Velocity, as ſhewn in 3125). So according to the 
preſent Caſe (3124) we ſhall find the greateſt Value of AK =# 


F | 
— F - = OA = 2,83 nearly; and therefore fay, as A K 
= 2,57 (by Experiment): AK = 2,83 (a Maximum) :: 448 
Yards : 490 Yards nearly, the greateſt Amplitude. | 

3133. If the greateſt Ordinate or Heigh: of the Projeftion be 
required, let the Line D N be taken in the horizontal Line AN, 
a Mean proportional between A M and AN, and through the 
point D, draw the Ordinate (3 D, and it will be the /fax:mun 
required. This Ordinate G D is equal to the Difference be- 
tween the vertical Line N X, and a 4th Proportional to the 


Lines DN, AN, and 2AIl = IC; or GD = NX 


2AI Xx AN 
DIY ; 


The Demonſtration hereof may be eaſily dedu- 


ced from the abovementioned Propoſition of Sir Iſaac's Principia 


(3119). But it is too prolix and intricate to be here inſerted. 
3134. To exemplify this in the laſt Caſe of the greateſt Am- 

plitude AK; we have AK = x = 2,83, andy = HN 

| b x + xy 

2,26 (3131). Alſo we hiavez= AN = ——— = 41 


| * 
nearly (3127); then AN —AKR=EN 1, 27 = AM, 
Therefore DN = AN x AM = 2,28. Now NX = 


NH + HX = 2,26 +2 = 4,26; and . = 


— 8 — = 3,6. Therefore GD = 4,26 — 3, 6 = 0,66; 
which gives about 110 Yards for the greateſt Height of the Pro- 
jection. It is obſervable alſo, that DE = (DN — RN) 
1, 1 and AD = (AK — DK =) 1,82; and ſo the Point 
is nearly 3 of the whole Random from the Point A; whereas 12 
Vacus it is always the Middle Point between A and C. 

3135. From a bare Inſpection of the Trajectory A B G K, 


it is evident, the Path of the Projectile will nearly coincide with 


the Tangent AH for a conſiderable Diftance AB, which in 
a Shot of 2416. will be about 500 Yards (as the Angle there 
will not exceed : a Degree;) and hence we ſee the Reaſon 
why Mr. Anderſon, the moſt eminent of all practical "Atr- 
thors on Gunnery, found himſelf obliged to ſuppoſe that 


the Track of Shells and Cannon Balls was much lets incur. 
vated, 
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vated, than what it ought to be on the parabolical Hypatheſu; 
and in order to reconcile this Circumſtance with the ſaid Theo- 
ry, he imagined that every Shot was impelled to a certain Di. 
ſtance AB in a rait Line, or that in ſuch a Diſtance it was not 
affected by the Power of Gravity. But ſo ſtrange and abſurd a 
Suppoſition, as the Suſpenſion of the Power of Gravity for a 
Moment, plainly evinced how ignorant he was of the great Di- 
munition of the Velocity of the Shot in its Flight from the Reſi- 
ſtance of the Air. The Notion, therefore, of a Point-blank 
Shot, as they call the Diſtance A B, is entirely groundleſs, and 
owing to the vulgar Error of the Air's Reſiſtance being inconſi- 
derable. | 

3136. We have now delivered all we can think neceſſary relat- 
ing the Theory and Practice of Gunnery; and it is with ſome 
Regret we are obliged to conclude, that from a true and genuine 
Theory, the practical Part of this moſt neceſſary Science ap- 
pears very perplext and difficult; it is for this Reaſon we deſiſt 
from puiſuing it any further. The celebrated Mr. J. Bernoulli 
has given a moſt exquiſite Theory of the Path of a Projectile in a 
reſiſting Medium, but as the Practice reſulting thence depends 
upon the Quadrature of mechanical Curves, it can by no Means 
be rendered uſeful. | 

3137. The late learned Mr. Simpſon has alſo given us an ad- 

mirable Theory, but the practical Rules that might be from 
thence deduced would prove ſo difficult, that few of our ExG1- 
NEERS, I fear, will care to be at the Trouble either to under- 
ſtand, or reduce them to uſe. Mr. Muller has ſupplied us with 
converging Series for the various Caſes of Projectiles in a re/s/ting 
Medium ; but then he has given no Demonſtration of them, and 
they are upon Suppoſition that the Refiſtance is as the Square of 
the Velocity only, which is far from the Truth, as we have ſhewn; 
beſides infinite Series ſeem but little adapted to Caſes of practicabl 
Gunnery, 8 

3138. In the laſt Place, Mr. Rozixs himſelf, in a poſthu- 
mous Tract, has left us ſome of the beſt Methods of reducing 
the Genuine (though complicated) Theory of military Projectiles 
to practiee, but even theſe will be attended with Trouble and 
Difficulty enough; and beſides, being publiſhed without any In- 
veſtigation, or Rationale, which he propoſed doing if he had 
lived, they will be found as little ſatisfactory as ready in Practice. 
And I think we may conclude, Sir Jaac Newton would not have 
given us the above Method for deducing the practical Rules of 
Gumery if he had known of any other that was better. 
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3139. THreory of CLock-Work, I am inelined to think 

| will be looked upon as a Novelty by the Engl 
Mechanic 3 as I have ſeen nothing of that Kind publiſhed in our 
own Language. Indeed I have met with but one Treatiſe on 
the Subject of Clock-work in Engliſh, viz. The artificial Clock- 
naker 3 but this is altogether practical and refers in every Parti- 
cular, almoſt, for the Rationale, to a Treatiſe i in Latin, entituled 
Herologium Oſcillatorium, by Mr. HuGENs. 

3140, But this Treatiſe of Mr. HuGEeNws is upon the Theory 
of one Sort of Clock only, viz. that which moves with a Fight, 
and is regulated by a ſingle Pendulum. This great Author being 
the firſt that applied a PENDULUM to- a Clock for this Purpoſe ; 
though Pendulums were long before in Uſe as CHRONOMETERS, 
to meaſure Time by their equable Vibrations in aſtronomical 

Obſervations, and on many other Occaſions, But more of this 
T J. 
Vor. II. Aa a bdbere- 
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hereafter, when we come to treat directly of Nature, Uſe, and 
various Forms of the Pendulum. | 
3141. The Deſign of Clock-work is twofold, viz, (1.) To 
meaſure Time exactly, or to divide a given Portion of Time in- 
to very ſmall equal Parts ; for Inſtance, to divide the Time of a 
Day into Hours, Minutes, Seconds, &c. (2.) Toproduce Mo- 
tions, or periodical Revolutions ſimilar to any given ones, az 
thoſe of the heavenly Bodies, together with their Phaſes, Aſpects, 
Poſitions, &fc. at a determinate Time. But Clock. work of 
this Sort is uſually called a Planetarium, Orrery, &c. 

3142. A CLOCK is the principal Machine, or Capital of all 
mechanical Contrivances, for meaſuring TIME. Its Principle 
of Matjon is derived from a two-fold Power gr Force, viz. that 
of a Melbbt, ot a String. For either of theſe Forces are ſufficient 
to actuate, or put into Motion, the Syſtem of Wheels and Pinions 
which compoſe the intermediate Parts or Body of the Machine; 
the Indexes fixed on the Axles of the Wheel point out the pro- 
per Diviſions of the integral Portion of Time on appropriated 
Circles upon the Face of the Clock, and a Pendulum or Balance 
is added, to regulate the Motion communicated to the Ma- 
chine, or render it uniform. - 

3143. The two phyſical Principles of all Automata, viz. the 
Weich and the SPRING are now to be conſidered, With 
Reſpect to the firſt, as its Force is derived from the Power of 
Gravity only, and this Power being always the ſame in a. given 
Quantity of Matter (968) it follows that the Force of a given 
Weight is a con/tant Quantity, or always remains the ſame in the 
ſame Medium, and therefore in ſuch Caſe, this becomes abſo- 
lutely a uniform Power or Principle of Motion ; ſuch as is ne- 
ceſſary in perfect Clock-work. | 

3144. The ELasTiciTY of a well-tempered Steel Spring 182 
fit Power or Princi ple of Motion in a Clock, for when it is bent 
or coiled to any given Degree, the Intenſity of its Force conti- 
nues the ſame; but as it is coiled more or leſs about its Axis, 
the Force becomes increaſed or diminiſhed; and ſince the Action 
of. a Spring in Clock-work is by unbending itſelf by Means of 
its renitent Force, the Force it exerts on the Wheels woull 
gradually decreaſe ; and therefore if it was at firſt ſufficient to 
keep the Clock in Motion, it could not long continue ſo, but 


; 416 


” 
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the Pendulum would at Length ceaſe to mov e, and the. Clock 
To ſtand ſtill. 
in- 3145. When a SPRING, therefore, is applied to Clock. work, 
fa WW it becomes neceſſary to contrive a Method by which its variable 
o- force may be rendered equable or uniformly the ſame on the 

as W Wheels of the Clock from its firſt or greateſt to its laſt or leaſt 
ts, Degree of intenſive Force. And this is done by giving a requi- 

of WW ſite Form to the Barrel on the Axis of the firſt Wheel, which it is 

connected with by a proper Chain, or String. 

all 3146. The Force, therefore, of the Weight or Spring is the 
ple Primum Mobile, or firſt Mover, in Clock- work; and it may be 
hat proper here to obſerve that the Force they communicate to the 
ent W Machine is continually diminiſhed by the Wheel-work, till at 
ons WM Length upon the ſerrated Teeth of the Crown- wheel it is but 
ae; juſt ſufficient to keep the Pendulum in Motion; that is, the 
ro- Force is there required to be equal to the Reſiſtance the Pendu- 
ated lum meets with from the Air and the Axis of its Motion, for 


nce MW then its Motion will be continued in the Arch of Vibration pro- 
Aa- poſed. 


3147. But if the Force of the ſaid Crown- wheel on the Pal- 
the lets of the Verge of the Pendulum be ſuperior to the Reſiſtance, 
Vith it will only cauſe the Pendulum to vibrate farther, or in a ſome- 
r of MW what larger Arch than the given one. But if the Force be leſs 
iyen than the Reſiſtance of the Pendulum, then the Arches of Vibra- 
en WW tion will decreaſe gradually to nothing, or the Pendulum and 
the Clock will ceaſe to move. 
bio- 3148. The more perſectly the component Parts of the mov- 
ne · ¶ ing Syſtem are wrought and finiſhed, the leſs Force of a Weight 
or Spring will be required to keep it going. But when the Work 
is 2 is coarſe; and clogged with Duſt, inſpiſſated Oil, Cc. the 
bent Force of the Weight or Spring will be ſo much diminiſhed thro” 
nti- WH the Train of the Work, that unleſs it be in Proportion encreaſed 
is, it will not keep the Clock in Motion. But whatever be the 
tion MW Condition of the Clock, while it does move, it will meaſure 
nsof WM Time equally; for on Suppoſition. the Pendulum continues of - 
ould the ſame Length, it makes all its Vibrations, in larger or ſmall- 
nt te i cr Arches, in the fame Time, as we have formerly ſhewn 
but (1322, 1126); and; therefore, if once a Clock be ſet right, or 
(the Aaa 2 has 
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has its Pendulum duly adjuſted, it muſt (a as Hugens ſays,) always 


meaſure Time truly, or not meaſure it at all. 


3149- Upon the Whole we may conclude, that ſince a Weight 
is, in its own Nature, a conſtant Principle and muſt necefliriy 
act with an uniform Tenour; and on the other Hand, the Ac- 
tion or Force of a Spring is in itſelf alway variable, and can only 
be rendered of an equable Tenour by an Artifice, it muſt fol. 
low that the former is more eligible in Clock-Movements 
than the latter; and that a Spring is preferable to a Weight 
only on a ſingle Account, vit. of its bringing the Clock into a 
more compendious or portable Form than can be admitted where 
A Weight is made uſe of for giving it Motion. 


oy 
1 1 


CHAP. II. 


The NaTvRe, Fox, and ACT10N of the Fuskr, 
explained from Mechanical and Mathematical 


LES 


ZI 50. E are now to explain the Theory of that Invention 

by which the SPRING is made to act with an equa- 
ble Force on the Syſtem of Wheel- work by the Mediation of 2 
Part called the FusEe, which for that Purpoſe is required to 


have a peculiar Form; every one knows how a Weight acts 


upon the Cylinder, and thereby communicates an equal Force 
and Movement to the Machine. But the Manner in which 
the Spring and Fuſee do the fame Thing conjointly, is not fo ob- 
yious, but yet will be eaſy to conceive by attending to the ſol- 
lowing Particulars. 

3151. The Chain being fixed at c one End to the Fuſe, and 
at the other to the Barrel, when the Machine is winding up, 
the Fuſee is turned round, and of Courſe the Barrel ; on the 
Inſide of the Barre] is hxed one End of the Spring, the other 
End being fixed to an immoveable Axis in the Center. As the 
Barrel moves round, jt coils the Spring ſeveral Times about the 
Axis, thereby increaſing its elaſtic Force to a proper hs 

a 
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all this while 4 Chain is drawn off the Barrel upon the Fuſee 
and then when the Inſtrument i is wound up, the Spring by its 
elaſtic Force, endeavouring conſtantly to unbend itſelf, acts up- 

on the Barrel, by carrying it tound; by which Means the Chain 
is drawn off from the Fuſee, and thus turns it about, and con- 
ſequently the whole Machinery is put in Motion. 

3152. Now as the Spring unbends by Degrees, its elaſtic 
Force, by which it affects the Fuſee, will gradually decreaſe; 
and therefore unleſs there were ſome mechanical Contrivance in 
the Figure of the Superficics of the Fuſee to cauſe, that as the 
Spring is weaker, the Chain ſhall be removed farther from the 
Centre of the Fuſee, ſo that what is loſt in the Spring's Elaſti- 
city is gained in the Length of the Lever; I ay, unleſs it were 
for this Contrivance, the Spring $ Force would always be une- 
qual upon the Machine, and ſo would produce an unequable 
Motion of the Parts thereof. 

3153. The Figure of the Curve, which ſhall form the Super- 
ficies of the Fuſee by a Revolution about its Axis, may be in- 
veſtigated as follows. (Fig. 1.) Let BCD be the Curve, AL 
the Axis of the Fuſee produced; let D be the Point where the 
End of the Chain is fixed on the Fuſee when the Watch is down, 
or the Spring uncoiled, and B the Point where it touches it 
when the Spring or Machine is wound up. From the Points B 


and D let fall the Perpendiculars to the Axis BA and DH; in 


which produced, let there be taken AE and H I proportional to 
the Force or Strength of the Spring, when the Chain is at B and 
D. Through E, I, draw the Right-line EI K interſecting the 
Axis ſomewhere in K; and from any Point C in the Curve, 
draw C F perpendicular to the Axis in G; then will F G be as 
the Strength of the Spring when the Chain is at . 

3154. Now ſince the Force acting on the firſt Wheel ought 
always to be uniformly the ſame; and this Force being always as 
the Strength of the Spring expreſſed by FG, and the Diſtance 
at which the Chain acts from the Axis of the Fulee conjointly : 
Therefore the Force at any Point C will be as the Rectangle FG 
x GC, and ſince this is a given Quantity it may be made FG 


ab 
x GC=ab, TO have FG = GT 


3155s 
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3155. Therefore to determine the Equation of the Curve 


BCD, let K H 4, HI, HGS, and GC = 


Then becauſe of the ſimilar Triangle H K I and GKF, we 
have HK: HI:;GK:FG= =; that is, a: b::@+ x; 


of. whence we have aa = ay + xy, which is the Equation 
X the Curve, and ſhews it to be that of the Hyperbola with Re- 
ſpect to the Space between the Curve and its Aſymptotes, as is 
evident from (779). | To 3 

3156. Hence when x = e, then a = y, or HK = HD; 
alſo when the Point G arrives at A, then y = AB. And be- 


cauſe EA x ABZIH xXx HD, we have EA: IH:: HD: 


AB::a:y :: ſo is the greateſt Force of the Spring to its leaſt 


Force, on the Fuſee (3154). 


3157. Becauſe the Ordinates HD, AB, Sc. are at Right- 


angles to AL, (3153) the Curve BCD is that called an equi- 


lateral Hyperbola (fee 780). By the Revolution of which about 
its Axis or common Aſymptote A K the true Form of the Solid 
or Fuſee is generated, as in Fig. 2. 


31858. In that Figure ADE, FG H, and IK L, MNO, 


are oppoſite equilateral Hyperbolas deſcribed about the Aſymp- 


totes PQ, RS, interſecting at Right- angles in the common Cen- 


ter C. Put CT (TD) =, then CDS Vi = Radius 
of the Circle DK GN touching the four equal Hyperbolas in 


their reſpective Vertices. And CF (CY = / CQ*+ Q V) | 


= 2, is the Diſtance of the Focus of each Hyperbola from the 
Center. Laſtly, the Parameter ab = KN, the Diameter of 
the Circle. All which is evident from what we have heretofore 
demonſtrated of the Properties of the Hyperbola in general 
(765, Sc.) 

3159. It is therefore demonſtrated that the Section of any gi- 
ven Fuſee BD KX through its Axis Z T is determined by two 
equal Arches B I and K X of two equal and adjacent Hyperbo- 
las beginning from their Vertices D and K. 

3160. It is alſo evident, that ſince T D and Z B do repre- 
ſent the Force of the Spring, when it is wound up, and when 
quite down, therefore in every Fuſee truly made the Diameters 


DK 


rve 
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DK and BX of the greateſt and leaſt Ends thereof muſt be exabily 
proportionate to the greateſt and leaſt Force of the Spring. 

3161. Alſo it follows, that when the Proportion of the great- 
oft and leaſt Force of the Spring i is known, or the Ratio of TD 
to Z Be is given, then alſo the Length of the Fuſee T Z is a gi- 
ven Quantity; or there can be but one determinate Length for the 
Fuſee, to anſwer to the two given Forces of the Spring. 

3162. Laſtly, it is evident, that when the Length of the Fu- 
ſe, and one of the Forces, T D or Z B are given, then the 
other Force is given or determined, and not to be aſſumed at 
Pleaſure. g 

3163. Having thus determined the geomatrical Form of the 
Fuſee, we next proceed to illuſtrate the Theory of the ſeyeral 
Caſes by Examples. Therefore put TD=a, ZB = y, and 
TZ = x; and then the Equation aa = Y & (3155) will 
appear in its uſual Form. Whence (1.) If @ and y are given, to 


find x; we have 7 —a = #. (2.) When is given, or * = 


1, we Have given the Ritio of a toy; for then aa = ay S ” 
d 4% 4 lie (3) When 4 and x are given, 


then 777 =. (4) Laſtly, when x and y are given; we 


. "ay = x 55 and (compleating the Square), a. = 

vx 7 x1 ＋ * = 

3164. EG 3 Numbers for 3 the Forces 02 and 
(y) of the Spring will be in Ounces and Dram Averdupois We. 
which Ounces may be made Tenths of an Inch. in the Meaſures 
of the Fuſee TD, T Z,, and Z B. Theſe Forres are thus de- 
termined. In Fig. 3. let A B C be the Barrel containing the 
Spring, and let F B X be the Poſition of the Chain or Cord upon 
the Barrel and Fuſee when the Spting is wound up ; then ſup- 
poſe the Chain diſengaged from the Fuſee, and carried under the 
Barrel in the Direction E H to the Pulley at H, over which it is to 
be hung with ſuch a Weight W appended, as will juſt counter- 
act or balance the Force of the Spring coiled up. After the 
fame Manner, if C D K be the Chain when the Clock is down, 
then if this be taken from the Fuſee, and paſſed under the Bar- 
rel to the Pulley K, and a Weight L hung on to the End, ſuch 
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as ſhall juſt keep the Barrel in the ſame Poſition ; then this 


Weight L will be equal to the Force of the Spring fo far uncoiled, 


Therefore I D = @ : ZB W. L. 


' 


6 CASE I. 


rds the Weight W be 63 Ounces, and the Weight L be 
21; then a=63 and y = 21; or becauſe 63:21:: 3:1, 
we have a = 3, andy = I; and then we find x = 5 — 5. 
6 2 2 a, that is when the Forces are as 3 to 1, the Height or 
Length of the Fuſee T Z is equal to the Diameter of its Baſe or 
End D K. If W: L;: 2:1: TD: Z B; then æ = a, or TZ 
= TD. When W L: :3: 23 then x A a; 2 


Gully if W Lim: n:: 4 5 1 7 4, thenitwill be == 


ZIP 2 CASE ill, ret gw 


3 the Length of the Fuſee TZ-= 6, to 3 the 
Ratio of the Forces of the Spring, or the Weights W, L, which 
will give the Diameters D K, and X B of the Ends of the Fuſee. 
Since a. 4 y (3163) we hade a:: : 24 6: a; then 
by aſſuming the Value of @ you have that of y. Thus ſuppoſe a 


35 then 4:5: : 3 ＋6: 3 :: 3: 1. And in this Caſe the Diame- 
ter DK = = 3XB. Ang becauſe a:: mA, (3765) there- 


U Anil 


fore for : any. aſſumed Ratio, we daes = x 2 4: thus if n 


TELLS 15 then ͤ- a, or if : ae b then 27 5 
om mee] we have a1 =12, and y 5 b mee 
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3168. C As E IV. 


Given the Length of the Fuſee, and the leaft Force of the 
Spring, to find the greateſt, Let K = 6, and y = 1; then 
r = bs . ,s 324 (3163) ſo 
that if y = 21 Ounces, the greateſt Force of the Spring will be 
a = 63: Therefore in every Caſe the Form and Dimenſions 
of the Fuſee are geotnetrically determined, 

3169. It only remains now to ſhew the Method by which 
the Hyperbola ADE (Fig. 2. ) i is to be deſcribed in Plans in or- 
der to be made a Gauge for giving the true Form of the Fuſee re- 
quired in any particular Caſe. Thus ſuppoſe it be found by 
Experiment (3164) that the greateſt and leaſt Force of the Spring 
to be uſed is 63 and 21 Ounces. Then having drawn two Lines 
PQ and RS at Right-angles in C for Aſymptotes, let the An- 
gles PCS and RC Q be biſected by a Right-line G D continu- 
ed each Way indefinitely. 

3170. Then having determined the Diameter 6f the Baſe 
DK of the Fuſee, take that Extent in your Compaſſes and ſet 
it off each Way from the Center C in the Line DG to F and C 
(in Fig. 4.) then will thoſe two Points be the Focuſſes of two op- 


polite Hyperbolas ADE and FG H (774). 


3171, Having provided a Ruler ABC of the Form (in Fig. 
4.) you fix one End of a String ABF on the End A, and the 
other End in the focal Point F of the intended Hyperbola. This 
Chord AB F muſt be juſt ſo much leſs in Length than the Ru- 
ler ABC, as is chal to the Diameter G D of the Circle ; 
that is, AB C- GDS AB E. Then if with a ſteady Hand you 
move the Ruler about a Pin fixed in the oppoſite Focus C, and at 
the ſame Time keep the Chord nicely to the Edge of the Ruler, 
as at B, with a proper Pencil or drawing Point, that Point B 


will deſcribe the required Hyperbola ADE (Fig. 2.) 


3172. For the Ellipſi in the Figure to (768) becomes a Circle 
in the preſent Caſe, and the tranſverſe Axis T V there becomes 
the Diameter DG here; but in every Caſe the Difference of 
two Lines C B, F B, drawn from any Point B in the Curve of 
the Hyperbola will be equal to the tranſverſe Axis, as is ſhewn 
(769) and therefore univerſally CB - BFS GD; or the 
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Point B is conſtantly in, and therefore deſcribes the Hyperbalic 


Curve required. 


3173. When the Curve is thus drawn on Paper or Paſt. 


board, it will be eaſy to transfer it to a Plate of Braſs, or Steel; 


and thereby form a Gauge, for giving a true Fi igure to the Fu- 
ſee propoſed. In ſuch Fuſees of the larger Sort, where the Di- 
ameter of the Chord or Chain is large enough to be conſidered, 
it muſt be added to the Diameters DK and X B of the greateſt 
and leaſt Helix of the Fuſee. 

3174. In order to draw the Fuſee by Scale and Compaſſes, it 
has beęn ſhewn that there is a ſtated Proportion between the Di- 
ameters, and Length of the Fuſee; and therefore in whatever 


Numbers one is expreſſed, the other may be expreſſed in the 
ſame. Thus for Inſtance; if T D be to Z B, as 63 to 21, then, 


becauſe, in this Caſe, x = 24, or TZ = 2 TD (3165); 
therefore T Zz = 126, of the ſame equal Parts. So that if 
TZ = 1,26 Inches, or 12,6 Tenths of an Inch, then T D = 
0,63, or 6,3 Tenths; and ZB = 0,21, or 2,1 Tenths of an 
Inch, which are laid down from any decimal Scale, or other Scale 
of equal Parts. 

3175. Theſe Things are, I think, all that belong eſſentially 
to the Theory of the Faſee in Clock-work ; and could the Artiſt in 
Practice execute this Part to the Perfection of Theory, it would 
then communicate a Motion to the Machine as equable as that 
produced by a Weight itſelf. And by this geometrical Conſtruc- 
tion of the Fuſee, thoſe which are uſually made by Trial with 
the Lever, may be compared and corrected in regard to their 
Figure and Dimenſions. 


CHAP. 


P. 
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CHAP. III. 


The Rationale of CALCULATION 77 CLock- 
WoRK; the ſame applied and illuſtrated in a 
DESCRIPTION of the original AUTOMATON 
nme 


3176. Tr Natureof the eight, andthe Spring with 1 Fuſe, 
being, as the Origin or Principles of Motion in this 
Kind of Machinery, explained; it remains to ſhew the Conftruc- 
tion and Diſpoſition of the Syſtem of Wheel-work to anſwer the 
general Purpoſe of a Clock. But as little of a mathematical Theo- 
ry is here required, or employed, it will the ſooner be diſpatched. 

3177. The Communication of Motion being by Wheels and 
Pinions, it is in the firſt Place neceſſary to take Care, that the 
Diameters of the Wheel and Pinion it drives, have the exact 
Proportion of their Numbers of Teeth reſpectively, that the 
Teeth of one may exactly correſpond to the Cavities or Interſti- 
ces of the other; thus if a Wheel of 80 Teeth be propoſed to 
drive a Pinion of 8 Teeth, then the Diameter of the Wheel 
muſt be to that of the Pinion exactly as 80 to 8, or as 10 to 1. 
If this be done throughout the Syſtem, the Movements will be 
every where natural and exact. 

3178. In the next Place, from the Nature of the Lever and 
Axis in Peritrochig, it appears that; the Power or Force on 
the Pinion is to that on the Circumference of the Wheel on 
the ſame Axis, as the Diameter of the Wheel is to that of the 
Pinion z conſequently by this Means, and by the Friction of the | 
Parts, the Force at firſt impreſſed by the Weight or Spring is 
conſtantly diminiſhing through the whole Compages, till at laſt 
it is but very ſmall on the Pendulum, vix. juſt 1 to conti- 
nue it in Motion. 

3179. The Revolutions of two immediate Axis in a given 
Time are inverſely as the Number of Teeth in the Wheel ot one 
to that Number of Teeth in the Pinion of the other, which it 
drives, thus if the Number of 'Tecth in the Wheel and Pinion 

B bb 2 EE be 
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be 80 and 8, then the Axis of the Pinion will be turned round 
10 Times to 1 Turn of the Axis of the Wheel; therefore the 
Quotient of the Wheel, divided by the Pinion it drives, is the Ratio 
of Turns to Unity. Thus 8) 80 (10, as before. 

3180. Hence iſ there be any Number of Wheels A, B, C, D, 
Oc. acting upon ſo many contiguous Pintons à, b, c, d, S. 
and let the Quotients of each Wheel, by the Pinion it drives, be 


A 
m, e, /, g, &c. then n; or 4: A.: I. Again, B 
is the Wheel on the ſame Axis with the Pinion a, and drives the 


Pinion b on the next Axle; then 1 = 6 is the Number of Re- 
yolutions in this third 6 the Axis of the Pinion i; 
and therefore 1 2 2 — 
third Axle ta one of the Gt Axle, or that of the Wheel A, fo 
that ö: B:: m: 1. Let the Wheel on the Axis of the Pinion þ 


drive another Pinion c, then — = f with Reſpe& to the Turns 


— = * che Number of Turns in this 


of the preceding Axis which are expreſſed by 7; therefore 2 


=nf=0; and fo we have c: Cen: 2; and for the next 


Axle, we have : D:: o: p, and ſo on for as aan Axes as are 
required in the Train of the Work. oY 


3181. Then placing theſe Analogies one un- Ja: A:: 1: 
der another, and multiplying all the Antece-(b:B:: m: 
dents and Conſequents together, we have ab( © : "© wi 

: 0 


cd: ABCD*: mno: muop:: 1 :p, Where- Jd: D: 


B 
fore 5 72 = p; whence we have this Rule. Divide ile 


Product of the Number of Teeth in the Wheels by the Produdt of the 
7. gell in the Pinions, the Quotient will be the Number of Turns of the 
Avle of the laſt Pinion d in one Turn of the firſt Axle of the Wheel A. 
3182. Since the Expreſſions = on = = & Sc. are but Ratios 
of the Numbers i the Teeth in. 4 Wheels and Pinions, it is 
evident, any Numbers having, the ſame Ratio will anſwer the 
fame Purpoſey or give the ſame Number of Revolutions to an 
Axis 
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: A 
Axis at a given Diſtance from the Firſt, Thus 7 may be , 


or s, or , &c. (as they all give the ſame Quotient, viz. 10) 
and Ae ſuch Numbers are to be choſen by che ſcultul Ar- 
tiſt as will beſt ſuit the general Deſign and Circumſtances of the 


Machine. * N 


r 


A B * . * N 
3183. If the cs 3 = * * 7 be given, it is not ne- 
ceſſary that ah and = ſhould be whole Numbers; but either 
| E. 


one or both may be F ra@tions ; thus - may be * = 6 6, and 
B — 


7 and lo — X —=n=6,6X5 = 33. Or 
3. 1 „„ 2 A B 
if — = 3 s, d = = 356 een e 


745 * 3,6 27, the Turns in the third Axle, or that on which 
is the Pinion 5, to one Turn of the firſt Wheel. . 
8 

3184. Becauſe we may put — X > = === it is evident 
one Wheel S = AB will, 17 driving a Pinion s = ab, pro- 
duce the ſame Number () of Turns in the next Axle to the 
Wheel A. Thus let AB = 45 x 18 = 810, and ab = 6 
X 5 = 30; then *7? = 27 = u, as before. But fuch large 
Numbers can be admitted only in very large Works ; therefore 


the equal Ratios , 3, *43, Sc. may be taken as Occaſion 


requires (3182). 


3185. We have now conſidered how Wheels and Pinions are 


to be conſtructed as far as the Pendulum or Balance which regu- 


lates the Motion; the Conſtruction for Application of the Pendu- 


lum is now ſomewhat different from what it was in the original 
Invention of the Pendulum Clock by Vr. Chriſtian HuUGEnivs of 


Zulichem in Holland, which he fir{t deſeribed and publiſhed in a 


Diagram cut in Wood, in the Year 1657. And as this may be 
juſtly eſteemed one of the greateſt Curioſities of Art, and was 
never (that we know of) exhibited to the View of an Englfþ 


Reader, we ſhall here preſent him with i It, cut in Wood exactly 
from the Original. : 


3186. 
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3186. The View is a Section through the Axles of the ſeve- 
ral Wheels, which, in this firſt Automaton, were all placed in a 
perpendicular Line through the Middle of the Clock, as here 
repreſented. The parallel Plates of the Frame are AA and BB, 
and the firſt or great Wheel C C is placed on the Arbor of the Bar- 
rel D D, to which is the Chord applied with the Weight append- 
ed. This Wheel has 80 Teeth, and drives a Pinion E with 8 
Teeth, (or Leaves as they are uſually called) placed on the 2d 
Axle, which therefore moves ten Times round in one Turn of 
the firſt Wheel. 

3187. The ſecond Wheel F has 48 Teeth, and drives a Pinion 
Gof 8; therefore turns round ſix Times in one Turn of the 
Wheel F; and 6 X 10 = 60 Turns in one of the firſt 
Wheel. 

3188. The third Wheel H (on the Axle of the Pinion G) 
has alſo 48 Teeth ; but the Form of this Wheel is different from 
the other, being like a Hoop, and the Teeth cut on one Edge 
gives it ſome Reſemblance to a Crown, and is therefore uſually 
called the Crown Wheel, This Wheel drives a Pinion TI of 24 
Leaves placed horizontally on an Axis, of Courſe, perpendicu- 
lar to the Horizon. And as it turns but twice in one Turn of 
the Wheel G, it will have 120 Turns to one of the firſt 
Wheel C. 

3189. The fourth Wheel K on this Axis has an horizontal Po- 
ſition, and is, like the laſt, in Form of a Hoop on the upper 
Edge of which 5 Teeth are cut like thoſe of a Saw, except that 
the upper or oblique Part is a Curve of a peculiar Form, neceſſa- 
ry on Account of giving the moſt natural Motion to the Pendu- 
lum by Means of two Parts (called Palkts) L, L, which alter- 
nately play in the Teeth of the Wheel, at the oppoſite Sides Is 
L. This is commonly called the Swing-wheel. 

3190. For theſe Pallets L, L, being fixed to an Axis move- 
able on its extreme Parts in a firm Piece of Braſs N, P, will by 
the gentle and alternate Impulſes they receive from the Wheel 
K, keep the ſaid Axle LM in a conſtant vibratory Motion, 
which being communicated to a ſlender Rod MS, fixed to it at 
M, and having a Fork V to receive the Rad V V of the Pen- 


dulum T V, it is plain, that vibrating Motion will be 2 at la 


in on the Pendulum itſelf. 
3191. 
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3191. But this Motion thus communicated to the Pendulum, 
muſt be ſuch as nicely quadrates or coincides with the proper 
Motion of the Pendulum itſelf, which depends on its Length, 
Now as the Wheel K has 15 Teeth, and each Tooth ſtrikes 
each Pallet 15 Times in one Turn, both the Pallets together 
muſt receive 30 Impulſes, and conſequently the Pendulum muft 
have 30 Swings.or Vibrations in one Turn of the Wheel K; 
and therefore it muſt vibrate 30 Xx 120 = 3600 Times in one 
Turn of the great Wheel C. 

3192. Now 3600 is the Number of Seconds in one Hour; 
therefore a Pendulum vibrating Seconds, whoſe Length is 39,3 
Inches (1125) was applied to the Clock; and then the Axis of 
the firſt or great Wheel C turned round once in an Hour. 

3193. As the Axis of this Wheel paſled through the Plate 
AA, then an Index put on the End gs was carried round 
once in an Hour, and over a large Circle (on the Face of the 
Clock) divided into 60 equal Parts, thereby indicating the Ni- 
nutes at its extreme Part. 

3194. On the ſame Axis (near the Plate A A) was fixed a 
Wheel gp of 30 Teeth which drove another Wheel y y of the 
fame Number of Teeth, and a Pinion of 6 Leaves. This Pini- 
on drove the Wheel C of 72 Teeth; and therefore it moved but 
once round in 12 Turns of the Pinion or Axle of the Wheel C. 
Conſequently an Index placed on the Socket $9 of the Wheel 
{moveable about the common Axis) will ſhew the Houns as it 
paſſes over a Circle divided into 12 equal Parts, on the Face of 
theClock YY. 

319g Laſtly; the Axis of the Crown- wheel H has 60 Turns 
to one of the great Wheel C, (3187) that is, it has 60 Turns in 
an Hour, or it turns once round in a Minute. The Axis of this 
Wheel, therefore, paſſing through the Plate A A had a Plate 
a A fixed upon its End with a Circle divided into 60 equal Parts 
denoted by their proper Numbers, which ſhewed the SECO DS 
of Time as they paſled by a Hole z made in the exterior Plate or 
Face of the Clock V V. 

4 3196. This original Pendulum - clock, conſtructed with ſuch 
Simplicity as to have no more than forr Mheelt and Pinions in the 
Body of the Clock, ſhewed Hovxs, Minutes, and Sgcoxps 
of Time, with all the ExaQneſs and Equability that 2 er 
1 nic 
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nichal Exegeſis can admit of, And I think we may conclude 
that it is not only the firſt but the moſt perfect Pattern of a 
CHRONOMETER that has been or can be propoſed ; for though 
it be poſſible with three Wheels and Pinions only to produce this 
threefold Diviſion of Time; yet the great Diſproportion, and 
inconvenient Diſpoſition of the Parts, would render ſuch a Con- 
ſtruction inelegant and immechanical, and therefore not to be 
admitted as a Work of Art. They who would ſee a great deal 
wrote on this Subject to very little Purpoſe, may conſult the 
yoluminous Tracts of Caſp. Scottus, and others of the like Ge- 
uius. 


a th. 


CHAP. WV. 


Hugenius's InvEnNTIoN for applying a WEIGHT 70 
a CLock, that ſhall act upon it inceſſantly, and 
render its MoT1oN conſtant, explained and illuſ- 
trated ; with its Improvement in Roy ar PEN pu- 
LUMS. 


197. T HE celebrated Author of the foregoing Invention, 
ſo uſeful in public and private Life, did afterwards 
improve it by another, which no leſs demonſtrated his ſingular 
Genius and Sagacity for automatical Machinery. This ſecond 
Invention was to render the Motion of the Clock, or rather of 
the Pendulum, more equal than before; but to underſtand the 
Reaſon of it, the Manner in which he ſuſpended the Weight for 
keeping the Clock in an unintermitting Motion, is _ to be ex- 
plained, d 

3198. It is eaſy to underſtand that a Weight ſuſpended upon a 
Clock in the Manner it is upon a Jack, will keep the Clock going 
till it wants winding up; but during the Time of winding it up, 
the Action of the Weight is taken off from the great Wheel of 
the Clock, as it is all that while diſengaged from the Barrel on 
which the Weight hangs; and therefore the Clock not being 
impelled by the Weight, will, during that Time, Rand ſtill; 
and conſequently ſo much Time will be loſt, 

Vo. II. Ccc 3199. 


— — 


. ot GO i Dn oO 0.0 han — . = 
— — 
* | 


} 
{ 
| 
j ö 
1 


plied in the Clock as repreſented in 
the Figure adjoined, by the Letters 


378 INSTITUTIONS 
3199. Our Author therefore tells A H a6 

us, that he invented the Method „ 

which follows, of a perpetual or d 2 

endleſs Line for that Purpoſe, which 

being of a proper Length, the two 

Ends were nicely ſpliced and con- K 1 

nected together; it was then ap- | 


ABCDA. Where A repreſents the 
ſulcated Wheel DD (in the Figure 
of the Clock) with ſeveral Spiculæ or 
ſmall pointed Pins fixed in the Sur- 
face of the evacuated Part, as is there 
ſhewn. | : 

3209, The Pulley C is fixed to 
a Rachet-wheel G, but both moveable 
on a fixed Axis, from the Left-hand 
towards the Right only ; for all Mo- m 
tion the contrary Way is prevented OW 
by the Trigger or Catch at H falling conſtant] y into the ſerrated 
Teeth of the Wheel G. The Surface alſo of this Pulley C is 
ſpiculated, like that of the Wheel D D on the Arbor of the fic 
Wheel of the Clock. | 

3201. The endleſs Line or Cord, being put over the Barrel 
A, and Pulleys B and C, will, by Reaſon of the Spiculæ or poin- 
ted Pins, hang firmly on A and C, ſuſpending the large Weight 
E affixed to the Pulley B. Now it is evident from the Nature 


of the Pulley (1050) that the Weight E equally ftretches the 


Parts of the Chord I and K; and therefore acts with an equal 
Force, viz. half its Weight, on the Wheel A, and Pulley C. 

3202. But ſince this Force upon the Pulley C tends to move 
it from Right to Left, and all Motian that Way is ſtopped 
(3200) it follows, , that the Line I is to be conſidered as fixed 
all the Time the Clock is going ; but the Parts K and M, by 
Vertue of the Weight E, will be conſtantly moving over the 
Surface of the Wheel A, and thereby communicating Motion to 


— 


itz 2nd, of Courſe, to all the Machinery of the Clock. 
5 ö a q "Br 4 | 32039. 
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2264. As to the Pulley D, and the ſmall Weight F, it is 
plain they are deſigned only to give free Motion to the Parts of 
the Chord L, A. and keep them in a rg Poſi- 


tion. 
3204. Thus it appears, that as long as the Weight E can 


end, ſo long the Clock will keep going; and therefore as 


many Times as the Circumference of the Wheel or Barrel A is 


contained in the Diſtance through which the Weight can de- 
ſcend, ſo many Hours will the Clock go without drawing up, 
becauſe the ſaid Wheel A goes once round in an Hour (3192). 
In this original Clock; the Wheel DD is one Inch Diameter, 
or bout 3 Inches in Circumference, and went 30 Hours without 
drawing up; therefore 90 Inches, or 7 + Feet was the perpen- 
dicular Deſcent of the Weight, or Height of the Clock. 

3205. When the Weight was down; it was eaſily drawn up 
again by applying the Hand to the Part of the Line at L, and 
drawing downwards it will move the Pulley C, till the Weight 
E aſcends to the Top, duting which Aſcent it conſtantly acts or 
gravitates on the Wheel A, by Means of the Rope K, with the 
ſame Force as when at Reſt, and therefore the Clock goes con- 
ſtantly by this Contrivance without ever looſing a Moment of 
Time, if it be not neglected. 

3206. Hugenius informs us that in thoſe of his Clocks 
which were eſteemed the beſt, the Weight E was fix Pounds; 
the Power therefore by which the Clock was animated, was 
that of 3 Pounds, The Weight of the Pendulum was alſo 3 


Pounds; and of the Length, to ſwing Seconds. | 


3207. By an Addition of Pulleys, it would be eaſy to make 
the Weight deſcend more ſlowly, and, of Courſe, to make the 
Clock go longer before it wants to be drawn up. In the Mo- 
dern Conſtruction of Clocks, a different Method of applying the 
Weight is uſed, and it is wound up upon a Barrel with a Handle 
or Winch; by this Means, the uſual Time the Clock will go, 
is 8 Days in thoſe called Royal Pendulums, in which the Swing- 
wheel K has a Poſition (not parallel, as here, but) perpendicular 
to the Horizon, or the ſame with all the other Wheels. Every 
Thing of this Sort is evident by > ID of any 8 5 Cloek, 
and needs no other Inſtruction. 

Cee 2 3208. 
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(in the Clock-maker's Language) ſo accurately cauſe the Pen- 
. dulum to beat dead ud. 
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3208. I ſhall only here obſerve, that the Form of the Teeth 
in this Wheel ſhould be exactly circular on that Side or Part by 
which acts on the Pads or two Arms of the Clock of the Pendu- 
lum; in the extreme Parts of thoſe Arms there ſhould be a ſmall 
cylindric Pin fixed, always touching and moving in the circu- 


lar Surface of the Teeth of the Wheel; the Radius of the 


Circle for the Teeth is the neareſt Diſtance of the Pin in the 
End of the Pad to the Axis or Arbor of the Pendulum on which 
it is fixed. 

3209. Moreover it is farther neceſlary, that the Teeth on 


this Wheel be of ſuch a Number and Length, that the Pins up- 


on the Ends of the Pads, may very nicely take and eſcape them 


_ alternately, or without the leaſt Intermiſſion of Action. Sucha 


Conſtruction is both natural and mathematical, but it is not in 
, Uſe, that Lhave ſeen; I know of no Method that can be ſubſti- 


tuted that is eaſier, or that will produce a more ſteady or equable 


Motion of the Second. hand fixed on the End of this Arbor, or 


CHAP. V. 


5 The Rationale of Hv GENIUs's Invention for con- 


tinuing and regulating the MoT1on of the Pxx- 
.- DULUM by @ ſingle Wheel only ; thereby render- 


7 ing it moſt EqQuABLE for UsE at Ska. 


a 321. HAU ENIUS having conſidered (and probably found 


by Experience) that the Action of a Weight being 


propagated through a Multiplicity of Wheels and Pinions to the 
Pendulum, could not be ſo conſtant, and agitate the Pendulum 


with a Force ſo equable, as it would do if the Number of Wheels 
were lefs; and of Courſe concluded, that if the Weight could 

"be wowed to the Arbor of that Wheel only which actuated the 
| | Pen- 
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Pendulum, it would then communicate a Motion to it that 


would be the moſt ſimple and conſtant that the Nature of Things 


admits of in this Kind of Machinery. 
3211. At Length he invented the Method of ſuch an Appl. 
cation, which was as follows. An endleſs Line with its proper 


- Weights and Pulleys, (every Way ſimilar to that deſeribed in 


Fig. to Art. 3199, only as much leſs in Proportion as the 
Force of the Weight was leſs,) was applied to the Arbor 


of the Swing-wheel in a ſmall pinnulated Grove of a Bar- 


rel, (which we now ſuppofe to be A) on one Part, and to a 
Ratchet- wheel C on the other, ſupporting the ſmall Wheel E, 
with the other much ſmaller at F. 

3212. It is manifeſt that the Weight E depending als 
Line I BA, conſidered as fixed on the Pulley C, does now ſole- 
ly act on the Arbor of the Swing- wheel by the Part AB, and 
therefore the Motion communicated to the Pendulum, muſt be 
the moſt Uniform poſſible, as we cannot conceive any Thing 
incident to the Weight E that can make any Alteration in its 
gravitating Force, and as there can be no Cauſe for any Irregu- 
larity in the Motion of the Pendulum. 

3213. As the Body of the Machinery in the Clock is in this 
Conſtruction diſingaged from the Swing-wheel and Pendulum, 
ſo none of its Anomalies can affect either; the proper Office of 


all this Part being now only to raiſe up the Weight E as often 


as it is down, which the Author tells us, was every Hah minute, 
or 30 Seconds. For ſince in every Revolution of the Wheel A 
the Weight E muſt deſcend through a Space equal to the Cir 


cumference of that Wheel; therefore it muſt want very frequent- 


ly to be drawn up, which could not be done but by Means of the 
Machinery of the Clock, which by its Nature becomes a con - 


ſtant Agent for that Purpoſe. 


3214. Where it not for the Frequeney of drawing the weight 
up, the Pendulum, with one Wheel to continue its Motion, 
would be the moſt perfect Chronometer that could be made; but 
as it is thus connected with the Clock - part, it becomes juſt 


as uſeful as if it wanted no Attendance to draw it up at 


l. 
3215. By this Invention, therefore the Clock with all its 
Wheels, is, in Effect, reduced to one ſingle Wheel; and the 
Mo- 


* nw * 
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Motion juſt as equable and perſect as if it conſiſted of no more; 
and the Author affures us, that the Equability of Motion in 


Clocks of this Sort was apparently greater than in Clocks of the 
common Conſtruction, 
3216. As a Proof of this, he mentions a very extraordinary 


| Circumſtance, which he diſcovered by Accident; it was this; 


as two of thoſe Clocks ſtood together on a Shelf, he obſerved 


the contrary Vibrations of each of them did ſo exactly agree and 


coincide, that they never in the leaſt receded from it. And.if 


this Concordance of their Motions was on Purpoſe diſturbed, 


yet in a very little Time it would of it's one Accord return, and 
continue, in ſuch perfect Coincidence, that only one Sound could 


be heard of both their Vibrations. 


3217. Having wondered ſome Time at fo unuſual a Phæno- 


menon, he reſolves to enquire into its Cauſe with the utmoſt 


Diligence, and at Length found that it proceeded from a Mo- 
tion of the Shelf or Plank on which they ſtood, though in itſelf 
altogether inſenſible. For the Reciprocations of the Pendulums 
communicated ſome Degree of Motion to the Clocks, firmly 
placed as they were; and this Motion being impreſſed on the 


Board, did neceſſarily cauſe that, if the Pendulums vibrated 


otherwiſe than by contrary Strokes very exactly, they muſt at 
Length do ſo, and then the Motion of the Shelf would entirely | 
ceaſe. 

3218, For whatever Motion be communicated to the Shelf 
by the contrary Motion or Vibrations of the Pendulums as thoſe 
Motions are impreſſed in contrary Directions, they will, if equal, 
deſtroy each other ( ) and if they are not impreſſed equally, 


and at the ſame Inſtant on the Board, yet as the Difference equal- 
ly affects the Board and the Clock, it will, by this Alternation, 


conſtantly tend to an Equibrium both in the Clocks and the Shelf, 


till at Length that being affected, the Pendulums muſt move by 
_ contrary Strokes very nicely. 


3219. But our Author concludes, that notwithſtanding Fe 


Fact is evigent, yet a Cauſe of ſuch a tender and delicate Na- 
ture could never have Efficacy enough to produce ſuch an Effect, 


unleſs the Motions of the Clocks had been previouſly, and by 


other Means rendered mob equable and conſentient between 


them- 


A 
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themſelvesg and which therefore is by this Experiment fully af- 
certained and demonſtrated. ' 

3220. It is above 100 Years fince this Diſcovery was made 
and publiſhed to the World, and was intended, by the Inventor, 
to render his Clock more immediately uſeful at Sea; for this 
Purpoſe he contrived it in a particular Form with a triangular 
Pendulum, and a Conſtruction which gave it always an upright 
and ſteady Poſition on Ship-board; and thus many of them 
were made and uſed at Sea for the better diſcovering of the Lon- 
gitude; and with conſiderable Succeſs, as we find by an Account 
thereof (in ſeveral Voyages) by the Author in his Horobg. Oſcil- 
later. Pag. 17, &c. where alſo you have Iconiſms of the Pen- 
dulum, the Clock, and its Frame in which it was ſuſpended in 
the Ship. 

3221. But after all, we find the Uſe of this moſt promiſing 
Invention diſcontinued at Sea, which would -never have been, 
were it poſſible for any Thing of this Nature to ſucceed there; 
and if this be the Fate of a CLock actuated and regulated by 
the conſtant Power of a WEIGHT, it may tend to moderate our 
Expectations of the Longitude by Means of Watches, wherein 
the ſame Artifice has been attempted by Means of Springs. But 
how much Inferior all Automata by Springs are to thoſe which 
move by Weights, common Experience can ſufficient teſtify, 
and will be farther evident by conſidering their Nature and Con- 
ſtruction, explained in the next Chapters. 

3222, I ſhall conclude this with a Query to the ingenious 
Artificer, viz. whether it is not practicable to move a Pen- 


dulum by a ſingle Wheel, and a Weight that ſhall not need wind- 


ing up at all, by the Addition of another equal Pendulum to the 
Clock? ] ſee nothing to contradict it in the Theory; if 
this were done, the utmoſt Equability of Motion from Clock- 
work would thence be derived to the Pendulum, and ſuch a 
double Pendulum Clock would become the moſt _ Automaton 
in Nature, 


CHAP. 
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CH AP. VI, 


Concerning the Invention of portable AuToMaTa, 
or WarTcurs; of the BALANCE, and Recu- 
LATOR ; and the THEORY of Iſochronal ViBra. 
TIONS in SPRINGS, 


3223. IN the Invention and Application of Pendulums to Ho- 

rological Automata, Mr. Hugens ſtands unrivaled ; but 
with regard to the Invention of Clocks in Miniature, or of a por- 
table and pocket Form, which we generally call WaTcaxs, 
there is (at leaſt, there has been) great Diſpute. Of theſe 
Watches there is not the leaſt Mention or Intimation in the 
" Horologium Oſcillatorium by Hugenius, though printed in 1673, 
from whence it ſeems probable, that at that Time he knew · or̃ no 
fuch Thing. | 

3224. It is alſo certain, that many Years before, our cele- 
brated Countay@agy Dr. Hook E, exhibited ſeveral of thoſe 
Watches as his own Contrivance and Invention, and a Patent 
was offered him for the ſame in 1663, but not liking the Con- 
ditions, he refuſed it. Dr. Derham (in his Artif, Clock- maker) 
tells us, he ſaw a Watch preſented to King Charles II. on which 
was this Inſcription, viz. Robert Hook, inven. 1658. T. Tompion, 
feat, 1675, Mr. Ward, in the Life of Dr. Foke, ſays, he 
ſaw the ſame Inſcription on a round Braſs-plate, which former- 
ly had been a Cover to the Balance of one of Mr. Holes Wat. 
ches; and he farther adds, that Mr. G. Graham, informed him, 

he heard Mr. Tompion ſay, he was employed three Months that 

Year by Mr. Hooke, in making ſome Parts of thoſe Watches 
| before he let him know for what Uſe they were deſigned ; and 
that Mr. Tompion uſe to ſay, he thought Mr. Hooke was the In- 
ventor of them. 

3225. From hence it appears, that theſe Watches were in- 
vented by Dr. Hooke, within one Year after the Clock itſelf, 
which (as before obſerved, 3185) was not made public till the 
Year 1657. Notwithſtanding this, in the Year 1674, Mr. 
0s HY | Hu- 
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Nugent publiſhed a Pocket Watch of his own Invention, as he aſ- 
ſerts, but it was in ſeveral Reſpects different from Dr. Hoole's. 
And as it is inconſiſtent with the great Character of Hugenius, 
for Learning and Probity, to ſuppoſe him capable of Plagiariſm, 
therefore it muſt be allowed, that the Reduction of Clock-work, 


to the Size of a Pocket-watch, was ſeparately the Invention of 


each of theſe ingenious Competitors: 

3226, This Invention conſiſts in applying a Balance-wheel, 
to beat the Time inſtead of a Pendulum; for though they are 
called Pendulum- watches, it is only becauſe of the alternative 
Motion of the Balance being ſomewhat like that of a Pendu- 
lum. 

3227. This Balance has its Motion regulated by a Spiral. ſpring 
properly applied, an Idea of the Balance and Spring is eaſy to be 
formed from the View of any Watch- work. As alſo the Man- 
ner in which they are actuated by the Machinery of the Watch; 
for this being the ſame as in a Spring- clock, only in ſmall, there 
is nothing new till we come to the Regulation by a Veel and 
Spring inſtead of a Pendulum. 


3228. From barely conſidering the Size of a Watch, it is 


plain no Pendulum can be admitted into its Conſtruction; for 
in the firſt Place, a Pendulum cannot be made of fo ſhort a 
Length as is requiſite, with any Degree of ExaQneſs; and ſe- 
eondly, the Pendulum always muſt have a perpendicular Poſi- 
tion, which cannot be allowed in the Uſe of a Watch, which is 
incident to all Kinds of Poſitions, | 

3229. As the Balance-wheel has in itſelf no Principle of, or 
Diſpoſition to Motion, but is actuated ſolely by the Machinery 
of the Watch, it is to be conſidered alone as no other Thing 
than a Check upon the Motion of that Syſtem, or a Reſervoir 
in which it is ultimate received and abſorbed, like the #4 of a 
Jack in a great Meaſure, only the Fly has a circular Motion, 
whereas that of the Balance is an Oſcillatory one. 

3230. The Motion of the Balance and the Fly is therefore e- 
qually ſubject to the Inequalities of the Motion of the Wheel- 
work of the Watch ; but this can be regulated in the Vibrations 
of the Balance by Means of a Spring, whereas a circular Mo- 
tian of a Wheel admits of no ſuch Regulation or Correc+ 
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CHAP. VI, 
Concerning the Invention of portable AuToMara; 
or WaTcurs; of the BALANCe, and Recu.- Wl " 
LATOR ; and the THEORY of Ifochronal Visra. WW © 
TIONS in SPRINGS, © 
| 3 ca 
| 3223. * the Invention and Application of Pendulums to Hz- 1 
| rological Automata, Mr. Hugens ſtands unrivaled ; but lu 
ö with regard to the Invention of Clocks in Miniature, or of a por- 
table and pocket Form, which we generally call WaTcaxs, pr. 
there is (at leaſt, there has been) great Diſpute. Of theſe for 
Watches there is not the leaſt Mention or Intimation in the ne 
Huorolagium Oſcillatorium by Hugenius, though printed in 1673, for 
from whence it ſeems probable, that at that Time he knew · of no is 
fuch Thing. 5 
3224. It is alſo certain, that many Vears before, our cele- 
brated Countay@any Dr. Hook E, exhibited ſeveral of thoſe pl: 
Watches as his own Contrivance and Invention, and a Patent in 
was offered him for the ſame in 1663, but not liking the Con- Le 
ditions, he refuſed it. Dr. Derham (in his Artif, Clock- maler) eo 
tells us, he ſaw a Watch preſented to King Charles II. on which tic 
was this Inſcription, viz. Robert Hook, mven. 1658. T. Tompion, Int 
feat, 1675, Mr. Ward, in the Life of Dr. Haole, ſays, he 
ſaw the ſame Inſcription on a round Braſs-plate, which former- D. 
ly had been a Cover to the Balance of one of Mr. Holes Wats of 
ches; and he farther adds, that Mr. G. Graham, informed him, th 
he heard Mr. Tompion ſay, he was employed three Months that in 
Year by Mr. Hooke, in making ſome Parts of thoſe Watches 7 
before he let him know for what Uſe they were deſigned ; and w. 
tat Mr. Tompion uſe to ſay, he thought Mr. Hooke was the In- 
| ventor of them. qu 
= 3225. From hence it appears, that theſe Watches were in- We 


vented by Dr. Hooke, within one Year after the Clock itſelf, I of 
which (as before obſerved, 3185) was not made public till the lis 
Year 1657. Notwithſtanding this, in the Year 1674, Mr. 
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Nugent publiſhed a Pocket Watch of his own Invention, as he aſ- 
ſerts, but it was in ſeveral Reſpects different from Dr. Hoole's. 
And as it is inconſiſtent with the great CharaQter of Hugenius, 
for Learning and Probity, to ſuppoſe him capable of Plagiariſm, 
therefore it muſt be allowed, that the Reduction of Clock-work, 
to the Size of a Poclet- watch, was ſeparately the Invention of 
each of theſe ingenious Competitors. 

3226, This Invention conſiſts in applying a Balance-wheel, 
to beat the Time inſtead of a Pendulum; for though they are 
called Pendulum-watches, it is only becauſe of the alternative 
Motion of the Balance being ſomewhat like that of a Pendu- 
lum. 

3227. This Balance has its Motion regulated by a Spiral-ſpring 
properly applied, an Idea of the Balance and Spring is eaſy to be 
formed from the View of any Watch-work. As alſo the Man- 
ner in which they are actuated by the Machinery of the Watch; 
for this being the ſame as in a Spring-clock, only in ſmall, there 
is nothing new till we come to the Regulation by a H/heel and 
Spring inſtead of a Pendulum. 

3228. From barely conſidering the Size of a Watch, it is 
plain no Pendulum can be admitted into its Conſtruction; for 
in the firſt Place, a Pendulum cannot be made of fo ſhort a 
Length as is requiſite, with any Degree of ExaQtneſs and ſe- 
eondly, the Pendulum always muſt have a perpendicular Poſi- 
tion, which cannot be allowed in the Uſe of a Watch, which is 
incident to all Kinds of Poſitions. 

3229. As the Balance-wheel has in itſelf no Principle of, or 
Diſpoſition to Motion, but is actuated ſolely by the Machinery 
of the Watch, it is to be conſidered alone as no other Thing 
than a Check upon the Motion of that Syſtem, or a Reſervoir 
in which it is ultimate received and abſorbed, like the #4 of a 
Jack in a great Meaſure, only the Fly has a circular Motion, 
whereas that of the Balance is an Oſcillatory one. 

3230. The Motion of the Balance and the Fly is therefore e- 
qually ſubject to the Inequalities of the Motion of the Whee]- 
work of the Watch ; but this can be regulated in the Vibrations 
of the Balance by Means of a Spring, whereas a circular Mo- 
tian of a Wheel admits of no ſuch Regulation or Correc« 
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tion, and therefore can have no Place in | this Sort of Mecha- 
niſm. 

3231. Hence then it is evident, that the whole Artifice of 2 
Watch conſiſts in giving Motion by the firſt Spring and Fuſee to 
the Balance, or oſcillating Wheel, as nearly equable as poſſi- 
ble; and then to correct the Irregularities of thoſe Oſcillations, 
and render them iſochonal as far as may be, by a fine Spring 
properly applied to the ſaid Balance, though not by its vibrating 
Property, as many have ſuppoſed. 

3232. But as this Doctrine of the iſachronal Vibrations of a 
Spring is a curious Point, I ſhall be a little more particular and 
explicit i in deriving it from its firſt Principles, and then illuſtrat- 
ing it by a Figure, Therefore let G be any Force (whether 
Gravity, Elaſticity Sc.) which conſtantly acts on a Body and 
produces an accelerated Velocity; and let 8, T, V, be the 
Space, Time, and Velocity of ſuch Motion; then we have 
ſhewn (991) that it is S: T V, univerſally ; and alſo, that it 
is GT: V (.) therefore we haveSxXV:GT?*V, or 8: 


G T; and conſequently we have S: G:: T2: 1; therefore 


when the Ratio of 8 to G is given, the Time T will be a given 
Quantity or always the ſame. So that if G be the Force of E- 
laſticity, and S the Space through which it vibrates by that Force, 
then, however thoſe Quantities vary in Magnitude if they keep 
the ſame Proportion, the Vibrations of the Spring will all be 
ifochronal, or performed in equal Times. 

3233. For a farther Illuſtration of the Similarity of Motion 
in a Pendulum and Spring; let Aa (Fig. 1.) be a Spring, or a 
ſtrait elaſtic Wire fixed at the End A, and at the other End ſup- 
poſe it drawn out of its natural or perpendicular Situation, by 2 


Line paſting over a Pulley B, with a Scale Cat the End, and 


Weights put into it for trying the Experiments. Then admit 
we put a Dram into the Scale C which draws the Wire or Spring 
from A a to the Site Ab; and then we add another Dram, and 
it draws it into the Poſition Ac; and a third Dram being put 


into the Scale, draws the Wire into the Situation A 4; and (6 


on, as long as the Wire or Spring can retain its rectilineal 
Form; then will the Spaces a Ab, aAc, aAd, be as 1, 2, 3 
that is, as the Weights applied which retain the Spring in thoſe 
Poſitions reſpeCtively ; therefore the elaſtic Force of the Spring 

| a 


Of Crock-Worx. 387 


at a, 5, c, being alſo as thoſe Weights, and conſequently as 
the Spaces deſcribed by the Wire, viz. the ſmall right - lined 
Triangles aAb, aAc, aA d, it follows, that the Wire will 
deſcribe each of them in the ſame Time; and therefore all its 
Vibrations, as long as it continues rectilineal, will be performed 
in equal Time, 

3234. But if upon adding 3 Drams more, we obſerve the 
Wire drawn into the Poſition Ae, and there appears incurvated, 
it is evident then, becauſe the Space a Ae is not equal to twice 
the Space a Ad, the Time in which it moves from e to à can- 
not be equal to the Time in which it moves from d to a. If 3 
more Drams be added, ſuppoſe all the Nine draw the Spring to 
the Poſition Af, which is there more curved than before; and 
therefore a A f is ſtill more deficient from 3 Times the Space 
aA d, and conſequently the Time of deſcribing it will differ ftill 
more from the Time of deſcribing the Space dA a. Upon the 
Whole, then, it appears, that after the ſtrait Spring begins to bg 
bent into a Curve, the Times of Oſcillation are no longer iſſachro- 
nal 


3235. In like Manner, with regard to a Pendulum Aa (Fig. 


2.) we have formerly demonſtrated (1105) that the Times of 


Deſcent through any Number of Chords (ad, ge, a,) of a 
Circle are all equal. Therefore if we take very ſmall Arches 
ab, ac, ad, they will, as to Senſe, coincide with their Chords, 
and ſo of Courſe the Time of deſcribing each of them will be e- 
qual; but if the Arch be ſo large that it can no longer be eſteem- 


ed rectilineal, as ae, or af, then the Times of deſcribing them 


ceaſe to be iſochronal, So that very ſmall Diſtances only on each 
Side the Perpendicular a A, both in the Spring and Pendulum, 
will admit of iſochronal Vibrations. 
3236. But what has been hitherto ſaid of the Spring and its 
Vibrations has been with a View rather to ſhew its Nature and 
Congruity with the Pendulum, than its Application to Uſe in 
automatical Machinery on that Account; for though the Pen- 
dulum by Means of its oſcillatory Property, becomes ſuch an ex- 
cellent Regulator in all Kinds of Time-pieces, yet-the Spring 
poſſeſſed of the ſame Property, will anſwer no ſuch Purpoſe on 
that Account ; becauſe the Time of a Vibration is ſo exceeding 
ſmall. Now the Vibrations of a Spring (ſuch as we have conſider- 
Da d 2 ed) 
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ed) ought to coincide with thoſe of the Balance, if its Regulas 
tion were to be produced by them; but the Vibrations of the Ba- 
Jance, or Beats of a Watch, are not more than about 16000 in 
an Hour, that is, about 4 4 per Second; whereas a ſtrait Spring, 
of the Length adapted to a Watch, will vibrate many hundred 
Timesin a Second a ; and, indeed, a Spring of any Size, or Kind, 
can have no Uſe in that Reſpect, all its Effect, as a Regulater) 
being derived from its elaſtic re- active Force, by Way of conſtant 
Preſſure (and not Oſcillation) which therefore muſt be more parti- 
cularly explained, and is the Subſtance of the following Chapter, 


TH AP, 'VIL 


The THroky of SPRINGS cotſidered as REGULAs 
TORS of the BALANCE ef CLocks and War- 
CHES, 


3237. A a ſtrait Spring, in Length, cannot be more than 
| A about 5 of the Diameter of the Watch-plate, it 
will be found too ſhort to admit of a proper Tenour of Action 
as a Regulator of Motion in ſuch ſmall Balances ; for the Ac- 
tion of a Spring ought to be very free and eaſy, but yet at the 
- ſame Time ſtrong enough to govern the Motion of the Balance, 
and controul the Irregularities of its Vibrations derived from the 
 Syſtemof Machinery. Therefore a Spring of a Spiral, undula- 
ted, or ſome other Form, wherein there is a conſiderable or 
ſufficient Length in a conciſe Space for anſwering its Purpoſe in 
a WarTcn, mult be choſen. 

3238. As the Action of the Spring under all thoſe different 
Forms will be the ſame, I ſhall chuſe that of (Fig. 3.) to explain 
it by. Thus let CL be the Spring in its natural Situation, of 
ſuch as it has when left to its itſelf ; at the End L ſuppoſe it to 
reſt againſt, -or be fixed to, an immoveable Support K, then by 
its elaſtic Force it will make Reſiſtance to any Power or Weight 
py which 1 it is preſſed Wee or drawn outwards. Thus let 
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o be a Force applied which bends it through any Space er r Length | 
?/ = 5s; then from the Nature of the Spring (3233) 2 % will 
bend it through a Space equal to 25, and 35 will bend it thro” 
35; and ſo on, So that s will be every where proportional 
to 

Th Then if P denote the Power by which the Spring is 
wholly compreſſed, and 8 = Space of total Compreſſion ; then 
it will beS:s::P:p; and the ſame Analogy will reſult from a 
partial and total Extenſion, This Principle is not only deduced 
from a phyſical Theory as before- mentioned, but is confirmed 
moſt accurately by Experiments on Springs on every Form. 

3240. And here may obſerve, that uſeful Inſtrument called 
the Spring (or Cylindric) BALANCE for weighing Bodies, is no- 
thing more than the Practice of this Principle; for the Number 
of pound Weights in the Body appended is indicated by the 
Number of equal Diviſins on the Bar, which is the Space thrg” 
which the Spring is compreſſed by the Weight of the Body, as 
each ſingle Diviſion correipunds to that of a pound Weight. 

2241. This is the Effect of a Spring in regard to Preſſare ; 
we ſhall next inſtitute a Compariſon between this eic Force and 
a percuſſrve Force, or that of a firiking B. moving with a certain 
Degree of Velocity. For if a Body wioſe Weight or Maſs of 
Matter is M, and moving with an uniform Velocity V, ftrike 
upon the End C of the Spring, it will bend the fame through a 
Part or the whole Space 8; and the Quantity of Motion by 
which it affects the Spring at firſt will be MV (970); but by 
the Reaction of the Spring, the Velocity V will be gradually 
diminiſhed ; ſo that when the Spring is bent through any Space , 
the original Velocity V will be reduced to v, and the Quantity 
of Motion or Momentum of the Body will there be only M, fo 
that the Loſs of Motion in bending the Spring through the To 
s, will be MV — Mv. 

3242. Let A = Space through which a Body deſcends in AY 
cuo in one Second, by the Power of Gravity; and C = Celerity 
acquired in that Deſcent. Then we have C*:A:: V*: a= 
Space of the Body M muſt deſcend thro' by Gravity to acquire 


the Velocity V. (991) Alſo 40 : AV 8 Lak Time 
of che Deſcent through 4. 


3243 
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3243- Suppoſe, then, by the Stroke of the Body M moving 
with the Velocity V, the Spring be bent through a Space 5 in 


the Time t. In this Caſe wehaveS:5::P: 982 ode 324 
elaflic Force of the Spring at /, or at the End of the Wt 5, 


3244. Now let the momentary Decrement of Velocity in the there! 
percutient Body be — , then will the inſtantaneous or fluxiona But e 
Momentum produced by the elaſtic Force of the Spring be — to tn 
M in the Moment of Time ;; and we have ſhewn (1000) * 


that in Caſe of Forces (M and i -) acting uniformly, the Quan- 


tities of Motion (MV, — M * generated are proportional to The 
the generating Forces, and the Times (T, ; ,) conjointly; 


and therefore MV: - Mi:: Mx T: _ * i; which gives 
i 
r 


3245. Again, in the ſame Caſe of Forces ating A 
the Spaces are as the Velocities and Times conjointly (971) 


therefore 23: VT :: : v7; whence ; = - 


2 av 
RF VP 1 ; 
3246. Therefore — v = MIT r 83 which gives 
* Y* P Ss . 
2UY = — & on the Fluents of which are v“ and = 
* ; but when the former of theſe was V?, the latter was a 
2 MSa $ 
2 2 
= o, becauſe of s= o; therefore v* = V* — F 5... 
2 MSa 
3247. To reduce this Equation to more ſimple Terms by a 
2 2aMS . VY* 
Conſtruction, let P = R, then will * —= V N. 


or v* —= V * — 325 3 Now if R = Radius CG of a Cir- 
cle, (Fig. 4.) and s CB = gF, the right Sine of the Arch 
GF; then by the Property of the Circle, it is R. — £ = BF*; 


therefore ** =V* x 4 and ſo v VN . that is, the 


bes 
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Vebcity v is to the _— Velocity V, as the Coſine BF to the Ra- 
dus CG. 


, TV; FS 
3248. Becauſe ; = monk * 4 55 


TY; "mp Ei - 


X — — — , 
28 Vox /R—f * pony 
But drawing b f indefinitely near to B F, 8 jp ——— 
to the ſame, we have from the ſimilar Triangles BCF and 


therefore: = 


4 2... a. * 
17 F, as BF :df::CF:fF — A _ 


Therefore ; = L JF; and the Fluents of this Equation are 


— 2 x GF; which gives this Analogy :: T:: GF: 
24. 

3249. Thus the Times, Fehcities, and Spaces, reſpecting the 
Motion of Springs, are eaſily aſſignable by a trigonometrical Cal- 
eulus in the Parts of a Circle. But in moſt practical Caſes, par- 

ticularly Watch-work, the Space through which the Spring is 
bent by the Stroke is but a Part of the whole Length, and 
therefore the Quantity of Motion MV, or Force of the Stroke 
being conſumed in bending the Spring, through the Space: in 
the Time t, the Velocity will there ceaſe, or v=0; in which 
Caſe the Time may be expreſſed independent of any particular 
Arch of a Circle, as follows. 

3250. It is evident from the Theorem in (2247) that R* = 
s*, when v = ©; therefore 5s being now equal to Radius C H 
= CB (Fig. 4.) and alſo the Sine of the Arch G F, that Arch 
now becomes the Quadrant of a Circle HB. Then if m = Peri- 
phery ofa Circle whoſe Diameter is 1, we have 1 :m::25: 2 5m, 


therefore * = Quadrant HB. Wherefore in this Caſe, : = 


„e * 2 = — z — IG 
24a 24 4 | 2 a Wax2y/ 5 


1 1 DALE Va; therefore E: 53 23 whence | 
4 vV A 


* 


l 
v A 


| 
| 
| 
| 


392 INSTITUTIONS 


2 21 28 Ma | 
* 72 But it being s R 137 42 
WW 5 4 a (3247 4 


| 
MS a 
we __— 3 BEE. Conſequently 2 7 * - 155 2 
* A | Ny 
=2 * 5 in Seconds of Time. * 
g 88 | 
| 3251. Becauſe v* = V* x N (3247) we have v. v* 
N BF* 
37 
= V* _.V K V 
2 2 = 
BL, 3 then becauſe R* = 2 
— 2 „2 n ee 
IF * 2M 
EW. Ne" - „ 
3252. But I 242) therefore V* * = 2M. 
2 2 
And therefore MV — M of = S r == S * : This The- 


orem may be of Uſe in that Part of Mechanics a N in the 
Doctrine of the Vires Vivæ & Mortuæ. 
3253. 22 when v = o, we have the initial Velocity V = 


n 
es Sar MSA = C 4 And becauſe · = = X 


MS 
* therefore the Product of the Velocity and Time will I Tt 
| the 
mCs MSP NC. | 
be V : = mCs or 
74 tho 


mC , | 
3254. And becauſe = . conſtant Quantity, we have (p. 


Vt: 5s; or the Space through which the Spring is bent aliuays as the 
Velbeity and Time conjointly, the ſame as in the Caſe of Bodies 
deſcending by Gravity (971). 

3255. Wherefore in the ſame, or different Springs, the Spaces 
through which they are bent in a given Time will be as the Velecities ; 


and with a given Velocity, they will be as the Times employed in 
W them. | 


1 


L 


32.50, 


47) 


Of Crock-Wors. 393 
n 


328. Becauſe in the Expreſſion of the Time, # 1 2 : 
/ :P A? the Quantities : and 2 A are conſtant ; therefore it 
will always be t: 5 ; or H P: MS, But we had alſo t : 


622 54) therefbre t : — V Conſequently MSV: #5 P. 


** we obtain a . between theſe ſix principal 
Quantities in a Opring, and a Body bending it with a percuſſiue 
RA --- 

3257: Thus if the Length S and Force P of a Spring be given 
we have MV: 75; but in this Caſe *: M (2256); therefore. 
V: or the Space is as the Reftangle of the Time and Vehcity, 28 
in Falling- bodies (991). 

3258, Likewiſe in the ſame Spring, ſince : M, therefore 
when M, or the Body is given, the Time (t) of bending the Spring 
will be the ſame, whatever be the Degree of Velocity V, or _ 
Space 5 through which it is bent. 

3259. But in a given Spring 8, P, and Body M, fince ei 
be conſtant, we have V: 3; that is, the Space through which the 
Spring is bent, will always be proportional to the Velocity of the Body , 
which is another Caſe ſimilar to deſcending Bodies urged by dif- 
ferent accelerating Forces. 

3260, It was proper on ſome Accounts to give the foregoing 
Theorems expreſling the Velocity, Time, &c. in the Form they 
there have; but in the particular Caſe of the Space deſcribed, 
or Deſcent in one Second, we have 2 A C; thoſe Theorems, 


therefore, will be expreſſed more ſimply we Calculation, thus 


(putting m = 3.1416) 2 — X / EF. n 1. 
"7 + Wn CÞ CP 


i] Tp e * a Gi 


Cps . 
1 ; and MV* a= Cps; and laſtly, ve 7 


Vor. II. ES e = 15711 
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= 1,575; ort = I,57 v in Seconds. And in all theſe Caſes, 
C = 325 Feet, or 386 Inches. hf 


CHA P. VIII. . 


The Aregoing"Tuzony of SPRINGS farther conf. 


© dered, and exemplified by CALCULATIONS in their I lt 
various APPLICATION fo WATCH=-WORK. It is 


3261. T has been already ſhewn, that an Automaton put Into del 
Motion by a Weight, and having that Motion regula. Act 
ted by a Pendulum, is the moſt perfect that can be in Nature; . 
and that in the next Degree of Perfection is the Spring- claci; ſuft 
but when we conlider the Structure of a WATCH, left wholly 
to the Power and Action of Springs, we ſhall find it natural) - 
deſtitute of any abſolute Principle of equable Motion. ane 
3262. The Action of a Weigbt is conſtant, and the Oſcillatiom ed 
of a Pendulum are equable, from an innate Principle; but we of. 
cannot conſider the Action of a Spring either as a Fjr#-mover Ml 
ot Regulator of Motion, as conſtant and equable in its artificial - 
Application in Watches; this we have alſo ſhewn in regard to = 
the Firſt, in the Theory of the Spring and its Fuſee; and in reſpect to A 
the Second, the Office of the Spring as a Regulater, is not de- 
rived from the Natural, but what we may properly call, the ar. 
tificial Vibrations thereof. The natural Vibrations of all Springs * 
are in themſelves as perfectly iſochronal as thoſe of Pendulums 1 
(2232); but the Caſe is quite otherwiſe with reſpect to the arti- 
ficial Vibrations, whoſe Equability of Motion, being the Reſult 
of the compound Action of two Strings together, cannot be ſup- 
poſed ſo perfectly conſtant, and regular, as no mechanical Combi- 


mation of Cauſes can act with the Simplicity and Uniformity of 
* ib 6. | 


3263. 


ales, 
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3263. If the Watch be required to beat Puarter-ſeconds, or 
to oſcillate 14400 Times in an Hour, theſe Oſcillations by a 
Pendulum are rendered equable without any Trouble ; but to 
effect this by a Spring, or Number of Springs, will require 
much more mechanical Skill and Contrivance, and at laſt be 
attended with ſome Degree of Inconſtancy or Irregularity. 

3264. Indeed, the fine Spring connected with the Balance is 
to be conſidered as ſomewhat more than a Regulator; for it does, 
a3 it were, form or modulate thoſe Oſcillations, as well as regu- + 
late them; without ſuch a Spring the Balance would oſcillate, 
it is true, but ſince the Motion produced by the Action of the 
Crown- wheel, on one Pallet, muſt be in a Moment ſtopped, 
deſtroyed, and generated anew in a contrary Direction by its 
Action on the other Pallet, and this in ſo quick and conſtant an 
Alternation, the Effect would be too violent and ſhocking to be 
ſufferable, and too irregular to be of any Uſe. 

3265, But by the Application and Co- operation of the Spring, 
the ſaid contrary Motions are gradually generated and deſtroyed 5 
and the Times of the Oſcillations of the Balance-wheel render- 
ed as equable and uniform as the niceſt Mechaniſm can admit 
of. To effect this, many different Methods have been invented, 
principally by Dr. Heooke, Mr. Hugens, Mr. Leibnitx, &c, Some 
of theſe were by ſingle Balances, others by double Ones; ſome 
had only one regulating Spring; others had two, or more. The 
Attempt to regulate a Watch by a Load/tone inſtead of a Spring, 
is not worth mentioning. 

3266. There were two Ways in which the double Balance 
was applied; in one of them each ſingle Balance had a Verge 
with one Pallet only, placed on each Side of the Oe 
wheel diametrically oppoſite to each other, for that Wheel had 
the ſame Poſition with the contrate II heel, or as it now has in the 
preſent horizontal Matches. On the Verge of each Balance was 
fixed a ſmall Wheel; theſe Wheels were proportioned to the 
Diameter of the Crown-wheel ; having the ſame Number of 
ine Teeth, they played in each other, and fo gave an equal 
Motion to the larger Balance- wheels juſt above them. 

3267. The other Way, with two Balances, had the two 
ſmall Wheels, by which they moved each other, and mores 

Eee 2 over 
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over to each Balance-verge, there was added a ſpiral Spring az 
a Regulator. In this Method, one Balance only had a Verge on 
which both the Pallets were, and it was moved by the Crown, 
wheel, placed in the ſame perpendicular Poſition it now has in 
common Watches, With reſpect to theſe two Inventions, Dr, 
Derham ſuppoſes the firſt was never proſecuted fo far as it 
deſerves; and the Second has this Excellency, that no Jerk or 
the moſt confuſed Shake can in the leaſt alter its Vibrations, 

And that the Reaſon why this Method of conſtructing Watches 
came into Diſuſe, he judges was the great Trouble and vaſt 
Niceneſs required in it. If this was the Caſe, it reflects no great 
Honour on the Reputation of Artiſts in this Way, 

| 3268. The Spring, as a Regulator, is applied in Watches, 
with one End fixed to the Verge of the Balance, and being coil- 

ed ſeveral Times round, to give it a ſufficient Length, it has its 
other End faſtened to a Part towards the Extremity of the 
Watch- plate, which has lateral Teeth, and is moved by a ſmall 
Pinion on an Axis in the Center of a ſmall ſilvered Plate on one 
Side of the Cock or Balance, divided into 30 ſmall equal Parts. 
This plate is alſo fixed on the ſaid Axis, and by the Key is moved 
againſt an Index to the Right or Left, thereby increaſing or re- 
mitting the Force of the Spring when the Watch goes too flow 
or too faſt; and this Apparatus for correcting the Regulator, 
and thereby the Time of the Watch, we find by common Ex- 
perience, is but too frequently neceſſary in the moſt excellent 
Pieces of this Sort of M achinery. 

3269. Mr. De la Hire, in a Memoir of the Academy of Scien- 
ces, objects very much to the common ſpiral Form of the Regu- 
lator, and eſpecially to the fixing one End thereof to, or near 
the Verge or Axis of the Balance. He thinks, if the End of the 
common ſpiral Regulator were faſtened to a Part of the Radius of 
the Balance inſtead of the Axis, it would have more Force to 
govern the unequal Movements thereof, and at the ſame Time 
be leſs ſubject to its Irregularities; and farther adds, that the 
Spring bent into an wndulatory or wave-like Form (as in Fig. 5# 
is much better than the Spiral, in that a greater Length may be 
had in a leſs Space, and the Spring thereby ſuſtain itſelf with 
pra Eaſe, aud act without that, Compound and diſtorted 


Mo- 


— 
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Motion which the Spires of the common Regulator are ſubje& 
to, in their lengthening and ſhortening. And what he has aſſerted, 
he tells us, he has fully evinced by Experiments with Watches 
of this new Conſtruction. 

3270. But I have conſtantly obſerved, that theſe Michels 
Alterations, and Innovations concerning the Balance and its 
Regulator, have all proceeded (rudi Minerva) from the natural 
Force of mechanical Genius, with very little, if any, Rationale 
from Principles of a philaſophical or mathematical THEORx of the 
Nature and Action of SPRINGS 3 which certainly muſt reflect very 
great Light on a Subject that has always been looked upon as 


overwhelmed in Difficulty and Obſcurity. For, (if I judge 


right in theſe Matters) there ſeems to be a much better and more 
natural Method of governing and regulating Watch- work pein- 
ted out by the foregoing Theory, than that of the Balance- wheel 
and its uſual Regulator. 

3271. For by this Theory, it is evident, that with Reſpect 
to the Power of the Spring, the Momentum of a Body which ſtrikes 
it, the Space through which it is bent, and the Time of bending 
it, if any of theſe Quantitics are known or given, the reſt may be 
found ; becauſe their Relations are all determined by the Theo- 
rems 1 1,57 a and V = Fg. (2250) as alſo the 
real Quantities of each reſpectively. 

3272. Therefore ſuppoſe the Train of a Watch he 14400, 
or 4 Beats per Second; then let A be a Body ſuſpended by a 
Thread A C from the Center C, (Fig. 6.) and being raiſed to 
the Point D let it deſcend through the Arch D A and ſtrike the 
Spring BF with the Velocity acquired in that Deſcent ; and 
then A ais the verſed Sine, or perpendicular Deſcent of the Bo- 
dy to acquire the ſame Velocity. Laſtly, the Momentum of 
the Body A will by its Impulſe on the Spring bend it through a 
certain Space BH. Now for the given Length and Strength of 
the Spring, and the given Space and Time of bending it, the 
other Quantities may be found by Calculation, as follows. 

3273. Conſidering this Spring BF as a Regulator, it muſt be 
very fine and tender; and therefore we will ſuppoſe it ſuch that 
a or al Scruple only, or 20 Grains, ſhall be juſt equal to its 

whole 
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whole Force, or be able to keep it bent through its whole Length, 
which may be one Inch, and let the Time of bending it through 
half its Length be 4 of a Second : then there is given BF =$ 
=1, P = 20, 5 = 0,5 = AH, p= 10, and t= 25; 
to find M, the Weight of the Body A; V, the uniform Velo- 
city of its Motion; and a = A@, the Height it muſt deſcend 
| perpendicularly to acquire that Velocity. 

3274» To find the Weight of the "x A, we have from the 


Theorem (3260) t = 1,57 2 386 
2,4649 Ms; and therefore this Analogy, p: M::5: 156,6 3 
which will give M = 352 5 . 


5 this Equation 386 f h 


= 196 Grains, in the preſent 


Caſe ; ſo that the ſtriking Body A is near 20 Times the Weight 
of p. 


3275. The uniform Velocity of its Motion is V = 1 : 
= 3,138 Inches per Second, this is equal to the Circumference 


of a Circle AE F whoſe Diameter is juſt one Inch. 


3276. Laſtly, we find Aa= 4 = (3242) = = 


» 


772 
_ AD fo exceeding ſmall as to be . inconſider- 
able. 

3277. If therefore the Pallets of the Verge be b proportioned 
to the Teeth of the Crown-wheel as to move the Body A thro' 
3 of an Inch each Stroke without the Spring; it will, when the 
Spring is added, be moved N only half an Inch, or bend 
the Spring from B to H in 3 of a Second as required, 

3278. If the Maſs of Matter in the Body or Globe A were 
diſpoſed into the Form of a Circle AE F, or fo as to make the 
Perimeter of a fine Wheel, it would as become the Balance- 
wheel of a common Watch; and being connected with the 
End of the Spring BF, that 1 would alſo become the Re- 


gulator; and the Watch thus conſtructed, would beat Quarter- 
ſeconds. 


= ©,0127, or about 7 of an Inch; and therefore the 


371% 
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3279. Hence in Watches of a large Size, and eſpecially 
Table-clocks, where more Springs than one may conveniently 
be applied, this Regulation of Time might be moſt commodi- 
ouſly performed by a ſingle Balance-lever with two Springs, 
or a double One with four; the Reaſon of which will appear 
from (Fig. 7.) where AI and PQ are two Levers, whoſe 
Weights A, I, P, Q, are equal to each other, and to the 
Weight A in Fig. 6th. Alſo the Springs BF, IE, PH, GQ. 
are all ſeverally equal to BH in that Figure. Theſe Levers 
croſs each other in the common Center of Gravity C, wherethey 
are fixed at Right-angles to the Verge. | ; 

3280. As the Weights and Springs are increaſed in the Ba- 
lance, it is neceflary the Force of the Spriag at the Fuſee ſhould 
be encreafed in Proportion. And it is further to be ablerved, 
that in the quieſcent State of the Levers, the four Springs as 
in a State of Compreſſion ; the two Springs fixed at F and H 
being compreſſed on each Side from (a) and the other two from 
the Point (5). If a B be one Half of the Arch through which 
the Levers oſcillate, then it is plain, that in each Oſcillation, 
while two Springs are compreſſed by one Lever, the ather two 
Antagoniſt Springs are relaxing; and therefore as one Pair re- 
tards, the ather equally accelerates the Motion of the Levers ; 
and ſo no Inequality of Motian can ariſe from the joint Actian 
of Springs; but on the contrary, as perſect a Cortection of the 
Irregularities of the Watch-work is obtained, as can be produced 
by the Agency of Springs. 


CHAP. 
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CHAP. IX. 


The METnoD of finding the CENTER of OsctLL as 

To in all Kinds of PeNDULUMs, deduced from 

2 New TüroRVYV. Alſo the Na ruRE of à uni- 

verſal Mr AsURE of LENGTH, or philoſophical 
Foor, explained and exemplified. 


3281. * now quit the Subject of Watch. worl, where no- 
| thing valuable with regard to the Equation and 
Regulation of Time can be hoped for, ot expected; and return 
again to the farther Conſideration of thoſe Automata which are 
regulated more by Nature than Art, viz. by the Power of Gra- 
vity governing the Ofcillations of Pendulums. But here the 
Artiſt muſt follow pretty cloſely the Dictates of the omniſcient 


Mechanic, and work, if he An to merit Applauſe, by che 


Rules of divine Geometry. 

3282. Now as the PENDULUM is the Principle of Truth and 
Perfection in Clock-work, all Circumſtances relative to it ſhould 
be confidered with the greateſt Attention, and principally that 
which concerns the Center of Oſcillation ; and here will ariſe the 
following Queſtions, viz. what this Center of Oſcillation is in the 
BALL or Bo; of a common Pendulum? What is the Diſtance 
thereof from the Point of Suſpenſion ? And how that Diſtance is 
to be preſerved unaltered ?. 

3283. [I believe very few Mechanics in this Way know ſo 
little of Art or Nature, as to ſuppoſe that the Center of the Bob, 
is the Center of Oſcillatimm, But fewer ſtill know where it is, 
or how to find it in the Pendulum. Yet the Knowledge there- 
of is of the laſt Conſequence in very large Balls, and ſome Mr. 
GRAHAM had which exceeded 60 Pounds; alſo in ſhort Pen- 
dulums in Table Clocks, this Center of Oſcillation ſhovld be 
nicely aſcertained, Mr, Hugens lays the greateſt Streſs on this 
Point; and all his Folio-treatiſe is wrote profeſſedly on this 
important Subject. 

| 3284. 
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3284. But the Method he purſued to diſcover it, will give 
us too much Trouble and Fatigue; a nearer and eaſier Way 
has, ſince his Time, been found out, and which we ſhall now 
elucidate in that Caſe firſt, where the Weight of the Ball or Bob 
is ſo great, that the Weight of the Rod by which it is ſuſpended is 
inconſiderable in Compariſon of it. In order to this, a Retroſpect 
to a few Things already demonſtrated in theſe Inſtitutions will be 
neceſſary, and tend greatly to ſhorten the Operation. 

3285. Let AB be a Line oſcillating about a Point or TA 
Center A; the Diſtance of the Center of Gravity A G 
— g, and of the Center of Oſcillation AN = n; z = a { 
ſmall Particle or Weight; x = its Diſtance from A; 1g 
and let the Sum of all the Particles or Weight of the 
whole Line be S. Then + x is the Mament, and x xXx 
the Force of the Weight x ; and the Sum of all the x x* is 


PP Q3 
5 and when x = 8, we have FT for the Force Fof the B 


whole Line. All which is evident from (1086 to 1098). 
JI 
3286. But Px =SX439X49=59gSgn=F, agreeable to 


what was ſhewn in (1095). Alſo when's = 28, then the 
3 3 
Sum of all the + * will be = = = = — 3 and twice that 
e 
Sum will be r $? = . 8; which therefore will be as the Sum 
ef the Products of all the Particles (x) each multiplied by the Square 
of its Diſtance from the Center of Gravity G. 


3287. Therefore put ½ S = 9g; and we ſhall have 8g 
| I 
q di 23 andSgn - = 2 AS S X 7 . There 


ſore 8 8 = g== Ss X n—g. And conſequently 


=n—g = GN; which gives this general Rule for Gnding 
the Diſtance of the Center of Oſcillation N from the Center of 
Gravity G, viz. divide the Sum of the Produtts of the Particles or 
Weights, ſeverally multiplied by the Squares of their Diſtances from 
the Center of Gravity, by the Solidity or Maſs multiplied by the Diſ- 
tance of the Center of Gravity from the Axis of Ofc iliation, and the 

Vor. II. ff Quo- 


o 
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Quotient will be the Diſtance of the Center of Oſcillation from the Cen- 
ter of Gravity. 


3288. If = put GN = 4; then becauſe 9 = Sg Ad it will be 
8822 — (2286) therefore n = Fd, and we have F: g 


* 


> d:: AN: GN. The reaſoning i is the ſame in regard to 

Planes and Solids, and conſequently the Rule is the ſame in all; 
but I have choſen the eaſieſt and moſt ſimple Method by which 
it may be demonſtrated. As a Proof of its Univerſality I ſhall ap- 
ply it to find the Center of Oſcillation in a Globe, and ſhew it 
to be the ſame as Hugenius found it with ſo much Labour and 
Prolixity. 

3289. Let DE d be the dection of a Globe through its Axis; 
Dathe Diameter perpendicular to the Axis K L of Oſcillation; 
GE the Radius at Right-angles to Dd; G the Center of Gra- 
vity, and V the Center of Oſcillation in the Line of Suſpenſion 
OG; and let PFp be any concentric Circle. Let the Ordi- 
nate PM —=y, GP = x, and n: I:: Circumference of a 
Circle: to Radius; and draw NM parallel G D. Then ſup- 
poſe a cylindric Surface to ſtand on the Circumference PF þ 
perpendicular to the Plane DE a, we terminated by the Sur- 
face of the Sphere, then becauſeb: 1::p:x, we have nx =þ 
— Circumference PN pP, and Fang 2ynx = to the ſaid 
cylindric Surface (832). 

3290. Now GP = x, is the Diſtance of the Particles in 
each Section of this Surface (perpendicular to the Axis of Oſcil- 
lation) from the Center of Gravity of the Section; therefore 
2nyx N = 2nyxx, is the Fluxion of the Surface or Weight, 
which multiplied by (the Square of the Diſtance from the Center 
of Gravity) GP? = x*, gives the Fluxion 2 ny * &, whoſe 
Fluent is + n). 

3291. T he Sine and Co-Sine of an Arch are W their 
Fluxions ; for (in Fig. 4.) the Triangles fd F and F Cg are 
ſimilar, therefore fd: d F:: Cg: gF; that is, ::: 43 


whence we have & = =; and putting the Radius of the Globe GD 


Sa, we have x = Va —y; therefore 2 ny x* + = 2ny X 
23 


— 


2 * * 2j X af —}* ˙ ½ i, - 22575, 


4 
5 
PS 


- 
N # - 
* 
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whoſe Fluent is 2 na* * — ; and when y = a, this Fluent 
is Nn, ko to the Quantity (q) in the general Expreſ- 
fion (2287). 

3292. Again, the Solidity of the e is d (836) but 
p= na, and d = 2a, therefore 8 Kn 44 = u, 
and putting OG = z, we have 4 nd* X 2 analogous toSgin 


(2287) 3 therefore 3 n.) no (= 3 = = GV, the Dif- 


tance of the Center of Oſcillation from the Center of the Sphere, 
as required. And is the very ſame with that found by Hugenius, 
Bernoulli, Varignion, Mac Laurin, Simpſon, Emerſon, &c, by 
tedious and obſcure Methods. | 

3293. FOd=4, then OG =d4+ a=z; and then allo 
3 
5z 54 ＋ 54 


about a Point d in its Surface, we have dV = 


; and when 4 = o, or the Sphere oſcillates 


a 


= 34, or 


2. of the Diameter d D, and not , as it has been determined by 
Mr, Carrz, Hayes, Stone, and others. 


3294. Put = = (GV =) v, then 24* = 5 xu, and a5 


= vz; therefore 2z:4::a:5v, Now the Length of a 
Pendulum vibrating Seconds is 392 Tenths of an Inch. Then 
ſuppoſe the Diameter of the Globe or Ball = 4 Inches, we have 
a= 20, and z + v = OV = 392. And then 392 +v: 
20 ::20: 1, very nearly; ſo 2 =1,o0r 5v=2,andv = 

of the Tenth of an Inch, or 2 "of an Inch. 

3295. In a whole Day, or 24 Hours, there are {24 x 60 =) 
1440“; and if we put OV = 1440, it will be eaſy to find the 
Length of a Pendulum that ſhall gain juſt one Minute per Day. 
For fince the Times of a Vibration in the two Pendulums will 
be inverſely as the Number of Vibrations performed in a given 
Time (or one Day,) thoſe Times will be as the Numbers 1440 
and 1439%. Again, the Lengths of Pendulums are as the 
Squares of the Times of their Vibrations, or as 1440* to 1439*; 
but 1440* : 1439* :: 1440 : 1438, very nearly; then 1440: 
1438 :: 392 : 391,46, then 392 — 391,46 = 0,54, or a lit- 

more than % of an Inch; therefore 1: :: 25: 20 :: 
Fff2 60 


— 3 
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60%: 48/7, Whence it appears, that the Diſtance G V, ſmall 
as it is, in a Second Pendulum, is enough to make the Clock err 
48 Seconds per Day, if not regarded. 

3296. A Cubic Inch of Braſs weighs 4,4 Oz. Troy. and the 
Cube being to its inſcribed Sphere nearly as 2 to 1 (846). A 
Sphere or ſolid Braſs Globe of one * Diameter, will weigh 
2,2 Oz. Troy; therefore as 15:45 I 
or 11 4 56. Troy, (841) the Weight of * Ball of the above. 
mentioned Pendulum. But if it were 5 Times heavier, the 
Quantity G V, would {till be greater in the Ratio of the Squares 
of the Diameters of the Globes; and hence it appears, of how 
great Conſequence it is, in the Science of meaſuring Time, to be 
able to aſcertain this Point or Center of Oſcillation in ſimple Pen- 
dulums. | 

3297. Before we quit this Theory, it will be very material to 
obſerve, that the Doctrine of a perpetual and univerſal ME ASURE 
is founded in it; and that what is called a phyſical or philoſ-phial 
YARD, is nothing more than the Length of a ſimple Pendulum 
vibrating in a Second of Time. That is, the univerſal YARD is 
equal to 392 Engliſh Lines, or Tenths of an Inch. And the uni- 
werſal FOOT is a third Part of that Number, ar 130 2 of ſuch 
Lines. But this Notion of a HoRary YarD, and Foor, 
and the Manner of aſcertaining it by the Pendulum of a Clock 
well adjuſted to equal Time by the Revolution of the Stars, as 
| deſcribed by HuGEN1vs, is to tedious here to inſiſt on. 

3298. I ſhall offer the following Method as the moſt conciſe 
and eaſy for this Purpoſe. Let any Meaſure propoſed be conſi- 
dered as a uniform ſolid Body, whoſe Length is the general Stan- 
dard. If ſuch a Meaſure or Solid were ſuſpended on an Axis to 
vibrate freely on one End (paſſing through the central Line of 
the Axis) it has been ſhewn, that the Center of Oſcillation in 
ſuch a Body will be juſt ; of its Length from the Axis of Suſpen- 
ſion (1097). And therefore any ſuch Body equal in Length to 
392 + 196 = 588 Tenths of an Inch, will vibrate exactly in 
one Second of Time; and is of Courſe, the univerſal or philoſaphical 
. YaRD. 

3299. This YARD muſt be divided into 10000 equal Parts, 
in which the Length of other Standard Meaſures are to be ex- 
| . pr eſſed 


— 


my, 
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preſſed by comparing the Times of their Vibrations with that of 
* univerſal Yard. For this Purpoſe, Jet its Length be L = 


, 10000, and N = 3600, the Number of Vibrations; in an Hour ; 


and let and n denote the ſame Quantities in any other Meaſure 
propoſed ; then we have T: f:: VL: Vl ::n:N, the Times 
of a ſingle Vibration T, t, being inverſely as the Numbers N and 


—— 


n performed in a given Time. Whence this Theorem — — 


= «#6 

1 Then as the Engliſʒ Standard Foot is = 120, ſay, as 
588 : 10000 :: 120: 2040; fo that the Engliſh Foot is 204 
of the ſame Parts of which the unver/al Y ARD contains 1000. 
Now this is diſcoverable from its Number of Vibrations in an 
Hour, which ſuppoſe were found, by a well adjuſted Clock to be 


\/ 10000 x 3600 
1 


7969; for by the Theorem V, ͤvhence 


] = 2040, as before. 

3301. After the ſame Manner the Paris Royal Foot would be 
found 2179,6 Parts of the univerjal YARD ; and therefore as 
2040 : 2179,6 : : 1000 : 1068 :: 12 Inches: 12,8 Inches; or 
more accurately the Paris Foot is 12 o Inches. The Philoſo- 
phical, Engliſh, and Paris Feet are therefore as 333,3, 204, 
218; and after this Manner, by counting the Vibrations made 
in a Minute or an Hour by any other Standard Meaſure, may its 
Length be aſcertained, and Ratio expreſſed, in Parts of the uni- 
verſal Y ARD. 

3302. And as a farther Illuſtration of this Matter, I have re- 
preſented theſe Meaſures ſeparately in the Copper plate (Fig. 9.) 
where A B is the philoſophical Y ARD ; CD the philoſophical Foot ; 
EF the Engliſh Foot; and GH the Pariſian Fort; all in their 
due Proportion of Length. From what has been ſaid, it is evi- 
dent of how much Importance the Theory of a ſimple Pendulum 
is, not only as the moſt perfect CHRONOMETER, but as a STAN- 
PARD for Meaſures of LENGTH of every Kind, and to all Ages, 
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CHAT. 2. 


| The Tarory of a Compound PENDULUM explain- 


ed, and its CENTER of OSCILLATION 7nveſti- 
gated, 


3303. T HE Conſideration of a Compound Pendulum comes 


. next in Courſe, nor is the Theory thereof leſs cu- 
rious or neceſſary than that of a ſimple One, ſince in the com- 
mon Conſtruction of Clocks, the Weight of the Rod or Wire is 
too conſiderable to be neglected; and then the Rod and Ball to- 
gether are to be eſteemed. as a Pendulum conſiſting of two diffe- 
rent Weights, whoſe compound Center of Gravity, and Center 
of Oſcillation are to be determined, 

3304. Again, after all the Efforts of human Art or Skill, the 
Pendulum can never be perfectly equable in its Motion, but will, 
from the very Condition of Nature itſelf, be liable to have the 
Times of its Vibration altered, by an inſenſible Acceleration or 
Retardation from the variable State of natural Cauſes. There- 
fore, for common Uſe, HuGenivs recommended a moveable 
Ball, or Weight for correcting the Irregularities of Vibration, 
as by its different Poſition on the Rod, it will cauſe a ſmall Alte- 


ration of the Diflance of the Center of Oſcillatian, by which Means 


the Clock may be adjuſted to true Time, 


3305. In a Pendulum of this Sort there are three different 
Weights to be conſidered, viz. that of the large Ball or Bob, 
that of the Rod, and that of the Corrector, moveable upon it. 
The Center of Oſcillation of all which muſt be found, which 
will not be difficult after we have found that for two Weights. 
Therefore let AC (Fig. 10.) be a Pendulum, Biſe& its Length 


in G; and put A G g= g. and AC =a, Alſo call the Weight 


of the Bob (c) and that of the Rod or Wire (5). 


3306. 
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3306. Now the Momentum and Force of each Part are ſe- 
parately to be eſtimated. The Momentum of the Rod is uni- 
verſally 2 a6 (1072) ; the Moment of the Ball C is (ac), being 
as the Weight multiplied by its Diſtance (1089), The Force 
of the Rod is b X 2 4 N 44 (1095) = 4 ba*; and the Force 
of the Ball C is c a* (1089); therefore the Sum of the Forces di- 
vided by the Sum of the Moments, gives the Diſtance (a) of the 
Center of Oſcillation, that is, —_— 222 e SILLY 

2 64 + ca 2b + c 
as in (1094). And from hence the Length of the Pendulum 

8 2 bu + nc 
nnn 7 Ia 
FRET PREY Wl by putting » = 39,2 Inches; or for Half-ſe- 
conds, if n = 9,8 Inches. Note, in all theſe Caſes, the Length 
A C is the Diſtance between the central Line in the Axis of Suſ- 
penſion, and the Center C of the Bob. 

3307. Now let AC (Fig. 11.) be the pendulum with the 
Addition of the Corrector D, or ſmall moveable Weight = d. 
And let its Diſtance be AD = f. Then will its Momentum be 


fa, and its Force d ff; and now the Sum of the Forces of each 
Part divided by the Sum of the Moments will be 7 exon. 

ab + ac + df 
the Diflance of the Center of Oſcillation or Conch of an 1ſachronal 
Pendulum, which for the Future we will call p. 

3308. Then if it be required to find (f) or the Poſition of the 
4.4 b + ca* + df? 
ab + ac + df 

Sk of 
this Equation 7 = fp + £228 . — — — 
by compleating the Square, and extracting the Root, we have 


2 + 4 abp — . — b — a* — 
d 
og. Hence it is obvious, there will always be two real 
Roots or Values of (/) while 2 abp + cap is leſs than 3 4b 


2þ 
0 — = = which 


which is therefore determined for a 


Corrector D, we have = 


= p, which gives 


, then 


+ aac, or while the Length p is leſs than 
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is the Length of the iſochronal Pendulum (2) conſiſting of the 
Rod AC, and the Weight C only (3306). 

3310. When, therefore, we would accelerate the Motion of 
the Pendulum by the Application of the Weight D, we have 
the Choice of two Places for it between A and C, viz. D or E, 
which Places are equally diſtant from N, the Point which Biſe&; 
the iſochronal Pendulum p. For f = Lp + or — the radical 
Quantity as above (3308). 


3311. Therefore, when F = A = = AN, it will accelerate 
the Motion of the Pendulum the moſt of all; in which Caſe we 


I a2 2 ab POR 9. & | HCH 
s/f SIS — — = o, Which 


zabp + cap 4 04 4. 
4 5 7 
from which, by Reduction, compleating the Square, &c. we 
ſhall find 92 25 i? bd + 4cd + bb + 4bc Face 
ab — 2 ac 
7 8 
when its Effect is a Maximum. 


3312. For accommodating this Theorem to practice it wil 
be moſt convenient to alumeb =d = I ;, then we ſhall have 


the Equation F or AD = FTP LVM F Tap Tap 
Ta: — c; and when F gp; then p ene 


will give the Equation + p* + 


; and from hence the Value of f 2 p, is known 


— a X 1— 2. 

3313. To give an Example of the Uſe of theſe Theorems; 
Jet the Pendulum of the Clock be required to beat Seconds pre- 
ciſely, and ſuppoſe the Weight C = 5olb. and b = d= 1b 
Then we have p = n= 2940 (2295)» c = 50, and the Theo- 


rem in (2306) will become — = 


a — 14448. And by 


ſubſtituting theſe Values of a, b, and d, in the Equation for (J) 
we get VA + 72962 p— 105061210. 

3314. Therefore when the Accelleration is greateſt of all, 
we have F p; and £p* + 72962 p = 105061210, or þ* + 
291848 9 = . z whence we find p = 1436, nearly; 

but 


in Inſt; 
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but 1440 — 1436 = 4”, or the greateſt Acceleration is 4 Mi- 
nutes per Day, by placing the Weight D at N, or making gf = = 
AN = 718 = 4p, when a Minimum. 

3315. Since by ſhortening the iſochronal Pendulum (p) only 
4 Parts of the 1440, the Length of f-= AND, or the Space 
through which the Weight D moved upwards is 718; it is evi- 
dent that a ſmall Alteration in the Length of AC, wil! allow of 
a very large Scale of Correction on the Rod of the Pendulum both 
in regard to retarding as well as accelerating its Motion. ; 

3316. For, to accelerate the Motion of the Pendulum one 
Minute per Day, the Center of Oſcillation moves through but 
2 Parts of the 1440, or the Length of the Pendulum is then p = 
1438 as we have ſhewed (3295). Therefore putting » = 


1433, we ſhall have by Theorem (3306) = ron + =c yy 


— N + 2 
1441,8 which is juſt 3 leſs than 1444,8, the Length for ſwing- 
ing in a Second preciſely (3313). Hence the Motion of the 
Center of the Weight C is to that of the Center of Oſcillation 
3s 3 to 2. And it is univerſallya:n::3ib+c:3i6b + c; 
or, in the preſunt Caſe, a:n:: 50,5 : 50, 3:: 1444,8 : 14.38 
: 392 : 391,40, as we have before obſerved (3295). 

3317. From all which it appears, that the Center of Oſcilla- 
tion is but 5 Parts of 1440 diſtant from C the Center of the Ball, 
and alſo, that when the Corrector D has its Poſition, ſuch as to 
produce no Acceleration, it muſt be either upon the Center of 
Oſcillation, or at the Axis of Suſpenſion A; or F = APA 4 
=! AC, very nearly. But in the common Conſtruction of 
the Pendulum this Diſpoſition of the Corrector D can have no 
Place, becauſe it cannot be brought nearer to the Center of the 
Weight C than the Length of its Semidiameter, which, in a 
Ball or Globe of 12/þ. only, is 2 Inches (3296); but in a Globe 
of 50/5. it is more than 3 Inches. Now this is more than the 
Diſtance to which the Weight D muſt be removed to accelerate 

Vor, II. Gg g the 


— 
— — 


N. B. The Reader is deſired to correct the Exp: eſſion of the f the Radical Symhols 


b p + . 2 
in laſtitut ions 3308 and 3311, wos; N P — 15 a*c 
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the Motion 1 Minute per Day; for by the Theorem (3313) i 
we put p = 1438, we ſhall getf 1331, 5; if then we ſay, 
as 1440 : 1331,5 :: 392 : 362,5, we have the Diſtance of the 
Weight D from the Center C, but 29,5, or not quite 3 Inches. 
3318. Therefore in order to have a Scale of a ſufficient Vari. 
ation for the Poſition of the Weight D, we muſt give to the 
Rod AC a greater Length in Compariſon of the Length ( p) of 
a Pendulum vibrating Seconds, and conſider the Weight C oi 
Bob of the Pendulum as moveable upon it in the ſame Manner a 
the Weight D is. Thus let AB = a, be the Length of the 
Rod or Wire; and A C S e, the new Diſtance of 5 Weight 
a* b + * c 
Lab + «© 
Labp + 3 whence 
Ipab—3&} 
— 


upon it; then will the Theorem (3306) become 2 
p; and therefore 3 a*b + &c = 


c Tec 24 — 34. b; and e* — ep = 


122 


= £2 1 , by putting 6 = 1, as before. Then com- 


154 


pleating the Square and extracting the Root, we get e = 
+? 74 — — And the Theorem in (3312) for AU 


willnowbecomef= ATL VP TAZ pe- 4 —e&c 
Theſe Theorems for A D and A C afford a new Conſtruction 
of the Pendulum whoſe Nature and extenſive Uſe will be fully 
declared in the enſuing Chapter. (See the Plate of the Univer 
fal Pendulum, Fig. 1, 2.) 
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The TuroRy and CONSTRUCTION F an Univerſal 
PENDULUM for meaſuring the Time of Solar, 
Lunar, and Planetary Days very correctly. 


3319. 3 order to ſhew the Univerſality of the new Structure 

of the Pendulum premiſed in the foregoing Chapter, 
it will be neceſſary to conſider that the Deſign of a Clock 
is to meaſure conſtantly, that equal Portion of Time which is 
called a Mean Day, and is divided into 24 equal Parts or Hours. 
As Time in itſelf lows equally, the Clock, if it could be kept 
to an equable Motion, would be an adequate Meaſure of it ; 
and this would be the greateſt Excellency and Uſe of ſuch a 
Machine. 

3320. But this, however, has, in my Opinion, been very 
indifferently provided for in the governing Principle of a Clock's 
Motion, viz. a Pendulum of iſachronal Vibrations; and it muſt be 
obſerved, that after all the Precautions and Inventions for ren- 
dering this Iſochroniſin of Vibration permanent, yet ſuch a Diſ- 
covery ſtill remains too obviouſly the great De/ideratum of Clock- 
work, and therefore Artiits are obliged to have recourſe to the 
beſt Methods of remedying ſuch Irregularities,- and of checking 
them even in their Naſcent State. 

3321. How groſs and indirect the Methods of rectifying the 
Pendulum in general are, if compared with that bf the ſecondary 
or moveable Weight D, invented by Hugenius, will be very evi- 
dent on mature Conſideration. And as it is here improved, I 
fatter myſelf it will be allowed the moſt eaſy and extenſive that 
can be deſired, when it is conſidered, that the Scale of Fariation 
for the Corrector D is by this Means made fo large as to render 
any Clock capable of meaſuring not only the Mean Time or 


Day, but alſo that meaſured by the Motion of any of the cele- 
Gege 2 ſtial 


% 
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ſtial Bodies, whether Moon, Planet, or Star ; as we now pro- 
ceed to ſhew. | 

3322. The Time that intervenes the departing of any cele. 
ſtial Body from the Meridian and its Appulſe to it again, is call. 
ed the Day peculiar to that Luminary ; but ſince none of the 
Planets deſcribe circular Orbits, but Ellipſes, their Motions 

will be variable, and the Times of their meridional Revolutions, 
or Days, will be unequal ; therefore the Mean Revolution, in 
all, muſt be taken for the Mean Planetary Day; and theſe col- 
lected from the aſtronomical Tables are for the ſeveral heavenly 
Bodies, as in the Table here ſubjoined. 


H f / HH 11 7 


3323. A fixed Sr AR 23 56 3 28 . 1436 


SATURN 23 36 1100 o 8 o 14365 
JUPITER 23 56 23 00 D 20-0 1436; 
Mars 23 58 08 58 n—5 90. 30 
SUN 24 0 O CO 3 56 32 1440 
VENVUs 24 02 28 oo 6 24 32 14427 
Mercury 24 12 25 26 26 22 0 
Leaſt 24 43 08 28 47 5 o 1483. 
Moor} Mean 24 48 43 28 52 40 0 14887, 
Greateſt 24 57 07 28 61 4 o 14971 


3324. The firſt Column in this Table ſhews the Hours, Mi- 
nutes, Seconds, and Thirds in each planetary Day, the Mean So 
lar Day of 24 Hours being the Standard, In the fecond Column 
are contained the Minutes, Seconds, and Thirds, by which each 
following Day exceeds the firſt or Sidereal Day; thus the Mer- 
curial Day is longer by 16 Minutes, and a Seconds ; and the 
greateſt Lunar Day by 61 Minutes, and 4”. In the third Co- 
lumn, the Quantity of each Day i is . in ny Minutes of a 
Mean Solar Day. 


3325. lf therefore the Length of the iſochronal Pendulum (p) 


in the foregoing Equations be found for the Numbers in the 3d 


Column reſpectively, then will the Diſtances A D, and A C, 
or the Poſitions of the Weights D and C be ſound by the The- 
orems in (2318), ſo that the Clock {hall keep Time with the 


Pla- 


wn, wy — CC 2 


A 
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Planet, and Hour-hand point to the Hours when the Planet 


ſhall be on the correſpondent Hour-circles. So that by this 


Means any Clock may readily be adjuſted to ſhew the Time of 
any Planetary Day, or the Poſition of the Planet in any Part of 
its Revolution. 


3326. But for this Purpoſe the Length of the Rod A B muſt 


be ſufficient to allow of a Scale of Poſition to the Corrector D, 
while the iſochronal Pendulum (p) encreaſes from its leaſt Length 
for the Sidereal Day of 14367 to its greateſt Length for the 
longeſt Lunar Day of 1505“, in which Caſe the Weight or Bob 
C will poſſeſs the Extremity of the Rod, or AC = e will 
become AB = a, And becauſe as the Days encreaſe, the 
Hours, Minutes, and Seconds increaſe in the ſame Proportion (as 
there is a conſtant Diviſton of each Day into the ſame Number, 
viz. 24 Parts), therefore, alſo, the Time of the Pendulum's 
Vibration will encreaſe with the Length of the Day. And con- 
ſcquently the Numbers in the 3d Column of the Table will be 
as the Times of Vibration in the Pendulums appropriated to the 
Clocks for ſhewing the Time of the Days reſpectively. 

3327. Therefore it will be neceſlary in the firſt Place to de- 
termine the Length of P the iſochronal Pendulum whoſe Time 
of Vibration is as 1500, by ſaying, as 1440“: 1500*: : 1440: 
15624 = P. And becauſe the larger the Weight C is, the leis 
will be the Scale of Acceleration, therefore we muſt take the ſaid 
Weight, ſuch as will allow this Scale to be ſufficiently large to 
comprehend all the Variation of the Moon's Motion; and by 
Trial, it will be found that 10/16. will be the greateſt Weight 
that can be allowed to the Bob; therefore c = 10; 4 and 4 be- 


ing = 1, as before. 


3328. Hence we determine AB, the Length of the Rod, by 


the Theorem = a + = 4 = 1587,8 as in (3306). Alſo 
7 

by the Theorem in (2311) we find the Length of an iſochronal 

Pendulum, when a Minimum, to be þ = 1526, 2; therefore 


1562, 5 — 1526,2 = 36,3; and half this Number, viz. 18 


ſubducted from 1500 leaves 1482 for the Expreſſion of the Time 


of a Vibration of the Pendulum ( þ) compared to the Time 1500 
of the Pendulum P. 


\ 3329. 
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3329. That the Reaſon of this Aſſertion may appear, we 
ſhall demonſtrate this Lemma, viz. when Numbers are very large, 
and their Differences very ſmall, then any three or four of them that 
are in geometrical Proportion are alſo in arithmetical Proportion, 


Thus let a, and a—4, be two large Numbers, for Inſtance 1440, 
and 1439, then 4 = +; Part of a; and let it be a: 4 — d: 
a — 24d + dd 
a 
(dd) vaniſhes in Compariſon of the reſt ; therefore a, a — 4, 
a — 2d, are in geometrical Proportion; they are alſo evident- 
ly in arithmetical Proportion; and hence 1440, 1439, 1438 
are Numbers that have the ſame Property; for ſince 1440* : 


145 = 1438, and conſe- 
quently 1440: 1439 :: 1439: 1438, and ſo they are geome- 
trical and arithmetical Proportionals at the ſame Time. 

3330. Since the Number 1483 anſwers to the ſhorteſt Lunar 
Day in the Table (3323) and the Difference between that and 
the longeſt Day is but about 14 Minutes ; it is evident, this 
Scale of 187 will ſerve for all Lunar Days. And the Values of 
P.and F may be found for every Number betwixt 1483 and 1497 
by the Theorems in (3307, 3308). And the Scale on the Rod 
of the Pendulum may be graduated for Uſe and the adjuſting 
Weight D put to its proper Place for the due ReQification of 
the Clock to the Length of the reſpective Lunar Day propoſed, 
which is always known from an Ephemeris. 

3331. From the Table (3323) it appears, that the ſhorteſt 
Lunar Day 1483 excceds the longeſt Planetary Day 1452; and 
conſequently the Lunar Scale on the Pendulum will be of no Uſe 
for the Planets. A planetary Scale therefore muſt be conſtruc- 
ted that ſhall have an Extent ſufficient for the Movement of the 
Corrector D from the Sidereal Day of 14367, to that of the Pla- 
net Mercury of 1452; whoſe Difference is 16 Minutes. And ſince 
the Mercurial Day of 1452 exceeds the Solar Day 1440 by 12, 
if we allow 47 more for the Diameter of the Weight C, we ſhall 
have 1456” for the longeſt Day in the Planetary Scale, for which 
(having the Length of the Rod AB = a = 1587,8) we can 
find P and e, by the Theorems already premiſed. 

- ; | 3332. 


2 — d: ; then a 


=a— 2d, becauſe 


1439* :: 1440 : 1438, therefore 
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3332. Thus ter Theorem (3329) we have 1440: 1456 : 
1456 : 1472 = P, the Length of the ſimple Pendulum proper 
for that Length of Day. 

3333. Again, having given AB = 1587, 8 and P = 1472, 


| ; _ 2 PRE 
we have e = 3224 J - — + Ao =1494=AE, 


by the Theorem (3318). Therefore, AB—AE= EB = 
94, which is a little more than an Inch, through which the 
Weight C is to be raiſed on the Rod of the Pendulum AB, 

from C to E. 

3334. We are next to enquire the Length of an iſochronal 
Pendulum p correſponding to the greateſt Acceleration, when 
f= 4p. In this Caſe we ſhall have 2 ＋˙ DA + ecp = 
za + e* c, by the Theorem ſo often quoted in (3318). If we 
put 4a* Te“ =, and z @ + ec = t, we ſhall have p = 2 
* + tt —2t= 1433 25 and of Courſe AN = ADR / 


2 4 P = 716,7. 
3335. But the Time of Vibration of this Pendulum being a 


Mean proportional between 1440 and 1433.5 by the Lem- 


ma in (3329), that is, 1440 :x::x: 1433,5, whence x = 


v 1440 X 1433,5 = 1436,75, which ſubducted from 1456 
the loweſt Vibration (3331) will leave 107, 3 which will be juſt 
large enough to take in the Planetary Days as far as they are ſen- 
ſibly different from each other: For the Sidereal, Saturnian, 
and Jovian Day differ ſo little, as not to be diſcernable in the 
Scale, as is evident from the Numbers in the third Column of 
the Table (3323). 


3336. In this Scale the Length of the ene! Pendulum 


for the Mean Day of the SUN being 1440 = p, we ſhall find 
f=aAD=+8 + 2p + tp —$s = 929, wherefore the 
Place of the Corrector D is given for regulating the Clock for 
common Uſe, or to ſhew Mean Time. 


3337. In like Manner, by having the Numbers 


1438 for Mars, you find p = 1436. 
1442 for Venus fp = 1445. 
1452 for Mercury P = 1465. 


And 


bh — « 4 
" EY S C I þ . 
2 . 2 bs iS 


a 


2 
S * 3 
e E - "_ \ is 


7 * 3 * * 
- LTD = 2 * - * ” 4 ' ws Le bas —_—_— 8 * 2. 
— . —— — — — ——— — ——ͤ — 2 — — — . mer arr o l 
— 6 _—— N wv —„— R828 — — I +> — rs 2 AGES 4 ww dos = 23 ˙ @& , ous — 3 an m — — — * — — — — — — —. — P o — - 
- _- " Pe $ < - -: ——— 
* 5 I" 4 2 . « _ A T * 8 * RY * 4 * * — Pm \ _ \ \ I \ =_ 


— 
b 
- 


2 _ or nn w— 
Eu rw oo Ooty 2 Ye. — 
8 a 222 — 5 


8 * 
9 4 — 893 
on At TT. * 
hs m * nd 42 
" = , 


* — S = — — 
e „ > 


* —U— 
* 


[ 
} 
L 
f 


416 INSTITUTIONS 


And from thence, by the above Theorem, the Poſition of D, or 
AD = V, will be found for each Planet reſpectively. And thus 
the Lunar and Planetary Scales of Acceleration are compleated ; 
and the Clock fitted to ſhew Time univerſally. 


N. B. For the better Illuſtration of what we have delivered 
concerning this new conſtructed Pendulum, we have (in Fig. 2, 
of the following Plate) added ſo much of the lower Part of the 


Haff-jecond Pendulum, as contains both the Lunar and Planetary 


Scales; but theſe Scales will be four Times as long in a Pendu- 
Jum that beats Seconds, 


. 


Concerning the BoB or WNIGHT of the PENDULDM ; 


and the THEORY of ſuch a FORM or SHAPE there- 


of, as ſhall meet with very ſmall Res1sTANCE 
from the AIR. 


3335. JN a Treatiſe on the Rationale of CLock-work, I 
judge it will be expected that ſomething ſhould be ſaid 
concerning the FoRM of the BoB, or WRIOHT of the Pendu- 
kim, with regard to the Reſiſtance of the Air in which it moves, 
and the conſequent Irregularity in its Motion, which will be 
thereby unavoidably produced; and the rather, becauſe ſo great 
a Judge in theſe Matters as Hus En1vs, has afferted it to be a 
very intereſting Point, nam plurimum refert, are his Words, 
3339. But as we have ſhewn, the only Deſign of the Con- 
trivance and Mechaniſm of a Clock is to annihilate the Reſi- 
ſtance which the Pendulum meets with,from the Air, and every 
other Cauſe, it is plain, if it were poſſible to conſtruct a Clock 
with fo much Accuracy as to do that, the Motion of the Pen- 


dulum would be as equable as if it moved without any Reſi- 
{tance at all; for the Theory of Claxk-work would be a very 


__— 8 if it could not provide "_ the Effects of 
Re- 
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Reſiſtance of every Kind, and cauſe the Clock to go with an 
aquable Motion, whether the Pendulum moved in Vacuo, in Air, 
or in Water, and even in Ouic“ itſelt. 5 

3340. But it may nevertn - e uſeful in ſome Caſes of a 
Pendulum, to know what Forme, the Ball will be moſt conve- 
nient and leaſt reſiſted in its Motion through the Air, which 
though inſenſible in a few Vibrations; or in a ſhort Time, may 
yet, by a conſtant Accumulation, produce Effects too ſenſible 
and moleſting in long Run, maugre all the Ingenuity and 
Diligence of the Artiſt. This Subject therefore we ſhall now 
proceed to conſider more particularly, ; 

3341. It is well known that the Reſiſtance of a Body i in Mo- 
tion regards the Quantity and Figure of its Surface, and not the 
Quantity of Matter moved; for a CIM INCH of Matter may 
be diſpoſed into the Form of a SPHERE, whoſe Diameter will 
then be 1, 247; and its Superficies = 4,836 Cubic Inthes (836) 
whereas the ſame Matter in the Form ofa CuBE had a Quantity of 
Surface = 6 Cubic Inches. And the SPHERE has the Jeaſt 
Quantity of Surface that it can poſſibly be contained under; and 
therefore has leſs Refilance in Proportion to its MWeigbt, than any 
other Body, and conſequently is the be/? Form, for the Ball of a 
Pendulum in general. And becaule the Surfaces of Spheres are 
proportioned to the Squares of their Diameters (842), larger 
Spheres will have much leſs Surface than ſmall Ones, in Prapor- 
tion to their Weight, and will therefore mcet with leſs Reſiſtance. 

3342. The SOLID of % RESISTANCE (whoſe Theory you 
will find in (2042, &c.) would undoubtedly merit the firſt Conſi- 
deration, were it not, that its Conſtruction will be much too diffi 
cult for Practice; and this Solid is in itſelf but little preferable to 
the Fruſtum of a Cone of leaſt Reſiſtance, which is not only made 
with the utmoſt Eaſe, but is at the ſame Time beſt fitted for the 
Purpoſes of the planetary Pendulum and Clock betore deſcribed, 
The Theory of which we ſhall, therefore, here deliver. 

3343. Let ABC (Fig. 3.) be the iſoſceles Triangle genera- 
ting by its Revolution a Cone, whoſe Fruſtum CG F B has the 
leaſt Reſiſtance for a given Baſe CB, and Altitude DE. Let 
the Fruſtum be ſuppoſed to move in the Medium in a Direction 
parallel to its Axis; let SV be drawn parallel to A E, to repre- 
ſent the Direction in which the Particles of the Fluid ſtrike the 

Vol. II. Hh h Cone. 


418 INSTITUTIONS 


Cone. Then VI being perpendicular to the Baſe C B will re. 
preſent the Particles ſtriking the Baſe with their whole Force, 
ſuppoſing the Fruſtum moved from D toward E; but in movin 
from E towards D, the Particles 8 F will come obliquely on the 
Side A B, and therefore cannot ſtrike any Particle F with their 
full Force. 

3344. Let any Line LF repreſent the whole Force of the 
Stroke againſt the Baſe BC, and through the Point F draw 
MH perpendicular to the Side AB; jet MF = F I; and 
compleat the Parallellogram ALF M; then the whole Force 
LF will be reſolved into two Forces LM and MF, of 
which one, viz. LM being parallel to the Side AB of the 
Cone, cannot affect its Motion; the other Part M F is, there- 
fore, all the Force of the Fluid on that Point, that can caule any 
Reſiſtance. 

3345. We are next to enquire what the Effect of this Force 

MForFH is, in the Direction DE; to this End let FH be 
reſolved into two Forces FD and D H, of which the former 
FD is equal to, and its Effect wholly deſtroyed by the antagoniſt 
Force GD, ariſing from the Action of the Fluid T G on the 
other Side; the Force DH, being all exerted in the Direction 
DE, is therefore all the Force of the oblique Stroke that direct 
oppoſes the Motion of the Body, and conſequently that can caule 
any Reſiſtance to the Point F in the Side A B. 

3346. Therefore the Effect or Reſiſtance of a Particle of the 
Medium at the Point F in the Surface, is to that at the Point I in 
the Baſe, by a direct Stroke, as DH to L F or AH, and therefore 
as AH x DH to A H*, But by fimilar Triangles H FD, 
HAF, it is HD: HF:: HF: HA, whence AH x DH= 
FH?, therefore A H* is to F H*, as the Reſiſtance at I to that 
at F: But AH: FH:: AB: F; therefore the Reſiſtance 
at Tis to that of F, as AB*: BEA. And ſince what has been 
faid of the Points F and I hold equally true of all other Points in 
the Surface and Baſe of the Cone, therefore the Roſiſtance to the 
Baſe will be to that upon the Surface of the Cone as A B* to B E=. 

3347. Hence then the Reſiſtance to the Surface F A G of the 
Cone cut off, is to that againſt its Baſe FG, as FD to AF*; 


therefore BE — FD is as the Reſiſtance to the Surface of the 


Huſium; and by adding A F*, (which is as the Reſiſtance upon 
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the Baſe or End FG) we have BEW + AF* — F D for the 
Expreflion of the Reſiſtance to the whole Fru/lum, when moving 
in the Direction EA. But AF*—FD* = AD* = AE-* 
—2AEXED + ED (637). Therefore the Reſiſtance of 
the Fruſtum will be BEW + AE — 2A E x ED TED 
=AB —2AE x ED TED. 

3348. But ſince A B* expreſſes the Reſiſtance to the Baſe 
ray BC (3346) and is a con/lant Quantity, it may be repreſented by 
an Unity, or A B* = 1; and as any Quantity may be conſidered as 
oce WF vided by Unity, the Reſiſtance of the Fruflum may be alſo 

> AB*—2AE x ED+ E D- 
the MW thus expreſſed - A 


ere. PE- - a AE x DE 


amy — TW Ks 
* 3349. Therefore putting DE = a, BE = b, and AE = x, 
be ve have the laſt Expreſſion for the Reſiſtance in Symbols thus 
mer 4. — . whoſe Fluxion (when a Maximum or Mini- 
ai e 

the mum) ĩs dre . — * = o; whence we have 
tion xx + bb 


N- a — 5b = o; and by compleating the Square and ex- 


tracting the Root, we have x = La + of? + 6*, But x 


the being the Height of the whole Cone muſt be greater than a, 
lin W which is but a Part of that Height, therefore x = 3 a + 


ore = 
D, 65 + bb. 
4 


3350. Hence we have the following eaſy Conſtruction; biſect 


wo DE in K, draw KC; and produce ED to A, fo that KA 
en may be equal to K C. Then will ABC be a Cone, whoſe 
in Fruſtum B F G C ſhall meet with Jeſs Reſiſtance, in an uniform 
* Fluid, than any other of the ſame Baſe and Altitude. For becauſe 

AK = EC = - 2 2, and KE Z a, and EC b, we 
de bave K C A + bb = of —ax , which gives x* 


1, -a 4 - = o, as required in the Property of ſuch a Fruſ- 
am (3349). 


Hh h 2 3351. 


or thus, 14 
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3351. In order to be certain that this Reſiſtance is a Minimum, | 
and not a Maximum, we are to conſider this Principle, that whilg 


a Quantity is increaſing, its Fluxion will be poſitive ; but negative while 


it is decreaſing. Now the Quantity x x — ax — bb = o, is 
analogous to the Fluxion from whence it proceeds, and there- 
fore when x = a, this Quantity becomes — 5, which is plain- 
15 negative. 

3352. Since then the Reſiſtance decreaſes from the Va- 


. N l 
— * 


lug f a, tOx=+4a Þ+ « 7 + bb, where it is © A 


mum, it is plain that the Fruſtum B CG is leſs reſiſted than a 


one of equal Baſe and Height, or than any other Frſtum of a 
larger Cone, whoſe Baſe and Height are the ſame with theſe, 
viz. CB and DE. 

3353. The above Demonſtrations will hold for any Propor- 
tion of C E to DE; and the leſs CE is in regard to D E, the leſs 
will AD be in reſpeRt of AE; fo that at Length the Fruſtum 
of a Cone, of leaſt n will come near to the Form of 
the Solid of leaft Reſſſiance, and ſerve almoſt equally as well for 
the Purpoſe of the Bob of a Pendulum, and is excellently well 
fitted for that of the planetary Pendulum deſcribed in the preceed- 


ing Chapter, which conſiſts of two ſuch Fruſtums, whoſe Cen- 


ter is that of their common Baſe. And further, as ſuch a double 
Fruſium of a Cone is leſs reſiſted than a Globe of the ſame 
Weight, ſo the middle Segment or Proportion of ſuch a Fruſtum 
cut longitudinally, will be better and more artificial, than a Bob 
of the common lenticular Form. It is ſomewhat remark- 
able, that the French and Spaniſh ACADEMICIANS in the De- 
partment to PERvV, for meaſuring the Length of a Degree of 
the Meridian at the Equator, had in their Clock a Pendulum of 
two truncated Cones, but placed juſt in a contrary Direction to that 
Which the Theory above requires, and is here ſhewn in Fi ig. 2. 
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CHAP. XIII. 
The THEORY for finding the TIE of a leaſt LEES; 


LATION of @ given PENDULUM ſinging in the 
Axch F aCIRCLE ; and alſo the Time of any other: 
with proper CANONS for CALCULATION. 


23 54. WE bave formerly ſhewn (1119) that the Time of the 
0 leaſt Vibration of a given Pendulum is equal to the 


Time ſuch a Pendulum would "take to vibrate in the Arch of a. 
Cycloid. Alſo, that when the Arch of a Circle, in which ſuch 
a Pendulum vibrates, is fo ſmall, that it differs not ſenfibly from 
the Cycloid, the Time of a Vibration will not be affected there- 
by; and this Conſideration makes cycloidal Cheeks unneceſſary in 
long Pendulums, of ſuch as ſwing Seconds, where the Arch of Vi- 
bration is not more than 3 or 4 Degrees of a Circle. 

3355. But in Table-clocks, whoſe Pendulum is not more than 
about 6 or 8 Inches long, the Caſe is different ; for here the 
Space can be but ſmall, in which there can be any ſenſible Coin- 


cidence of the Circle and Cyclaid, and yet the Arch of Vibration 


in theſe ſhort Pendulums is generally much longer in Proportion 
to their Lengths than in the long Ones; whereas they ought to 
be proportionably ſhorter. Theſe Clocks muſt therefore be ſub- 
ject to an Error that cannot be avoided but by cycleidal Plates, 
ſuch as Hugenius invented and preſcribes for this Purpoſe; the 
Nature of which ſee already largely explained (1120), (or by any 
of the new Species of Pendulums hereafter to be deſcribed). for the 
common Method of moving the Bob up and down upon the Rod, 
by a Screw at the Bottom, is very fallacious and inartificial, and 


can never procure an equable Motion to the Clock, unleſs the 


Arch of Vibration be very ſmall indeed. 

3356. When the circular Arch deſcribed by the Pendulum 
begins to deviate from the Cyclord, the Times of Vibration will 
begin to encreaſe or exceed the Time of a leaft Vibration, and 


therefore it will be neceſlary to ſhew how this Error ariſes, and- 


in what Proportion i it encreaſes, that the ingenious Tyre, in Clock- 
work, 
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work, may not be left in the Dark in that Part of the Theory 
which is moſt eſſential to his Art, or conducive to the Truth of 
his Work. And this we ſhall be able to do in the plaineſt Man- 
ner, by following the Footſteps of the late learned Profeſſir 
SAUNDERSON. 

N The general Problem! is, to find ( independent of the . 
chid) the Time preciſely of a leaſt Oſcillation of a Pendulum Ha given 
Length ſivinging in an Arch of a Circle; and alſo to find, without 
any ſenſible Error, the Time of any other. Let the Curve ADC 
be the Arch of a Circle, whoſe Diameter is DI, and in which 
the Pendulum N D is ſuppoſed to vibrate. Then in deſcending 
from. C to any Point E, it will acquire a Velocity which will be 
as EM = = SBF (having drawn the Chords AC, EE in- 


terſecting the Diameter I'D in B and F). Now: VLF F 
the Velocity acquired in deſcending through 4 I D, and by that 
Velocity | it would deſcribe uniformly a "Hes equal to 2 I'D 
in the Time of the ſaid Deſcent through ; ID D (993). Then 


the Space 110 divided by the Velocity: — SID 1 D will give the 


Time A 10 of the Deſcent through +4 ID, i. e. through half 
the Length of the Pendulum (g71.) 
3358. Draw ee very near to EE; then may Ee be conſider- 


| ed as the Fluxion of the Arch DE; and | 2 will be the Time 


wherein tlie ſmall Arch Ee is ub mee by the Pendulum, or the 


Fluxion of the Tame on ee But Ee = IDE - Ff 


WIFXF] xFD 


VID 7 | 
4 ——W 5 ID X } —==; therefore we have the 
| IF | 1 5.9 


Fluxion of the Time = = > » x 5 x 1 
| | | FP 


3359. Biſect B D in K, and K Di in L; and when the Arch 
we is yall the Ly F cannot differ ſenkibly from 
| 'IK, 


-. * x 
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IK, nor f from TK = == (becauſe ID : IL ::IL: 


IK orlF, therefore ID : 15 : IL* : IK* (by 672). There- 


Ra! F ths —_ 

fore BF is very nearly equal to IK * ID x 
FF 

V/BFxFD 


3360. Upon the Diameter BD deſcribe a Circle cutting the 
Chords E E and ee in G and g reſpectively, then will the Fluxion 


a . + l 
9 — * 5 3 
. — - — - = — 


tion of the pendulum from D to C. The Time of a whals 


| I'L 
Vibration therefore through A D C will be IK ee 


2BD NF | 

of the Arch DG be G = . 15 5 (97 5) conſequently . 
VEB FB * N 

Ge E | 
=_ =; and 3 the Flunich of th b 

BD © VYFB x FD : ſj 
Time of Vibration through DE will be 2365 . x 9 
SID ID x Gy bl 
| IT 4 
3361. But the Fluent of this laſt Fluxion is 7 IK „ BN . 

1 

1 „ which is therefore the Time of half a Vibration or Mo- : "1 
| 


BG DGB 
1 
3362. Let the Arch ADC be indefinitely ſmall, then the 


-_ * 21 4 


„* as I 
n 
__—  —— = op 
2 * * 


Quantity 7 K* I, and the Time (T) of a leaſt Vibration will 


half the Length of the Pendulum to the Time of a leaft Ofciliation of 


that Hun, which is the very ſame Analogy as we found from 
the 


REEF: B 1 
become T = VTD „ — — — — And therefore BD: [: 
BG DGB: 15 T; that is, as the Diameter is to the Cir- | 
cumference of a Circle, fo is the Time (* 1D) of the Deſcent through li 

15 
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the Cychoid (1124). Wherefore the Time of Oſcillation in 1 
Cyclord, and in an indefinitely ſmall Arch of a Circle is the ſame; 
viz. I = I Second, when the Length of the eng is 39,2 
Inches. 


3363. Therefore the Time of an Oſcillation or Vibration in 


L 
TE or becauſe IL IK 


+ KL, therefore the general Expreſſion of the Time of Vibra- 


tion through any Arch AD C will be IJ. + T x = 2 


a circular Arch in general, is T Xx 


3364. But the Exceſs T x KL of the Time of Vikas. 


1K 

in a circular Arch above the Time in the Arch of a Qycloid, or 
the leaſt of all, is next to be transformed and fitted for Computa- 
tion. In order to this put the ee Sine of the Arch of Vibra- 
tion BD = x; then will KL Ax (3359) 2/LU — Z IK 


(L ND, being the Length of the Pendulum). And T x 
TE = . 2 — 7 = 8 WES 2 —, the Exceſs or Error above 
IE 2 . 1 


T, the Time of Oſcillation in the Gcli, 


3365, Let the Time be expreſſed in Seconds ; and let 8 = 


3600” the Seconds in an Hour, or 86400” the Seconds in a Day 


T 
or 24 Hours. Then * = 7, the Seconds loſt in an 
8L —2x 


Hour or a Day, by the Pendulum vibrating in a circular Arch of 


a given verſed Sinex, For it is plain, that as 


Increaſe of T the Time of Vibration in a Cycloid, ſo 8 a : — 
will repreſent the Dimunition of the Number of Seconds 8 in a 
Day or an Hour; or 8 — 8 ＋ mY — = Number of Vibrations 


in the ſame Time in the Arch of a Circle. 
© 3366, If the Quantity (7) be given, we have the verſed Sine 


of the Arch of Vibration x = 75 — = But in all theſe The- 
orems, the Value of x is found in Parts of L; and fo muſt * 
reduced to the tabular verſed Sine by this Analogy as L :  : 


Ba. 


0 
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R: LAS therefore putting B = 1, we have — = LIL 
1 8 


SS tabular verſed Sine of the Angle required. 


3367. That the young Automatiſt may ſee the Uſe of this Doc- 
trine, I ſhall illuſtrate this Theorem by an Example. There- 
fore let it be required to find how many Vibrations are made in a 
circular Arch of 120 Degrees, by a Pendulum whoſe Length L = 
39,2, and which vibrates 86400 2 in _ Day, in the 
Arch of a Cycloid. Here L = 39,2, T = 1“, 8 = 86400”, 
and x = LL = 19,6, being the verſed Sine of 60 Degrees, then 

TSx 
8L —2x 
80122, the Number of Swings required. Whence ſuch a Clock 
will looſe daily 6278” = 1 Hour: 44 : 24”. 

3368. Again let it be required to find in what Arch of a Cir- 
cle a ſecond Pendulum muſt vibrate to looſe one Minue, or 607 
per Day. Then r = 60”, T = 1”, and 2 TS = 43200. And 

47 

2 18S — | 
4* : 19”; the Arch of Vibration therefore is 8“: 38 required. 
In like Manner it is found, that the ver/ed Sine of half the Arch 
in which ſuch a Pendulum will looſe but one Second per Day, or 
in 24 Hours, is οο correſponding to 46” of a Degree, 
the Arch therefore is 15: 32/; which is equal to one Inch in 
Length, 

3369. Hence it appears, that in Second-pendulum Clocks, if 
the Arch of Vibration does not exceed two or three Inches, the 
Error will be very ſmall, and may be eaſily corrected, either in 
the ſimple or compound Form, by the common Methods. But 
it is otherwiſe with Table-clocks, whoſe Pendulums are ſhort, 
and the Arch of Vibration long. Thus for Example, let the 


= 6278”, which deducted from 86400, leaves 


therefore = 0,0028 367, the tabular verſed Sine of 


| Pendulum of ſuch a Clock be 9,8 Inches, to ſwing Half- 


3 LESS ; 
ſeconds, And let * Fs e „then = 3 r, the Er 


ror of the Clock in ; Seconds per Day. Therefore T = 1, 8 = 


172800, and z = 0,060307, the tabular verſed Sine of 20 De- 


grees z and __ = 1283 Half-ſeconds, or 107: 40” is the 


Vor. II. 24 | Iii | Error 
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Error of ſuch a Clock per Day which is ſtill much greater when 


the Pendulum is but 6 or 7 Inches long, as in moſt of thoſe 
Clocks, and therefore no great Exactneſs in them can be ex- 
pected. | | 


N. B. The Arch of Vibration in Table-clocks E conſiderably 
more than 20 Degrees, and of Courſe the Error greater on that 
Account. : 


r. Av. 


The phyfical Tueory of the FiGuRE of the EARTH; | 


the ſame demonſtrated to be a SPHEROID ; and from 


thence a SOURCE of ERROR zn the MoTioN of 
PENDULUMS. 


3370. TD Eſides the Oſcillation of Pendulums in circular Arches 


inſtead of qcloidal Ones, there are other Sources of 


Error, which are unavoidable, as they are founded in the very 
_ Conſtitution of the Earth itſelf, and its Appendages. That 
which ariſes from the Earth itſelf is the different Force of Gravity 
on different Parts of the Earth's Surface. For ſince the Velocity 
in a given. Time is always as the accelerating Force (998); 
therefore, in ſuch Latitudes, where the Power of Gravity is 
{trongeſt, there the Velocity of the Pendulum will be quickeſt, 
and dice verſa; conſequently the ſame Length of a Pendulum 
will not perform its Vibrations in the ſame Time in different 
Regions of the Earth. 

3371. This variable Power of Gravity ariſes from two Cauſes: 
(1.) The ſpheroidical Form of the Earth, by which Means a 
Body on different Parts of the Surface is not equidiſtant from the 
Center. (2.) The centrifugal Force ariſing from the Rotation of 
the Earth upon it Axis, by which the Force of Gravity is very 
unequally diminiſhed from the Equator to the Poles. A Pendu- 
lum, therefore, upon different Parts of the Earth will be vari- 


ouſly 


"= 
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ouſly influenced by this Power, and conſequently can never vi- 


brate equally but in the ſame Place. 


- "TY. We ſhall lay open theſe Sources of Error in the Motion 
of Pendulums by tracing them from their firſt Principles, and 


thereby convince the young Automatiſt that they neceſſarily ariſe 
from the natural Conftitutioa and Diſpoſition of the Earth, tak- 
ing it for granted, that the Earth in its firſt Formation, and at 
the Commencement of its Motion, was in a fluid State, or at 
leaſt ſo far, that its Parts could yield to the Force impreſſed 
upon them by that ma according to the Laws of Nature 
964, Sc.) 

3373. Therefore [et NS (Fig. 5.) be the Earth's Axis, and 
EQ the Diameter of the Equator, in the Earth conſidered as an 
Ellipſeid. And let B C be a Column of fluid or yielding Particles 
gravitating to the Center C, which (becauſe of an Equilibrium 
between all the Parts) muſt be of equal Weight with any other 
Column of Particles CN or CE. Put CE S 4, CN=—8, 
CB=x, and AB = 5 = Sine of the Angle BCN; and laſtly, 
let the Power of Gravity (g) be every where as the (n) Power 
of the Diſtance from the Center C, | 

3374. Therefore the Gravity at E will be to that at B, as 


CE" to C B”; and therefore *EE. C BY — 23 
G 1 a” 


= the Powerof 


Gravity at B. 

3375. Again, the centrifugal Force (/) at E is to that at B, 
as CE to AB (1177). But AB: CB: : 5: 1 = Radius, 
whence AB = X CB A A; therefore CE AB:: a: 5 


F: — = the centrifugal Force at B. 
0 But fince this Force acts in the Direction A D, let i its 


abſclute Quantity at B be denoted by BD = [2 ——; this is re- : 


ſolvable into two other Forces FD and FB, of which the latter 
's all that Part which oppoſes Gravity in 175 „ BC; 


whence, ſince BD: BF: 2 3 2 
ſugal Force at B, ** which 3 is . diminiſhed. 


= the centri- 
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3377. Hence 15 * of Gravity on a Particle of Matter 


* x 


(*) at B will be = 3 impelling it towards the Center 


C; ; therefore its Momentum or Weight will be = WS oh, xx 
"PE! 


(1072); but this is the Fluxion of the Weight of the whole Co- 


n+1 
lumn of Particles BC, and therefore the Fluent = we 


# + 1X &* 
£ — — will be the Weight of the ſaid Column of Particles B C. 


3378. But this is likewiſe the Weight of every other Column 
of Particles (3373), and therefore of the Column CE ; and be- 
cauſe in this Caſe the Angle NCE is a right One, we have 
x S a, ands = 1; wherefore the Weight of the Column CE 


a” +2 | 3 1 +1 
vil be .. {2 2D, = £2 
$5.2 


e's this Equation by proper Reduction, and putting s 


= 0, will give 2g —nf—f x q*+* =2g* +"; and thence 


wegeta:x::2g+*':2g —nf—f"+*::CE:CN::þ 
is the DIAMETER of the EQUATOR to the Earth's Ax!s. 

3379. If Gravity be ſuppoſed uniform, then 1 = ©, and then 
2g: 24 —f:: CE: CN. But g: :: 294: 1, (1198); 
therefore CE : CN :: 588: 587, in ſuch a Caſe. 

3380. If Gravity were proportional to the = iſiance 1 the Cen- 


ter C, then n = T, and we ſhould haveg* 2 — f* Ee: 
CN. 
3381. But in the 21 Conſtitution of Nature, it is well 


known that » = — 2 (1230); 888 2 2 27 29 Z T7 

F: 2g :: 589: 588 :: CE: CN. 

3382 What has been hitherto ſaid, ſhews the Figure of the 
Earth is not ſpherical, but muſt be that of a SpHñEROI D, flatted 
at the Poles. And when it is ſaid, Gravity is inverſely as the 
Square of the Diſtance from the Center (or as x—*) it is to be 
underſtood that (x) is the Diſtance from the Center of Curvatur's 


which is the true _—y Attratiion to a Particle on the m— 
0 
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of the Spheriod, and not the Center of the Sphericd itſelf, as is 
the Caſe of a Globe or Sphere. 
3383. Now the Radius of Curvature at the Equator E is 


CN 2CE 
. and at the Pole N is —— 1 N (933,935. ) but the inverſe 


Ratio of the Squares of theſe Quantities is C Ns to C Es; 


and therefore Gravity at E and N is not inverſely as the Sn, 
as the ſixth Power of C E and CN. 


3384. Let ID) Length of a Degree at the Pole, and 4 = £ 


Degree at the Equator ; now it is plain thoſe Degrees will be as 


the Radii (R, „,) of Curvature in thoſe Places, viz. D: :: 
| BA S : Sa : e. Conſequently TY 5 
:: CE: CN. | 

3385. Therefore if a Degree could be accurately meaſured 
at the Equator E, and at the Pole N, the Ratio of the Diameter 
of the Earth at the Equator to that of its Axis would be known. 
Indeed, if two Degrees be meaſured in any two diſtant Parts, 
that Ratio is equally known from them. But a Degree has 
been meaſured at the Equator, and found to contain 567672. 
Toiſes or French Fathoms.® Alſo, a Degree has been meaſured 
under the arCtic Circle, and was found to be 57438; laſtly, a 
Degree in Latitude 45 was meaſured, and found 57050 Toiſes. 
From any two of theſe, the Ratio of CE to CN, may be found; 
and from a Mean of them all, it appears that CE : CN :: 266 

26410 

3386. From a View of this Theory, it is plain, that there is 
a Diminution of Gravity ariſing from two Cauſes, viz. the cen- 
trifugal Force, and the ſpheroidical Figure of the Earth. Let C B 
be produced to G, ſo that B G may repreſent the centrifugal 
Force at the Equator, and B D that in the Latitude B. And 
draw GD parallel to C N, then it is GB:BD::CE: AB. 
And BD : BF :: (CB : AB ::) r: 5. Whence BD = 


SBN AB _BF xr whence GB: BF:: r x CE: 


CE 5 
AB x 5:: fo is the whole Diminutien of Gravity under the Egua- 
tor at E to the Diminution at the Latitude B. 


3387. 


* Sec my new PrIxciPLEs of GeockaPuY and NavicaTios, 


__ 
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3387. As the Diminution of Gravity decreaſes from the Equa. 
tor to the Pole, ſo there muſt be an Increment of Gravity conſtant- 
ly attending the ſame, which will be repreſented by BG — 
BF = GF, becauſe GB is the whole Diminution of Gravity 
at the Equator E. But becauſe BG : GD :: GD: GF 
(660) we have BG: GF BG* : GD} (672) 4 BC: 
A C* ; that is, the Decrement of Gravity at "the Equator is to the 
Increment thereof at the Latitude B, _ as the Square of Radius to the 
Square of the Sine of the Latitude. 

3388. And therefore, becauſe BG and BC, are conflane 
Quantities, the Increment of Gravity will ever be proportioned 
to the Square of the Sine of the Latitude in the Sphere; and in the 
Spheroid of the Earth, it will be very nearly the ſame, as AC 
will differ inſenſibly from the Sine of the Latitude, Therefore 
ſince by Menſuration, it appears that CE is to C N, as 266 to 
264,7 (3385) which is very near the Ratio of 230 to 229, as 
determined by Sir Isaac NEwrToON ; it will follow, that the 
Ratio of the centrifugal Force at the Equator is to Gravity as 1 
to 230, or that the Decrement of Gravity at the Equator is 249 
Part of the Whole. 3 

3389. Therefore if we put this Diminution of Gravity 
10000; then will the Gravities at the Equator E, London B, and 
the Pole N, be as 2290000, 2296124, and 2300000. And 
conſequently the Lengths of Pendulums, vibrating in equal 
Times at thoſe Places, will be reſpectively proportional to thoſe 

Numbers. For the Times of Vibration in Pendulums are in a 
given Ratio to the Times of Deſcent through half their Length 
(1124) and, of Courſe, to the Times of Deſcent through their 
whole Length. But if a Body deſcends through different Spaces 
in the ſame Time, the Forces impelling it will be as thoſe Spa- 
ces (999); conſequently, the Lengths of Pendulums will increaſe 
with the accelerating Forces of Gravity from the Equator to the 
Pole, for the Times of Oſcillation to be equal. | 

3390. For Example; it will be 2296124: 2290000 : : 39,2 
: 39,1 = the Length of a Pendulum ne Seconds at the 
Equator; again, 2290000 : 2300000 :: 39,1 : 39,27 = the 
Length of a ſecond Pendulum at the Poles. And this Propor- 
tion in the increaſing Lengths of Pendulums has been verified by 
Experiments made in all Parts from the Equator to the polar Circle. 


3391. 


2 
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330 1. Mr. Maur ERTurs (in his TREATISE of the Fi- 
GURE of the EARTH) has given us a Table of the Length of 
an iſochronal Pendulum for every 5th Degree of Latitude, as 
| deduced from their Meaſures of a Degree in different Latitudes, 
and from a great Number of Experiments on Pendulums in all 
Parts from the Equator to the polar Circle; theſe I have reduced 
to Engliſh Meaſure for the Benefit of ſuch who do not underſtand 
thoſe of the French. If the Pendulum, which, at the Equator, 
ij exactly adjuſted by the Motion of a fixed Star, be carried to 
any other Latitude, it will be accelerated, or gain upon the 
mean Time (3389). And the Quantity of this Acceleration 
upon one Revolution of the Stars, is here alſo ſhewn to every 


5th Degree of Latitude. 
- — © . 
3392. TABLE 
F the ACCELERATIONS F a CLOCK, and 0 
the Lengthenings of a PENDULUM from the 
| Equator to the Pole. | 
LaTtiTupe of | 1 Length of the 
/ the Place. of che Sos, PENDULUM. | 

0? | of 39,0754 
5 2 39,0768 
10 | 6,4 | 39,0811 | 

's 1 __ 39,9873 

20 24,9 39,0980 
25 38.1 39.109 

30 53˙3 39,1236 

IDS. — > | oa 
40 „ 39,1551 

45 106,6 | 39,1718 
50 125,1 39,1903 | 
51: 30 1 
r | __39-2049 _ 
60 — 1 39, 2202 

* 65 175˙ 39.2338 
54 70 188,3 39,2459 
25 128.9 [322854 
80 206, 8 39,2626 

L 8; 211,6 39.2559 
90 © ag 30,2084 
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CHAP. XV. 


The Errors of HEAT and Corp in varying the 
DiMzNsons of Bopigs; and thereby proving 
another natural SouRCE of Error in PENDU- 

LUNs. | 


3 T* HE other natural Seurce or Cauſe of Error in the 


Time of a Pendulum's Vibration, is the di ifferent 
rags of the Air or Climate; for it is found by Experience 
that all Bodies are ſubject to be expanded by Heat, and contrac- 
ted by Cala, in all their Dimenſions. And therefore if the Pen- 
dulum by theſe natural Cauſes be conſtantly varying its Length, 
the Time of Vibration will be always inconſtant; and ſo, on 
this Account, can never (without a proper ReQtification) be an 
equable Meaſure of Time. 

3394. For ſince the Lengths of Pendulums are inverſely as 
the Squares of the Numbers « of Vibratians in a given Time, (a 
Day, for Inſtance), if we expreſs the Length of a Second pen- 
dulum in 100ths of an Inch, it will be 3920; and then ſuppoſe 
it oontracted by Cold 2 of an Inch, irs Length will be 3919; 
and ſince in one Day there are 8640-0; we ſhall have, as 


v 3919: v 3920 3920 :: 86400“: 86411“. Whence it appears, 
that a Clock will gain or Joſe every Day 11 Seconds for every 


1oOth of an Inch it is contracted or lenthened by Cold and Heat, 


(See Table 3392). 


330⁰ 5. This is by far the moſt general Cauſe of Error in Time- 
pieces; 'for the different Power of Gravity affects the Pendulum 
in this Reſpect only in different Latitudes or Climate, but this 
Effect of Heat and Cold equally affects it in every Region, and in 
any particular Place. And as ſuch minute Variations in the 
Lahe ur Pendulum are productive of ſuch ſenſible Errors in 
the Accbunt of Time, they ought to be at all Times accurately 
known that the Clock might be properly reQified to every varia- 
ble Degtee of Heat and Cold. 


3390, 


It 


Of CLock-Worxk. + 433 


2396. Hence it appears, that a proper Regulation of Time- 
pieces with Pendulums is cloſely connected with the Nature of 
THERMOMETERS, Whoſe ſole Uſe is to indicate, at all Times, 
the comparative Degrees of Heat and Cold by a proper Scale of 

bo Variation. And if by Experiments we can find how much a 
given Rod of Iron or Braſs extends or contracts with given Dif- 
8 ferences of Heat and Cold, denoted by the Thermometer, then 
J= ſuch an Inſtrument being fixed by the Clock, will always ſhew 
what Degree of Correction is neceſſary at all Times of the 
Year for keeping the Clock to true Time. 
3397. Now by many Experiments made on purpoſe to de- 
Ne termine this Affair,“ it appears, that a flat Rod of Braſs 2 an 
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nt Inch wide, and r of an Inch thick, and in Length 38; Inches, 
ce will expand or Wr in Length juſt 5 of an Inch with ſuch a 
C- Difference of Heat as will cauſe the Mercury in Farenbeit's 
n- Thermometer to move through 224 Diviſions; therefore e of 
h, an Inch will correſpond to 114 Dividoas; ; but the Extenſion 
on of Tes of an Inch will N the Clock to loſe 117 per Day. 


an (3394-) Conſequently each Diviſion of Furenbeit's Termome- 

ter correſponds to an Extenfion of e Part of an Inch, in the 

as Rod of the Pendulum, and to one Second of Ti Time which the Crs, | 
(a by that Means, loſes per Day. Ti 

n- 3398. Therefore, if the Clock be adjuſted to equal Time, li f 
oe when the Mercury ſtands at 55, (the Temperate, Degree) in 

93 the Thermometer; it will be ſeen in the faid Inſtru- 
as ment for any other Time, how much the Clock has loſt 

rS, or gained upon the equal Time, by the Height of the Mer- 
ah at that Time. For Inſtance ; ſuppoſe the Mercury ſtands 
at, in a warm Summer's Day at 70, that is 15 Diviſions above 
Temperate; therefore the Pendulum is lengthened 535, of 

& an Inch, and conſequently the Clock will loſe 15” per Day, wu 
* if not properly rectified, On the other Hand, if the Mer- 11 
FR cury ſtands at 40, (as far below Temperate) then it will ſhew | i 
i 

81 


8 : 
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iGo the Pendulum is contracted as much, and the Clock now gains 
he 15” per Day. 


in 3399. Hence it appears that as the greateſt Summer Heat 
in England never raiſes the Mercury higher than about 80 De- 


la- Vor. II. K kk grees, 


* See a Treatiſe entituled, OssERvATloxs Aflronomiques & Phy- 
0. Hues par G. Juan & Aur. de Uros. Page 86. 
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grees, our Second Pendulum Clocks, of braſs Rods, can looſe at 
moſt but 25” per Day by! Extenſion from Heat. But they may gain 
30 or 40“ in a Day by extreme Cold, contracting the ſame, 

3400. If the Rod of a Second-pendulum be made of Tron, it 
will vary leſs in Length by Heat, and Cold, for þy the ſame Ex- 
periments it was found, that (ceteris paribus) the Extenſion of 
Braſs was to that of Iron as 20 to 135, which is extremely near 
the Proportion of 3 to 2. And the Extenſion of Iron to that of 


Steel was found to be as 1 2 to 123. It was alſo found that the 


Expanſion of Braſs to that of Copper was as 20 to 194. 

3401. From what has been ſaid it appears, there is no ſuch 
Thing in Nature as an equable Time- piece; that a Pendulum- 
Clock i is the only Machine which, by Art, can be made to ap- 
proach near it; and laſtly, that ſuch a Clock will ſtand in conſtant 
Need of a proper Adjuſtment or ReFtification by the fixed Stars, 
or other aſtronomical Means. To contrive to correct theſe Er- 
rors, as faſt as they ariſe, by ſome artificial Conſtruction of the 
Pendulum has been the Endeavour of many Artiſts, and with 
ſome Degree of Succeſs ; but none have come to my Knowlege 
that appears to anſwer this Purpoſe ſo well as the following Me- 
thod, which I am informed is put in Practice by an ingeniouz 
Artiſt i in the North of England; and is as follows. 

3402. A Bar of the fame Metal with the Rod of the Pendu- 
lum, and of the ſame Thickneſs and Length, is placed againſt 
the Back-part of the Clock- caſe; from the Top of this a Part 
projects to which the upper Part of the Pendulum is connected 
y two fine pliable Chains, or ſilken Strings, (as in the Cut at 
Page 374.) which juſt below paſs between two Plates of Braſs, 
whoſe lower Edges will always terminate the Length of the 
Pendulum at the upper End. Theſe Plates are ſupported on a 
Foot fixed to the Back of the Caſe. This Bar reſts upon an 
immoveable Baſe on the lower Part of the Caſe, and is braced 
into a proper Groove, which admits of no Motion any Ways but 
that of Entenſion and Contraction in Length by Heat and Cold. 
2483. Now tis evident, that the Extenſion or Contraction of 


this Bar and the Rod of the Pendulum, will be equal, and in 


contrary I Directions; ; and therefore, ſuppoſe by Heat the Pen- 
gulum is "increaſed 220 of an Inch in Length, below the Edge 


| ot the braſs Plates or Cheeks, then becauſe the Bar is lengthened 


juſt 


* 
_ n r 8 
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juſt ſo much upwards it will raiſe or draw up the Pendulum juſt 
s of an Inch, and thereby make its Length below the Plates 
ſill the ſame as before. The caſe is the ſame in regard to Con- 
traction by Cold; for as the Pendulum is thereby ſhortened gra- 
dually, it is as gradually lengthened by being let down between 
the Plates, by the equal Contraction of the Bar behind. Whence 
it ſhould ſeem that this is a conſtant and adequate Rectification 
of the Pendulum by which it will always keep true Time.* 
3404. If the Clock be of the common ConſtruQion, viz. with 


a Pendulum conſiſting only of a Rod and Bob; then we muſt. 


be content with a Method of cortecting it as ſoon as its Quan- 
tity is diſcovered. Thus, if the Bob be made to reſt or depend 
on a Nutt and Screw upon the loweſt Part of the Rod; then 
if there be 25 Threads to an Inch, and the Nutt be of a cir- 
cular Form, and its Perimeter divided into 45 equal Parts, it is 
evident from (3397,) that each of thoſe Parts will correſpond 
to a ſecond of Time in the Clock, and to a ſingle Diviſion of 
the Scale of Farenheit's Thermometer; and therefore by moving 
the Nutt one Way or the other, and ſo many Diviſions, as the 


Thermometer direts, we ſhall be able to correct the Error 


ſhewn thereby to a great Degree of Exactneſs. 


3405- If the Pendulum be of the compound Sort, viz. with 
a Ball and a Corrector, and conſtrufted as directed (in 2334, 


2335» 2336,) then it will be eaſy for the Artiſt to divide the 
Rad of the Pendulum into Minutes and Seconds by the Theorems 


there given, and conſequently, if by the Revolution of a Star, 


he finds how much his Clock looſes or gains upon the Mean 
Time in a Day or ſeveral Days; or if by equal Altitudes of the 


Sun, he knows at any Time how much the Clock is too faſt or 


too flow, he can very readily adjuſt it to the Mean or true Time. 


It is not worth while here to take Notice of the Uſe of the Ba- 


ROMETER in eſtimating the Errors of the Pendulum ariſing 
from the different Weight or Denſity of the Air, becauſe the Dif- 
ference of Reſiſtance to the Bob is on that Account ſa. exceed- 
ing ſmall as ſcarcely to come under the niceſt Obſervation, and 
which we have before provided againſt, { 3342, Sc.) 
Kkk 2 CHAP. 


* The Reader may meet with a karger Account of this Invention 


in a French Treatiſe on Clock-work by Mr. THiouT, with a Print 


thereof ; but as I have had no Opportunity of peruſing that Book, 
I do not know who was the Author of this Contrivanee. 
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CH AP. XVI. 


The ThEORY of the CIRCULAR PENDULUM demon- 


firated, with its peculiar ADVANTAGES in CLocx- p 
Work. D. 
| | lar 
3400. WE have now delivered all we think neceſſary con. rei 
cerning the Structure of Clocks and Watches of I 
the ordinary Sort, whoſe Motions are governed and regulated in 
| by Springs and Pendulums in the uſual Way. But here 
| we are debarred from the Uſe of a Second-pendulum Clock of a te 


portable Fm; though from what we have ſaid, it appears, no 
other Sort of Automata can be regarded as equable T ime- keepers, 80 
in any tolerable Degree. But Nature has ſupplied a Method, 
and Art has diſcovered it, by which a Pendulum may be made t 
very eaſily to circulate Seconds in the ſame Length that a com- 
mon Pendulum vibrates Half- ſeconds; which is as follows. I 
3407. We have formerly ſhewn, that a Weight at the End 

of a String might be made to move in ſuch a Manner,. that the q 
String ſhould deſcribe the Surface of a Cone, while the Weight 0 
moved through the Circumference of its Baſe, the Vertex of the ] 
t 

| 

: 

{ 


— — ow 
— — — 2 m_ 


2 r . 
4 — —— — 


Cone being the Point to which the String is fixed [See Fig. to 
\ 1193.] Or thus, let D [Fig. 6.] be a Weight at the End of 
l a String DE fixed to the Point E; then if the ſaid Weight be 
| moved in the Circle D4FaD, the String will deſcribe the 
Surface of the Cone DEF ; and this Motion being continued 
would conſtitute a Circular, or rather Conical Pendulum, 
3408. Now a Pendulum of this Form that ſhall perform its 
Circulation in a Second of Time is required to be but + of the 
Length of a common Pendulum to vibrate in a Second, as we 
{hall;-bye-and-byc. demonſtrate. The Invention of this Form 
of. a/Bendulum the celebrated Hug Exius claims allo as his 
own, and tells us he found it nearly at the ſame Time he in- 
vented the common long Pendulum. His Words are, * Unde 
aliud quague . comment um deduximas, eodem fere tempore quo 
Priag illud. 


3409. 
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3409. I have been the more particular in mentioning this 
Gentleman's Claim to this Invention, becauſe I find it is alſo 
claimed by Dr. Hook, who we have before obſerved was his 
Competitor for the Invention of Matches. (3324.) Dr. Hooke has 


not, I think, a very clear Title to the Invention, nor has faid 


any Thing relative to the Theory thereof. Mr. Hugens has only 
given the Theorems on which it depends, but without any 
Demonſtration. So that the Rationale of a Clock with a Circu- 
lar Pendulum is yet a Novelty in our Tongue; nor has any fo- 
reign Author wrote expreſsly on this Subject, that I know of. 
I ſhall therefore proceed to explain the Rationale of ſuch a Clock 


in as plain and conciſe a Manner as I can, 


3410. Let NAM [Fig. 6] be a Parabola inverted, its Ver- 
tex A, and Axis AO. Then ſuppoſe a Veſſel or Bowl was 
excavated to the Figure of ſuch a Parabola, ſo that its concave 
Surface might be that of a Parabalnid; if ſuch a Bowl were pro- 
perly agitated, a heayy globular Body within it might be made 
tocirculate round it in any Part of the Surface as at D or G; 
and there to deſcribe the Circles Da F, or Ge H d, whoſe 
Diameters are DF and GH. | | 

3411. The Ball D is ſupported or ſuſtained in the Circle by 
an Equilibrium of three different Forces, viz. (T.) The Force 
of Gravity, or that of its own Weight. (2.) A Centrifagal 
Force which is always a neceſſary Conſequence of circular Mo- 
tion: And, (3.) The Re-action of the Side of the Veſſel in any 
Point D, which is always equal to the Force of its Preſſure 
againſt it, in a perpendicular Direction, arifing from the other 
two Forces. 


3412. The Circle which the Ball deſcribes being ſuppoſed 


parallel to the Horizon, O C will be perpendicular to its Plane 
in the Center C; and let DE be drawn perpendicular to 
the Side of the Veſſel in D. Then becauſe Gravity acts per- 
pendicularly to the Hooizon, let it be repreſented by the right 
Line EC. Again, ſince the Centrifugal Force is in a horizon- 
tal Direction always from the Center C, it will be properly re- 
preſented by the right Line CD; then, laſtly, becauſe the Bo- 
dy D is ſuſtained in Eguilibrio at D, its Preſſure or Reaction di- 
rectly againſt the Side az D will be denoted by the right Line 

ri 
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DE. All this is very evident from the Mechanical Dodirint of 
Compound Forces. (1027, &c.) 

3413. In like Manner, if the Body circulates in any other 
Part of the paraboloid Veſſel, as at G, the three 1 will 
there alſo be repreſented by the three Sides of the Triangle IGB; 
that is, Gravity by the Side IB; the Centrifugal Force by the 
Side BG; and the Reſſlance of the Veſſel by the Line Gl, 
perpendicular to the Tangent at G. 

3414. As by theſe three Forces the Body is kept in a conflark 
Equilibrium in every Point of the Circumference it deſcribes, it 
will be ſuſceptible of any Degree of projectile Force impreſſed 
upon it by an horizontal Agitation of the Veſſel, and thereby 
be put into Circular Motion, every Way ſimilar to that by a cen- 
tral Attraction (1170,) or to that of a Body annexed to the End 
of a String, (1192,) and will therefore be ſubje& to all the 
ſame Laws of Motion. - 

3415. Conſequently, ſince the Body in deſcribing the Cir- 

cles DaF b, and Ge H d, has Centrifugal Forces proportional 
to the Radii C D, and B G, it will deſcribe thoſe Circles in equal 
Times, (1177.) Therefore, all circular Revolutions in every 
Part of ſuch a Veſſel are iſachronal, or made in equal Times. 

3416. If a Plane be freely moveable about a Center, and a 
heavy Body lies upon it, connected by a String to the Center, 
then as the Weight of the Body is ſuſtained by the Plane it 
may be conlidered as without Weight, and in Equilibrio. 
Therefore if the Plane be moved horizontally, it will impreſs a 
projectile Force on the Body, and it will begin and continue to 
move round the Center, with a circular Motion, Now this 
projectile Force being in the Direction of a Tangent, the Body 
will endeavour to proceed in ſuch a Line, but it is conſtantly 
checked and drawn therefrom into the Periphery of a Circle by 
the String, which String will therefore be ſtretched with a cer- 

-tain Force by which the Body endeavours to receed direQly 


from the Center; and which is thereſore the Centrifugal Force 


generated by the Motion of the Plane. 

3417. As the Velocity of the Plane or circular Motion is 
greater, the Centrifugal Force will encreaſe and that in Propor- 
tion to the Square of the Velocity, (1175.) So that the Centrifu- 
gal Force will begin from Nothing and encreaſe to any Degree; 

and 
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and conſequently will, in one Degree of Velocity, be equal to 
the Weigbt of the Body, or the String will, in that Caſe, be 
ſtretched juſt as much as it would be by the Weight of the 
Body hanging freely to it at reſt. 

3418. If, therefore, in this particular Caſe, a Power of At- 
traction to the Center, equal to the Weight of the Body, was 
{ubſtituted inſtead of the String, it would make no Alteration in 
the Motion of the Body; and hence it appears, that when a 
Body is moved in a circular Orbit by a projetile and gravitating 
Farce, there will be a Centrifugal Force produced juſt equal to the 
Pawer of Gravity. 

3419. But, in ſuch 2 Caſe, the Velocity of Motion is ſuch 
as the Body would acquire by deſcending through half the 
Radius of the Circle (1187.) Therefore in the Time of that 
Deſcent, the Body (with the ſaid Velocity uniformly continued) 
would deſcribe twice that Space, or a Space equal to the Ra- 
dius, (993.) Therefore the Time (t) of Deſcent through 1 of 
the Radius (E R) is to the periodical Time (T) in the Circle, as 
Radius (R) is ta the Periphery (P) of the Circle, or as the Dia- 
neter (D) is to twice the Periphery (2 P). That is, : T:: D 
28 

3420. Now in the paraboloid Veſſel, ſince CE, or BI, is 
a conſtant Quantity, being ever equal to half the Latus Rectum 
of the Parabola (747,) there will be one Part where the Cen- 
trifugal Force or Radius of the Circle BG will be equal to 
Gravity BI. And it is evident this muſt be when the Diame- 
ter of the Circle G H paſſes through the Focus B of the Pa- 
rabola, becauſe then BG = BI =Z GH, the Latus Rectum. 

3421. By the Nature of the Parabola we have A B equal 
Bl = 5 BG (742.) Therefore, the Time of deſcribing 
the Circle GcHd (or any other) will be to the Time of De- 
ſcent through 4 BI = AB, as2Pis to D. (3419.) 

3422. Biſect BI in Q, then AB = BQ; and let AB be 
the Diameter of the generating Circle of the Cycloid K Al. 
Now we have ſhewn that the Time (T) in which a Pendulum 
QA vibrates through the Cycloid K L is to the Time (t) 
of Deſcent through half its Length AB as the Periphery of a 
Circle (P) to its Diameter (D,) (1124.) Whence we have = 


F =p" which gives 2 T TP, 8 P:: 
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2:1; conſequently, the Time of revolving in any Circle in the 
Paraboloid is double the Time of Vibration in the Cycloid, in a Pen- 
dulum whoſe Length AQ 1s the Latus Rectum of the Parabola. 

3423. It remains now to ſhew how a Pendulum may be 
conſtructed ſo that it may always deſcribe a Conical Surface, 
and its Ball perform its Gyrations in a parabolical Superficies. To 
this End let K H * be a Verge or Axis perpendicular to the Ho- 
rizon with a Pinion at K moved by the laſt Wheel in the Train 
of the Clock; at H it has a hardened ſteel Point in a Pivot of 

Apate, to render the Motion as free as poffible. 

3424. Let it be propoſed that the Pendulum ſhall perform 
each Revolution in a Second of Time; then it is plain, the Pa- 
raboloid Superficies it moves in, muſt be ſuch whoſe Latus Rectum 
is double the Length of a Pendulum vibrating Half- Seconds in a 
Cycloid, (3422.) Let O be the Focus of the Parabola MEC, 


and MC the Latus Rectum; and make AE MO = MC 


= the Length of a common Half-ſecond Pendulum. 

3425. At the Point A. of the Verge, let a thin Plate A B be 
fixed at one End, and at the other End B let ſt be faſtened to a 
Bar or Arm D B, ſtanding out from the Verge at right Angles 
and to which it is fixed at D. This Lamina or Plate AB is the 
Semi-cubical Parabola or Evalute of the given Parabola ME C, 
ſuch as deſcribed (921 to 926.) 

3426. The Equation of this Cubical Parabola A B wa 
27 Pr . Let 37p =P, then Pxx = & and in the 
ou: P = 2y; in that Caſe, 2xx = y* = 4 P*; therefore 


=P, and x PV = I = the Diſtance of 
4s Face from the Vertex A. By aſſuming the Value of x 
{or putting x = 16 of an Inch) you will find all the correſ- 
pondent y's or Ordinates of the Curve A B, by which it may very 
eaſily be drawn. 

3427. If the Pendulum is to make its Gyrations in 2 Se- 
conds, then the Parameter is MC = 4,9 Inches, or 49 
Tenths, 539 = P = 82,7 Tenths, and by aſſuming x = 
to the Number in the firſt Column of the following Table, 

we ſhall have y = to thoſe in the ſecond reſpectively. 
| 2 


Fig. t, in the PLATE of the TOR of Circulating PENDULUM, 


Fc. 
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Aſciſe Ordinates. Abſciſſa —Otdinates, 


0,05 — 0,274 14 — 2,531 
051 — 0,435 157 —— 2,880 
0,2 —— 0,692 2,0 3,213 
0,3 —— 0,906 2,3 —— 3,526 
0,4 —— 1,098 2,06 —— 3,823 
0,5 — 1,274 2,9 — 4,113 
0,0 — 1,438 3,2 —— 44392 
0,8 — 1,743 3,6 —— 4748 
I,0 —— 2,023 450 — $5,096 
I,2 —— 2,284 | 


3428. The String of the Pendulum muſt be of ſuch a Length 
that when one End is fixed at B it may lie over the Plate A B, 
and then from A hang perpendicular with the Center of its Bob 
in the Point E (or Vertex of the Parabola ME C) when at reſt. 
Then the Verge K H being put into Motion, the Ball of the 
Pendulum will begin to gyrate, and thereby conceive a Centri- 
fugal Force which will carry it out from the Axis to ſome Point F, 
where it will circulate Seconds or Half. Seconds, according as the. 
Line AE is 9,8 Inches, or 21 only; and AB anſwerable to it. 

3429. HuGtnivs tells us, many Clocks of this Conſtruc- 
tion were made, and with Succeſs ; but that they prevailed not 
ſo much as the common Sort, on Account of their not being 
ſo eafily and expeditiouſly made That they depend on a Prin- 
ciple of EQUaBLE MoTion, which the long Pendulum in a 
Circle has not perfectly That the Index ſhewing Se- 
conds moves with a moſt regular and uniform Motion, and not 
(Subſultim) by Ferks and Stops as in common Clocks That 
this Pendulum is entirely ſilent, or without that conſtant and me- 
lancholy Click Clack, which neceſſarily attends the long Pendu- 
lum. Moreover, it may be obſerved that the Pendulum 
to circulate Seconds is but a fourth Part of the Length to vibrate 
Seconds, or but juſt the Length of a common Half- Second Pen- 
dulum. And, laſtly, a Contrivance may be added tb ſtop 
the Pendulum in any Part of the Circumference, — thereby 
render it capable of ſhewing Thirds. 

3430. This Conſtruction of a conical Pendulum is ae 
the beſt Form for a Temporary CHRONOMETER, for meaſuring 

YOhe bh L1l the 
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the ſmalleſt Parts of Time occaſionally. But the Part AR. 
ſhould be divided into two from the Point A, and proceed diva. 
ricating to the End B, where the Ends of two fine Chains (uſed \ 
in Watches) or ſilken Strings are to be fixed, which Strings 
ſhould alſo unite after they paſs the Point A in the Verge or 2 


little before they come to the Bob F. By this Means its Mo- 


tion will be rendered more ſteady and certain than by a ſingle 
Chain or String. The Arm DB ſhould alſo be nicely balanced 
by a Counterpoiſe on the other Side. And an endleſs Screw at 
K will do better than a Pinion with Teeth ; but this is ſubmit- 
ted to the Experience and Ingenuity of the Artificer. 


CH A P., XVII. 


The TuxoRY of Mr. SULLY's INVENTION of a Ho- 
rological RoTULA, inſtead of a PENDULUM, for 


regulating CLOCK-WoRK ; with an IMPROVE» 
MENT thereof. 


3431. A S this InveEnTION of Mr. SULLY is upon an en- 
tire new Principle, found out by Trial and Expe- 
riments directed by a natural Sagacity, without any Aſſiſtance 


from a Phyſico- mathematical THEOR x, I have Reaſon to think it 


may prove a Novelty equally acceptable, as ſingular, to the Eng- 
liſh Automatifl ; not only fo, but the Omiſſion of ſo curious an 


Improvement in Cloct. wort, muſt certainly be thought a DefeRt 


in a Treatiſe wrote profeſſedly on the THEOR thereof. 

3432. Mr. HENRY SULLY was an Englifh Watch maker, and 
lived many Years at PARIS H; he wrote, in the French Language, 
a Treatiſe on Clock-work, which he entitled Regle artifictelle de 
Temps, printed at Paris, A. D. 1717. I never heard that this 
Artificial Rule of Time, was eyer tranſlated into Engliſh, nor have 
I ſeen the Original; it ſhould ſeem by the Title as if it was 2 
Deſcription of his new Clock; but we are told by Profeſſor 
EvuLER (in the Petropol. Comment. for the Year 1727,) that 
_ buy had publiſhed an Account of his new Clock but a little 


more 
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more than a Year before, viz. in the Year 1725. But leaving 
the Date of its firſt Publication, this learned Profeſſor thought it 
an Invention worthy of an Explication, which he has accord- 
ingly given us under the Title of A Diſſertation on a certain 
nw Kind of Tautochronal Curves; and which I ſhall here tranſ- 
late and abridge for the Uſe of the Engliſb Artiſts. 

3433. SULLY's Invention conſiſted in a Kind of Rotula or ſmall 
Wheel“ A B made to oſcillate about its Center C (Fig. 2.) by 
Means of a String with a ſmall Weight CP, playing between 
two curved Plates CE, CF, fixed to the Surface of the Rotula. 
But what Degree of Curvature was neceſſary for thoſe Plates, that 
the Oſcillations might be all :/ochronal among themſelves, and 
to the Vibrations of a Pendulum of a given Length, was what 
Sully wanted to know, and could only find by frequent Trials, 
and that very imperfectly. 

3434. But to ſhew what this particular Species of Curvature 
is from Phyſico- Mathematical Principles, the Proceſs is as follows. 
Let CM (Fig. 3.) denote one of the Plates in a Situation not na- 
4 tural, or when the Rotula is turned on one Side; and let C B be a 
* vertical Line, parallel to the Direction of the Thread M touch- 
ing the Curve in M; then from the Point of Contact M draw 
MT perpendicular to CB, which will alſo be perpendicular 
to the Curve in M. Draw the Right Line C O containing the 
Angle BCO by which the Rotula is carried out of its natural 
Poſition, On the Center C with any Radius CB deſcribe the 
> Arch BO, meaſuring the Angle B CO. | 

3435 · Then it is evident the Weight or Power P at the End 
of the String will endeavour to reſtore the Rotula to its natural 
Situation by a Force which will be as PN T M (1049.) But 
as the Application of this Force is continually altering with 
teſpect to the Fulcrum C, we muſt find one equal to it to be 
4 applied to the Radius C O, and acting normally at the Point 

O. Produce PM to N in a Right Line drawn horizontally 
; through the Center C. Then becauſe CN TM, the Ef- 
fect of the Power P to turn the Rotula will be the ſame as if it 
was applied to the Radius CN in N, and acting normally 
thereto, 


rum, 9 RorvrA, Sc.“ 


® See Plate entituled © The Tuzoxv of the Circulating PEV: 
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3436. But from the Nature of the Lever (1051) we have 
CO: CN: : P: = the Weight to be applied at O, whoſe 
Force ſhall be equal to that of P _— at N. But 


CN = TM, therefore CQ:TM::P:p, and ſo p = 
1 1 3 therefore becauſe P and C O are conſtant, we haye 


? every where proportional to T M. 


3437. We are next to conſider that the Power (p) acting 
normally at O, will make C O a Pendulum; and farther, that 
if the faid Power (p) (which is the accelerating Force,) be pro- 
portional to the Space paſſed over, the Oſcillations of the Pen- 
dulum will be iſachrena (999.) But the Space to be run over 
is the Arch OB, or the Angle OC; therefore in order to 
produce this Iſachroniſin in the "HP AE (and conſequently i in 
the Rotula 7 the Affair is reduced to this Problem, viz. To find a 
Curve CME of ſuch a Property, that having a Right Line CO 
given in Poſition, and in it, from a given Point C, another Right 
Line C T be drawn perpendicular to the Radius of Curvature in am 
Point M, the Part T M ſhall be always proportional to the Angle 
T CO. 

3438. Now when any Quantities are proportional, their 
Fluxions have the ſame Ratio (789.) Therefore let M andm 
(Fig, 4.) be two Points in the Curve indefinitely near to each 
other; 3 and draw C M, Cm, and the two Normals MT and mt, 


occuring in R the Center of Curvature at the Part M. Allo let fall 


the Perpendiculars C T, Cr, on the ſaid Normals. Then is 
T Cp che Fluxion of the Angle TCO ; and T p, the F luxion 


of the N ormal TM. Now it is FELY that in Regard to the 


fluxionary Angle T Cp, the Side T C is Radius, and Ty, the 
Tangent. Therefore the Fluxion of the Arch O B, which is 


Bb will conſtantly be as Ty, the Fluxionary Tangent of the 


ame. 


3439- Let CB be equal to CT = Radius, and as the Ra- 
gius of a Circle i is conſtant, the Fluxion thereof is nothing, 
that i is K. = 0; therefore C T is perpendicular to T M in the 
Point or Center of the Circle of Oſculation in the Point M. 

3440- In this Caſe, the Angle O C T has its Fluction 

b not only proportional but equal to the Fluxionary 

Fangent T9. For the Fluxion (3) of any Arch x and the 


Fluxion of the — (* ) thereof, are expreſſed by this 
Equa- 


SS , G0 _ £D SS -2a& += 
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Equation & = —— XT = ($23.) and therefore a t=0, _ 
the Tangent is in its naſcent or fluxionary State, that Equation 
becomes & = — = ;. 


3441. But the Fluxions of contemporaneous Fluents being equal, 
ſhew thoſe Fluents are alſo equal, or that T M the Radius of 
Curvature is ever equal to the Arch of the Circle T O de- 
ſcribed in the ſame Time. 

3442. Hence the Nature of the Curve CM is manifeft, it 
being no other than the EvoLuTE of a Circular Arch OT 
(Fig. 5.), whoſe Beginning is at the Point of the Circle O, and 
is deſcribed by the Evolution of that Circle whoſe common Ra- 
diare CT = CO. In this Proceſs, we have uſed a dif- 
ferent Method of Demonſtration from that of Prefeſſor EULER, 
which we think is more natural, clear, and conciſe. 

3443. Hence then it appears that the Lamine or Plates O F, 
OE, [Fig. 5.] are formed by the Evolution of the Circle 
AD O equal to the Periphery of the propoſed Rotula, and to 
begin from the Point O in the Circumference, and not from the 
Center C, as in Sulh's Conſtruction. In the ſame Point O 
likewiſe the String OP is to be fixed, which by its Weight 
P will move between the Plates O E, OF, (like a Pendulum 
between the Cycloidal Cheeks) and thereby continue the Motion 
of the Rotula, once begun; and render the Oſcillations tſochronal, 
by a Force ever proportional to Ls angular Space deſcribed in each 
Oſcillation. 

3444. The next thing to be determined, is, the abſolute Time 
of an Oſcillation in a given Rotula; this is done by finding the 
Length of a Pendulum vibrating in a Cycloid, iſochronal to the Ro- 
tula. The Method for doing this our celebrated Profeſſor has rather 
pointed out, than demonſtrated; we ſhall therefore here ſupply the 
Principles which he aſſumes as known, and on which this Part 
of the Theory depends. 

3445. To this End we muſt conſider that as in reſpect to 
the Endeavour or innate Force of Bodies to deſcend, it is all 
one whether we conſider the Quantity of Matter as diffuſed 
through any Space or all collected into a Point, this Effort to 
deſcend being conſtantly proportioned to the Maſs of Matter into 


2 
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the Force of Gravity (1000.) So with Regard to an Oſcillatery | 
or Angular Motion of Bodies about a Center or Axis, it matters 
not 3 the Maſs of Matter is diſpoſed, whether we conſider 
it in the Form of a Circular Area, or in that of a Right Line; 
but this latter is moſt natural, as it is that by which the ſaid An- 
Motion is deſcribed. 

3446, If therefore the Radius of the Rotula be conſidered as 
charged with its whole Weight (Q) we ſhall find its Force of 
Reſiſtance to ſuch Wa: Motion will be expreſſed by Qę n, 
(2286,) where g = 4; = Diſtance of the Center of Gravity, 
and n = + = Diſtance of the Center of Oſcillation, the Length 
of Radius being = 1. The whole innate Force, therefore, 
of the Radius or Rotula to reſiſt to a Circular Motion is as 4 Q. 

2447. But if we conſider the Rothla in Motion its a&ive 
Farce then (called the Vis viva) will be as the innate Force mul - 
tiplied by the Velocity of the Center of Force, But this Center 
of Force, in the Sector of a Circle is diſtant from the Center of the 
Circle, 2 of the Radius (1098,) it is therefore the ſame in the Cir- 
cular Area, or Rotula; therefore if the Velocity of a Point in the 
- Circumference be ſuch as is acquired by the Deſcent of a 
heavy Body through the Space 8, which will be equal to 28 
(9933) then 2 Velocity of the Center of Force will be 28 
5 (for 1: 28: :: 28), conſequently the whole Force of the 


moving Retails : gh be 3 Q 282 Q, and therefore the 
Fluxion of its Motion will be 2. . 


3448. But this Fluxion of Motion in the Rotula is the Ef- 
ſect of the Action of the Weight P by Means of the String 
PO upon the Plate OE, Let v = Velocity, (or Space de- 
ſcribed) in an infinitely ſmall Particle of Time by the Weight 
P; then its momentary Force is Pv; and as this produces the 
momentary Motion 3 Qs in the Rotula, it muſt be equal to it, 


chat is, PX Vg QS, andſov= J. 


3449. This is the Caſe of the 12 and its Weight P, at 
the Commencement of an Oſcillation, when the Poſition of the 
Whole is as ſhewn in Fig. 6. Where BDT is the Rotula, 
T A one of the Plates, when the Radius of Curvature B A is 
in a Horizontal Poſition, AP is the perpendicular Direction 

of the Weight P; and let fall C B peryendicular to AB. Then 


let 


er 
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let the Rotula by the Action of the Power P move in the firſt 
Moment with the angular Motion T Ct, and then will fa be 
the Part of the Plate on which the Power acts, and Ba the 
horizontal Radius of Curvature; the Line of Direction is now 
ap, and the Power P has moved from P to p, through the Per- 
pendicular Space P q v. 

3450. On the Center C with the Radius Ca deſcribe the 
ſmall Arch à d, and draw Ca, Cd; then is Ad = Pg; and 
the right-angled Triangles Aadand BaC are ſimilar; there- 


fore Ad: Aa:: Ba: BC; hence a Rn: 
©. - 
But Aa — Tf, whence 2 . 328898 I ( 3448;) 


therefore2PxBaxTt=BCXQ x5$5= 3 | 


x $ 2P x BT 
BT) SEFNDET XxX I 4 Therefore r = Tx BE: 
3451. But Tt is the Space 3 by the Point T in the 


firſt Particle of Time, * is therefore as the inceptive Velo- 


city v; conſequently = —— Is as 75 but 7 r, the Fluxion 
of the Time of an Oita, ſince in all Caſes of deſcending 


Bodies, we have © : = T (991.) 


3452. Having 1 determined the Fluxion of the Time of 
Oſcillation in the Rotula, we ſhall readily diſcover the Fluent, 
or Time itſelf, by comparing ſuch an Ofcillation with a Syn- 
chronal Vibration in the Cyclaid. Thus (Fig. 7.) let AN be the 


Semi- cycloid juſt equal to the Semi- arch of Oſcillation B T, 


and therein take Nn = Tf and through N, u, draw PN, 
pn, perpendicular to the Axis of the Cycloid, and let AO "4 
the Length of the Pendulum deſcribing the ſame by Evolution 
from the Cyclo:dal Cheeks, as taught (1120.) 

3453. Then from (n) draw nt 1 to PN, and the 


Fluxion of the Time of a Vibration will be as _ 2 3451,) which 


therefore muſt be equal to the Fluxion of the Time of the Oſcil- 
/ tn 2PÞP x BT 
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66% AN , 
of the Cycloid (1117 to 1126,) we have N * 80 theres 


fore becauſe AN = BT, it is 5 - = EF (3450) 


which gives Q x BC=2P N Frag and therefore this Analo- 
gyQ:2P::AO:BC; that is, The Wright of the Rotula is ty 
' zwwice- the Weight P, as the Length of a Pendulum vibrating in a 
given Time, 1s to the De of the Rotula, which ſhall oſcillate in 
the ſame time. 

3454. For Example, ſuppoſe ; it be required to find the Radius 
B C of the Rotula that ſhall oſcillate preciſely in a Second of 
Time. Then A O = 392 Tenths of an Inch; and ſuppoſe 

2P * AO 8 
Q: P:: 100: 1, then BC é T = i = 7,84 
Tenths of an Inch. Or the Diameter 2 BC = 1,568 or a lit- 
tle more than 12 Inch. 

3455+ It was neceſſary to ſuppoſe the Weight P very ſmall 

in Compariſon of the Weight Q of the Wheel or Retula, that 
its own Vis Inertiæ might be inconſiderable ; for where that to 
be taken into the Account, it muſt be deducted from the Force 
which we have all along appropriated to move the Rotula ; and 
this would embarraſs the Theory, or leave the praftical Ex- 
ecution of it imperfect. 
3456. Another Caution neceſſary in a Regulator of this Na- 
ture, is, that the Direction of the String below the Cheeks be al- 
ways perpendicular, or that the Weight P has not the leaſt 
oſcillatory Motion in itſelf, as it would make a Difference in its 
Force upon the Rotula, and induce an Irregularity in its Mo- 
tion, and Time of its Oſcillations. A principal Thing to pre- 
vent this is to have the String of a conſiderable Length below 
the Plates that the Radius B C of the Wheel may bear but 2 
ſmall Proportion to it. 

3457. But as a long String will be inconſiſtent with the 
Deſign of a Clock in a portable Form, there is another Remedy 
for both the forementioned Evils, and which will at the ſame 
Time be a great Improvement upon SULLY's Invention. This 
conliſts in adding a very large Wheel or Rotula AD G [Fig. 8.] 
to Sulh's ſmall Retwa BHI; and then as a much g:c2ter Force 
will be required to move the compound Ratula, ſo mere will be 


a greatcr 
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a greater Diſparity between its Weight and that of P, and A 
much leſs Motion of the String BP becauſe of the very low Mo- 
tion of the Rotula thus chat 

3458. That the Reaſon of this may better appear, let TCT 
(Fig. 5.) be the fluxionary Sector of the Rotula, and Tt = & 


the Fluxion of the Periphery, then the Area of the ſaid Sector 


will be CT Xx x, the Diſtance of the Center of Gravity 
CT, and that of Oſcillation 4 CT; then (putting CT =) 
we have its Force to reſiſt circular Motion ( 3287) thus ex- 
preſſed, Qn AAN AXA — = fr. Hence the 
jo of the whole Retula will be 2 r* K. «Pp it is 1: C:: 7 

Radius: Circumference; therefore 2 Cx, and ſo 
te F orce of any Wheel or Retula, will be = £ 7+ C, or as the 
4th Power of the Radius. 


3459. Therefore if Rr Radius of the large additional Ro- 


tula, the Force of the Whole will be increafed in Proportion to 
R', that is, the Length of the Synchronal Pendulith _ ot as 


x BC R 
10 — = A0 * R (34530), 


3460. Since the Time of a Vibration of the Pont AO 
is 1, we ſhall have the Time T of a Vibration in the Pendu- 


lum AO „ R“, thus 1*; T.:: AO: AOXR®:: 1: R=, 


therefore T* = R, and T R“. So that if F'= 2, R 
NV. t T=, RS VI f TV R= II 5 


on. Whence it appears how very flow the Retula will move 


when thus enlarged, and how little the Spring BP will on that 


Account be liable to be put out of a vertical Poſition, 


3461. Such is the TRHEORY and ConsTRUcTION of the 
Automaton Sullianum with its improved Rotula; and beſides this 


Kind of Regulation, which' is entirely new and peculiar to this 


Piece of Clock. work, there is one Property of it which no other 


Time-Piece has, and that is, the flow Motion of the Rotula, 


by which the Time of the Oſcillations become very long, and 
conſequently by that Means more equable ; which induced Mr, 
 EuLER® to think a Time. Piece conſtructed in this Manner 
Vor. Il. Mmm 8 might | 


For referring to this improvement of an additional Gs Rotula, 


he ſays, — Et tandem alium evolvam Caſum, qui non contemmendum in 
Re NauTICA g mibi preftare videtur, 
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might be of Service at Sea in finding the Difference of Timę or 
Longitude, beyond any other Sort of Clc#-work yet attempted. 


- - * | 58 #0 = * ä Rare" "WY iz gr +» wn rs foo % 7 


The CONSTRUCTION of an ANGULAR PENDULUM, 


of a general NATURE, and adapted to a Planetary 
TiMEe-Pixce, which, in the ſame LENGTH, ſhall 
vibrate in any given TIME; 


3462. HERE has been, as yet, no other Sort of Pen- 
dulum in Uſe, but ſuch whoſe Time of Vibration 
depends pon its Length only; for this is the Caſe of the Circular, as 
well as the Cycloidal Pendulum. However the Phyſical Theory 
leaves us not deſtitute of a Method of regulating Clock-work, 
by,a Pendulum, which ſhall in any 2 Length vibrate in am 
Time required. | 
3463. To demonſtrate this we need 2 conſider the Nature 
of a common Pendulum of the moſt ſimple Form, viz. that of 
an uniform Rod or Parallelagram whoſe Length br = 4. 
and Weight = w; then the Force of the Rod is 5 4 w= w 
X 24 X 54. ( 3286.) Now if the Pendulum be transformed, or 
divided into two equal Parts, and both theſe Parts move or ofcil- 
late about the ſame Center as before, then if thoſe Parts be ſe- 
parated from each other to an equal Diſtance from the Vertical 
Line, the Center of Gravity (which we will now called x) will 
approach nearer to the Point of Suſpenſion, and the Center of 
Oſcillation (n) will recede farther from it in the ſame Propor- 


— 


tion, for it will always be - a® XL n; and fo xn = 
* 1 * 


4 a, a given Quantity. Therefore (n) will be inyerſely 
as (x). 

3464. Therefore alſo the Time of a Vibration will be greater 
in the ſame Pendulum of two Parts, as thoſe Parts contain a 
greater Angle with each other; or ſtrictly ſpeaking, the Time 
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; of Vibration will be in the inverſe duplicate Ratio of the Co- 
Sine of half that Angle. 

3465. To illuſtrate this by an Example; let A C B (Fig. g.) 

1 be a common Joint-Rule, whoſe two Parts AC D and BCD 


are cloſe together; through the Center C of the Joint, let a 
{mall Hole be drilled; and the Rule ſuſpended thereby on a po- 
liſhed Pin or Wire, to vibrate freely. Let AC = a, the Diſ- 
tance of the Center of Gm CG —24; and that of the 


? Center of Oſcillation CN = 2 a. Alſo let the Weight of the 
} whole Ruler be = w. Then (as was ſaid) the Length of an 
l iſochronal ſimple Pendulum will be Z 1 = n 2 44. (1095.) 


3466. But now let the Ruler be opened, or the two Legs 

AC and BC removed from the Petpendicular C D to an equal 

- Diſtance on each Side, viz. to HC and IC; and let CK = 
n CL (= AC) = CG; and on the Center C deſcribe the 
5 Arch K GL; and draw K L cutting the vertical C D in O. 
y Then is the Point O the new Center of Gravity in the Rule 
3 
} 


thus opened; and CO = x; and the new Diſtance of the Cen- 


ter of Oſcillation will be 12 = 1— 2 1. 


x w 
e 3467. Examples will make this Doctrine plain; ſuppoſe it 
f required to open the Legs of the Ruler to ſuch an Angle that 
| the Time of a Vibration ſhall be juſt equal to that of a ſimple 
0 Pendulum whoſe Length is equal to that of the Rule C D; in 
r this Caſe we have n = a, therefore x A = CO; which 
- _ give this Analogy, as CO: CK (:: 44: a):: 10: 
* : Radius: Secant of 48˙ 127 = H CD, half the Angle ECT, 
l as required, 
I 3468. For a ſecond Example, ſuppoſe CN = 9,8 Inches 
f or CD = 14,7 ; then will the Ruler cloſed vibrate Half: Seconds 
* BM preciſely; let it now be required to find what Angle it muſt be 
4 opened to, that each Vibration may be performed in One Second? 
In this Caſe it is evident = = 39,2 Inches. Conſequently 
J 14˙ = 39,2 x3 therefore a* = 117,6 x, conſequently 115,6 


14,7 :: 14,7: 1,837 —- £-- ien C0) CK :: 1,837 

7 7,35 ©: Radius: Secant of 75 32 = HCD, half the Angle 
required, $ 

M m m 2 3469. When 
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3469. When x o, the Diſtance of the Point N becany 
infinite, and the Time of Vibration alſo; that is, the two Legs 
CH and CI are then in a Right Line, and at &. But this 
Form of a Parallelogram angular Pendulum will meet with too 
much Reſiſtance from the lie; and beſides, is a third Part 
longer than neceſlary; therefore that ſuch a Pendulum ma 
have all Advantages it muſt be in the common Form of a Rod 
and Ball at the End. 

3470. The Red and Bob of this new Pendulum muſt there- 


fore be double. The Bob may conſiſt of two Hemiſpheres or 


two Plano- convex Lenſes, put together by their plain Sides, ſo 
as to make a compleat Sphere, or elſe a double and equally 
Convex Lens. Let AB, AC, (Fig. 10.) be the two Parts of 
| ſuch an angular Pendulum ſuſpended on the Point A, and open- 
ed to the Angle BAC, exactly biſected by the vertical Line 
AD. But when the two Parts are cloſed, they make the ſim. 
ple Pendulum A E. And here let the Weight of the Rod AE 
(= Weight of AB + AC) = 65, and the Weight of the 
Bob = c. 

3471. Then when the Pendulum 1s opened to the Angle 
BAC, the Center of Gravity is raiſed from a Point near E to 
O, in the vertical AD, as appears by drawing the Line BC; 
then the Center of Oſcillation (n) is removed to a greater Dit 
tance in Proportion; for putting AE (= AB) = a, and AQ 
44a 0X e 


= n (10 whence —. x9 +c 
x Xe 942) e 


= x; we have 


X aa = x7 

3472. Put BO = y, thena* = (AB* =) K + *, and ſo 
xXb +c 
b + c 
x* + * as xn; conſequently y* = xn — x* which is an Equa- 
tion to a Circle (819,) and ſhews the Locus of the Bob B is the 
Periphery of a Circle whoſe Diameter is » = AD the Length of 

a Pendulum 1iſochronal to the angular Pendulum BAC. 
3473. Hence alſo it appears that the whole Circle AB DC, 
(ſuppoſed heavy) or any Part BAC (the Points B, C, being 
equidiſtant from A), will vibrate in the fame Time with a Pen- 
dulum 122 to the Dame AD. All which Hugenius has 
| demon- 


Xx* + * = xn; therefore it will be every where 
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demonſtrated from far different Principles, which he himſelf un- 
derſtood very well. 

3474. Now it is manifeſt the Time of Vibration in this an- 
gular Pendulum may be altered at Pleaſure, and be made greater 
or leſs as occaſion requires; and conſequently, that it is capable 
of being adapted to meaſure Time univerſally in a Clock from 
the Sidereal (or ſhorteſt) Day, to the longeſt Lunar One, and 
thereby to anſwer the ſame Purpoſes as the univerſal Pendulum 
before deſcribed in Chap. X. and XI. 

3475. In order to this, we are to conſider the Value of 4. 


2ac 44 (302 
FO oy 7) 


when the Pendulum is cloſed in AE, is 


4 5 
but it is always equal to — X 4 2 (3471, ) therefore 


n XA 
. +. Ka Es 2ac + ab 
nN hb + c 2 X c + : + b 
n::c+£b:c+ 36. Alſo by the firſt Equation it is 
2: g : 41:4 1b; the ſame Analogies as before in 
(3029.) | 
3476. Let t = Time of the Pendulum's Vibration when 
accommodated to the Sidereal Day of 14367; and T = Time 
of its Vibration when adapted to the Solar Day of 1440 (3 313.) 
T* 
„1*˖ 1 — = N, = the Length of the iſo- 


chronal Pendulum for the Solar Day. 


3477. Let p = — ; then pa* = N x; therfore 2 


* 


, Which will give this Analogy 


—N = Ly therefore {pa* = I *x ; but we have g:x:: Radius 


: Co-Sine of the Angle BAO :: : c; hens 2 < =; I 


7 
tat „ | pet 
I; therefore gCT* rt; conſequently 1 C, 


the Radius (r) being Ox, Hence fince 7, p, a, g are 


I 
Fx» or the Co- Sine of the Au- 


gle BA O as the Square of the Time of Vibration inverſely. 
3478. If 


given Quantities, we have C 2s 


— — — — — ma — 
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3478. If we make : c:: 1: 10 then we ſhall have « + . 


0 1 25:14: 1436: 1463, 4 = a (3313) = Length of 
the Rod A E, when the Pendulum is cloſed; and the Length as 


well as Time of Vibration of an iſochronal Pendulum are both 
repreſented by (f) for the Caſe of the Sidereal Day; and T is 
= 1440. 
3479. Again, ſince in that Caſe, c +b:c+76b::a:g 
(2475) :: 1463,4 : 1397 = g. Whence we have == = C 
42 T | 

= 83? 58” = AB O, whoſe Complement BAO = 69 oz; 
therefore BAC = 125 O47, the Angle to which the Sidereal 
Pendulum muſt be opened to vibrate Solar Time, for Uſe in com- 
mon Clocks. | | 

3480. Let the Time of Vibration of the Pendulum for the 


longeſt Lunar Day be T = 1500; then the Angle to which the 


Pendulum muſt be opened will be C = Lib = 00" 255, 
whoſe Complement is 23* 357; the double of which is 47 10 
— BAC, the Angle to which the Pendulum muſt be opened 
for the longeſi Lunar Day. 

3481. By the ſame Theorem, putting T = to any Number 
of Minutes in the Day propoſed for a given Planet (3323,) you 
find the Angle to which the Pendulum muſt be opened to vibrate 
true Time for that Planetary Day. But to ſave the Reader 
Trouble, I have here ſubjoined a Table by which the Planetary 


end Lunar Scales may be added to a Pendulum of this new Form, 


4 . a 7 0 Fl 
1436 — 0 © „ — 13 $ 
14305 —— 131 1460 — 14 40 
14363 — 2 8 1465 —— 16 5 
Hot — 237 1470 — 17 24 
1437 — 3 3 $975. — 1 .; 
1438 — 4 17 14860 — 19 42 

1439 — 5 $4 14885 — 20 45 
1440 — 6 2 1490 — 21 45 
—— 2. 1495 — 22 41 
1459 — 11 15 1500 — 23 35 


3482, Ac- 
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3482. According to this Table the Arch of a Circle may be 
divided into Degrees on one Part, to 23* 35” on each Side the 
Vertical Line; and then into 64” of Time on another Part, 
contiguous to the Degrees; by which a proper Scale will be 
conſtructed for the Pendulum which may thereby be adjuſted 
to the Time or Length of any given Planetary Day. 

3483. It muſt be left to the Ingenuity of the Clock-maker 
to contrive its Application in the beſt Manner, and to deter- 
mine the Length of the Pendulum, which is done by taking the 
Length in Tenths of an Inch proportional to the Numbers before 
made uſe of for the Lengths of ſimple and compound Pendu- 
jums. Thus the Length of 4 Second Pendulums being 98, 
you ſay, as 1444: 1463,4 :: 98: 99,32 = « = AB, in Tenths 
of an Inch; the Length AB is therefore 9,23; Inches. 

3484. Hence it appears how well adapted this Angular Pen- 
dulum is for meaſuring Planetary Days ; and perhaps it may be 
found in ſome Reſpects more uſeful for that Purpoſe, than 
that we have formerly deſcribed ( Chap. XI.) However, this has 
a Property which that had not, viz. of having the Time of a Vi- 
bration protracted or augmented to what Degree you pleaſe. For 
Example; ſuppoſe the above Pendulum A B were required to vi- 
brate Seconds exactly. Then T ;: 1: 2; and T* : 72 2: 


1: 43 therefore = = C (3480,) the Co-fine of the Angle 


BAO = 76 54 in this Caſe; in that of the uniform Rod or 
Ruler it was 75* 32/. (3468.) 


C HAP. XIX. 


The THEORY of ſeveral new Eliptical and Horizontal 
PENDULUMS of different FoRMs, which ſhall vi- 
brate in any given TIME. 


3485. 1 the Methods laid down for conſtruQing A 


Univerſal or Planetary Pendulum, there is yet ano- 
ther, which as it contains ſome other Properties very ſingular 
and 
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and curious, I imagine the ſpeculative as well as the practical 
Horologi n will be pleaſed with the following Account of it. 

3486. Suppoſe AB an inflexible Line (without Weight;)# 
and in any Point taken therein, as L, let it be propoſed to af. 
fix thereto at right Angles, a heavy Rod or Bar FLG, bi- 
ſected in L, which being moved (in latus) ſideways, ſhall of 
cillate in the fame Tine with the ſimple Pendulum A B, the 


Point A being the Point of Suſpenſion to both. Let m be the 


generating Point by which the Rod is deſcribed ; and join Am, 
Put AL = x, Lm=y, Am =4, and AB An. 

3487. Then dd = x* + * ; and d 5 = x*5 + * = the 
Fluxion 5 of the Particles in the Rod FG multiplied by t the 
Squaxe of its Diſtance ; the Fluent whereof is & Y + 2 u 
which therefore is as the Sum of all the Particles, each multi- 
plied by the Square of its Diſtance from the Point of Suſpen- 
ſion A; the beaker, op of the Rod is as its Length, or half a 


Length, Viz. as (y;) therefore 2 25 4a 7:5: x" + 7) 
| * 
= AB. (1094. 


3488. Hence we have x* + 7 * = nx; and therefore 1959 
= 2x -. Now this . is evidently that of an El- 
LrrsIs (767), ) as that of the Angular Pendulum was an Equa- 
tion to a Circle (3472.) Whende it appears the two Extremes 
F and G of the Rod are in the Perimeter of an Ellipfes. 

3489. Fo determine the Species of this Ellipſis, in the 
Equation y* = 3nx— 3x*%, let x = AC = zu, the Semi- 
Conjugate Diameter, and then y = CE = Za, the Semi- 
Tranfverſe, which Values ſubſtituted for x and y in the Equa- 
tion give 3u* = a*, whence a* : *:: 3: If: 4: Pp Parame- 
ter of the Ellipſis (764 Y Therefore p=15\a = 3= DE, 
and n = 3 3 = AB; by which the Ellipfis is truly limited 
or ſpecified. : 

3490. It may be proper here to obſerve to the young Reader 
that there is a Diſtinction made (by Mathematicians) of Analytic 
Problems, viz. into Plane and folid Problems. They call that a 
Plane Problem when the Quantities in the Equation are but of 
tus Dimenſions ( (as a Plane has only Length and Breadth ;) thus 

the 


+ * See Fig. 1 1. in the Plate entituled, New PexDULUMs of different 
Kixps. 
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the Equation * An - , is a Plane one, becauſe y* + x* 
= u = Rectangle of two Dimenſions, n and x. But the 
Eq uation we have juſt now found yy = 3nx — 3* (or * ＋ 
33 32 (2488, ) has three Dimenſions, (viz. 3, n,.x;) 
and is therefore a ſolid Problem, as a Solid has Length, Breadth, 
and Thickneſs. 

3491. The Plane Problem, we obſerved (3473) makes the 
ro Circle, or any two Points or Parts of it equidiſtant from 

A (Fig. 11.) iſochronal Pendulums. But the preſent ſelid Pro- 
zem, ſhews that any Line terminated by the Ellipſes at Right 
Angles to the Conjugate A B, and conſequently that the Plane 
of the Ellipſis itſelf, or any Part of it between one or two right 
Lines, (normal to the conjugate Axis A B) will all perform 
their Oſcillations i in equal Tine. 

3492. Now this Form of a Pendulum is very well ſuited for 
mort Vibrations, and may therefore be applied to Clocks of a 
portable « or Table Form; and in a Size as ſmall as you pleaſe. For 
there are thtee different Sorts of Pendulum that you may make 
out of this Elliptic Plane. 

3493. The Firſt is a Pendulum A MN with horizontal 
Length only, oſcillating on the Point A; and which therefore 
has this peculiar Excellence, that its Vibrations are not liable 
to be diſturbed by either the different Force of Gravity in different 
Regions of the Earth, or by different Degrees of Heat and Cold, 
as thoſe of all long Pendulums are. Conſequently this Pendu- 
lum does not ſtand in Need of that conſtant Correction neceſſary 
in all that have vertical Length. It is alſo on this Account bet- 
ter adapted to Sea-uſe; and is much leſs liable to be agitated or 
put out of Order than lotig Pendulums by the Motion and Toſ- 
ſings of the Ship. 

3494. The Second Pendulum which this elliptic Plane affords, 


has the Length of the Conjugate A B, and a Bob OPB, which 


is a Segment of the Plane on its loweſt Part. This Bob has two 
Peculiarities, viz. (1) it has properly no Center of Magnitude 
or Oſcillation which the Clock-maker has any Need to concern 
himſelf about, as in common Bobs (3292 to 3296. ) Then (2) 
it has a Form extremely well ſuited to avoid the Reſiſtance of 
the Air, as is evident by Inſpection. On both theſe Accounts 

Vol. II. | Nan | this 
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this Pendulum (which is both vertical and horizontal) may claim 
Preference of all ſimple Pendulums of the ſame Length A B. 

3495. The Third Pendulum derived ſrom the Elliphis is one of 
the univerſal Kind, or that may be adapted to a Clock for ſhew- 
ing Planetary Time. For this Purpoſe we are to take the longeſt 
Line or Tranſverſe Diameter D E of the Ellipſis. For it is evi- 
dent from the Equation (2487, ) that while A C = x continues 
the ſame, the Length of an ilochronal Pendulum (n) will en- 
creaſe with an Increaſe of CE = y; for Example, if AB = 98 
Tenths of an Inch, (to ſwing : Seconds,) then C E — 4% 
and AC = 49. for Solar Time; but if it be required to ſhew 
the Time ſor the longeſt Lunar Day, the Time of Vibration 
muſt be increaſed in che Ratio of 1440 to 1500 (3323, ) and 
conſequently the Lengths of the iſochronal Pendulums in the 
duplicate Ratio thereof, or as 1440* to 1500?, as fhewn (1116,) 
this will give AB = 106 = u, for the ſaid Lunar N when 
we get y =<CQ = 91; then CQ - CES EQS 6, 32 
the Length of the Part to be added at each End to accommodate 
the Peaddlum for the Extent of the Lunar Scale. And thus 
may the Increaſe of Length be found for Mercury, Foug, 
Mars, &c. 

3496. I have already obſerved, that a Fourth Sort of Pendulum 
reſulting from this Elliptic Equation is the Plane AE BD of 
the Ellipfis itſelf ; nicely ſuſpended on the Point A; for then 
vibrating Sideways from C towards D and E, it will be perfect. 
ly iſochronal to the ſimple Pendulum, whoſe Length is AB. 
And thus much, at preſent, may ſuffice for the Theory of Ellipti- 
cal and Horizontal Pendulunis, of which we ſhall make ſome fur- 
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.. CHAP. XX. 


The THEORY and CONSTRUCTION of different. Sorts 
_ of UNIroRM PENDULUMS, which, in 4 given 
LENGTH, ſhall vibrate in any given TIE; with 


feveral curious Particulars relative to Cx.0Ck- 

WoRK, regulated by ſuch Pendulums. 

3407 M* GRAHAM (ever memo able for his ſingular 

Skill and Execution in Clock and IVatch Mort) hav- 
ing tried many Experiments with different Sorts of Metals 
combined in the Rod of a Pendulum to correct their Irregula- 
rities by their different Expanſion or Contraction with Heat and 
Cold, found them all to little or no Purpoſe ; he thought of 
another Method of effecting the fame, which was by Means of 
a Pendulum conſiſting of one Part ſolid and the other Fluid, 
viz. a Glaſs Tube filled with Puickfulver. 

3498. This Mercurial Pendulum, tis eaſy to underſtand, 
would have its Dimenſions encreafed or contracted each Way 
from the Center of Oſcillation by Heat and Cold; for the Tube, 
as a Sold, would encreaſe a little downwards, and the Mercury, 
being 4 Fluid, would have its Column enereaſed upwards from 
the ſame Cauſe; and therefore the Center of Gravity in one 
being carried down, and in the other raiſed upward:, tis plain, 
i theſe Increments different Ways of the folid and fluid Parts 
could be nicely proportioned as they ought, the Center vi Of 
eillation, would not be in the leaſt affected thereby, but would 
donſtantly be at the ſame Diſtance from the Point of Suſpenſion, 
and the Pendulum vibrate, of courſe, in equal Time. 

3499. Accordingly he conſtructed a Pendulum of this Sort, 
and after-many Trials, ſucceeded ſo well, that when he Com: 
pared one with a Clock which he kept for a Standard or Reruicter 

(whoſe Weight of Pendulum was 6ot6) and which he obierved 
1 Nnn 2 altered 
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altered not more than 12 or 14 in 24 Hours between Winty 

and Summer, he ſound by 3 Years and 4 Months conſtant Ob- 
ſervation, that the Irregularity of the Clock with the Duickfbver 
Pendulum, did not, when greateſt 1 exceed a bth Part of that of 


the other Clock, and for the mo Part of Fe Time it did not 

exceed an 8th or gth Part. In this Clock, the Tube was Brass 

and varniſhed on the Inſide. 

3500. But as a Pendulum of this Form, to beat 3 
muſt be near 5 F. eet long, it will be worth while here to ſhew 

how. any uniform Solid Pendulum may be conſtructed, that, in 

a given Length, ſhall vibrate in a given Time; eſpecially as many 


Curious Particulars will reſult from the Demonſtration of the 


Theory, and ſuch as we think not a little intereſting in a Trea- 
tie of Clock-work, 


3501. Let CDEH (Fig. 2.) be a Reclangle ſuſpended on 
the Point B by a Thread A B, in its middle Point A; produce 
BA to F; and drawing OLM parallel to CD; put A B = a, 
AL =», LM = y, and BM = d. Then, ſuppoſing the 
ReQangle DH to vibrate (in latus, or) Sideways about the 


Axis PQ the Force of all the Particles in the Line L M will 


be a + x K + 35 (3487) = n+ 2083 + fg + 75 
which multiplied by x gives a* y # + e + zx* ＋ *, 
whoſe Fluent a* y x + ax*y +333 + 35" x is the Force of 
the Rectangle C M, or of the Rectangle C E, wben æ or AL 
becomes AF. 

3502. Then let G be the Center of Gravity in the Rectangle, 


ä 3nd 4 becauſe 0 the Fluxion of the Weight xy multiplied by the 


Diſtance @ @ +3 x isazy + yx#, the fluxionary Moment of the 
Rectangle, therefore the . itſelf will be the Fluent 


42 * 1 25 Conſequently - — S 4 . 


1b azz + 290 
* 2 
eee 2 = Bn, the Diſtance of the Center 


f Oſcillation from the Point of Suſpenſion B, when * = 

AF. 

; 3503. Let ark þ or let the Rectangle be ſpeed in its 
: ahi " Vertes 


W f 


BE, 
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Vertex A, then will the Diſtance of the Center of Oſcillation 


2 122 
AN = 42 E =4x£ 42 = 3x + 32 andwhen 
z 


the Breadrh of the Rectangle is infinitely ſmall, ory = 0. it 


becomes a Right Line A F, and then 4 a —=2x 


before ſhewn (1129.) | 
3504. If the Point of Suſpenſion B be within the Reay ngle 

then AB = a, will be negative, but a* will be polite; and 

the Diſtance of the Center of Oſcillation will be * 

(AA. 2. . 4 

; Ix — 4 


3505. If 2y = x, then the Rectangle becomes a Square ; and 
WY 
the Equation for the Center 27 Ofcillation becomes 7 =8: 


and if a = ©, or the 2285 be ſuſpended in the vertical Point A, 


z 


* 
the Theorem is — — = + Diſtance of the Center of Oſ- 


z | 
cillation in the Line A * „from the Point A. 


3506. If we ſuppoſe æ leſs than 25, then is the Rectan gle to 
be conſidered as a Horizontal one; but the ſame — 
(3504) gives the Diſtance of the Center of Oſcillation i in the 
Line AF, continued out, if required. 


3507. If x = o, this Rectangle then becomes an borizontal 


Line CD = 2); and the Equation (3502) becomes - 2 . 


the ſame Expreſfion as was found for the Center of Oſcillation 
in ſuch a Line before. ( 3488. ) 

| 3508, Let us now ſuppoſe the Plane CDE H (Fig. 3.) to 
move parallel to itſelf in the DireQion of the Line IK, and 
thereby generate the Solid or Parallelopiped C Sin flowing from 
A to K, or the Solid CT in moving from A to I. Put AI, or 
AK, = 2; then the Force of the Rectangle or Plane CE, 
which is a ax3y+3x*y + 3y* x (3501) being multiplied 
dy z, will be the Fluxion of the Force of the Solid, viz." a * 
+ 55 T TINA. And a f 2 2 is 
the Fluxion of the Aamentum thereof therefore the 7 Fident of 
* former divided by erden, „„ „eren 
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a* nf bo * a * 2 + 4 +.2 2 * a*+ax+ 4435 
ET. 1x 
the Diſtance of the Center of Oſcillation from the Point B, and 
is the very ſame as was found for the Rectangle or Plane 
CE (3302 

3509. From all which it is evident that the Center of Oſcilla- 
tion is not affected by the Thickre/s of the Parallellopiped, but 
only by its Length AF = x, and Breath CD = 23; alſa, 


that the Increaſe of its Diſtance from the Point of Suſpenſion is 
always as 2 Z, or 5 of a Third Proportional to its Length and half 
 Breedih(2 503.) Therefore in an - Plane, when y = x, 
| we have its Diſtance =} x +3 — = 4x, or + x below the 


Plane in the Line A F . 1 
35 10. If z = o, and y = o, the Solid degenerates into a 
Line or Rod A F, ſuſpended by a String (without Weight) AB 
Sa; and _ the Diſtance of the Center of Oſcillation will 
be * 4 +4 1 — (3502. ) 

3511. When the Rod AF is ſuſpended zt one End A, then 
the Diſtances of this Point A and the Center of Oſcillation N 
from the Center of Gravity G, we called g and d (3288.) And 
if the ſaid Rod be ſuſpended from the Point B by the inflexible 
Line A B, put the Diſtance B G = G and. the Diſlancs Gn = 


Di cen i GD = 24 in all Caſes. For 1.2 f. 
a T TK 


2 Bn = = M. Therefore, 1 T r GN; and 
42 L . 8 


— 8 + 22 9 


IG: G =D; whence 


G N— GG = GD, but GN—G = r AY Xx 4222 
gd; therefore GD = gd; and conſequently G: g:: d: D. 
3512. Aſter the ſame Manner it is proved for the Parallello- 


gram CE; and all other vibrating Bodies, that the Diſtances of 


the Pants 0 of Suſpcfon and of the Centers of Qſcillation from the Cen- 
ier of Gravity are in an prverſe Ratio, and are therefore, mutually 
interchangeable, or convertible into each other, Thus for Example, 
if 


A 


1e . *1-3 


2 1 
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* the Rectangle C E was to be ſuſpended upon the Point N 
(which is the Center of Oſcillation when ſuſpended at A) then 
the Plane will be inverted, and the Center of Ofcillation will 
be in the End or loweſt Point A of the middle vertical Line. 
3513. Or thus; Let O be the Center of Oſcillation in the 
Plane or uniform Pendulum CE; then AO = 2 AF, when 
the Point of Suſpenſion is in the Vertex A. Then let the Pen- 
dulum be ſuſpended on the Point B, fo that ABS IAF 
(Fig. 4-) then will the Center of Ofcillation be removed from 


O to the End or Point F in N, and the Diſtance B N being 


equal to AO, the Time of Vibration on the Centers A wy B 
vil be the ſame. 

3514. If the Point of Suſpenſion be taken nearer to the Cen- 
ter of Gravity G, the Center of Oſcillation will go out of the 
Plane to ſome diſtant Point in the Right Line AF produced. 
Thus if () be the Point of Suſpenſion, B will be the Center 
of Oſcillation. And if Gh = Gin (in Fig. 2.) then will GB 
here be equal to G B there (according to 3511, 3512.) As 
it will ever be AG x GN = BG x Gn=GhxGB, 
and ſo on. | FA 
AG x GN 

G 


GB, the Numerator is conſtant, we that have G B as ei 


and therefore G B will be infinite, when G h = o, or when the 
Plane is ſuſpended on the Center of Gravity G. Conſequently, 
in any given uniform Pendulum CE a Point of Suſpenſion (B may 
be found or aſſigned between B and G, ſuch that the Time of Vibra- 
tion ſhall be equal to that of a common Pendulum of any given Length 
nt leſs than the Minimum of this Sort. 

3516. As the Time of a Vibration in a Pendulum of this 
Form, is, when a Maximum, infinite; it may be proper to de- 
termine its Quantity when a Minimum or the leaſt it can be. To 
this End put BG = x, and Gn = y (Fig. 2.) andx+y =p, 
an iſochronal Pendulum; this, when a Minimum gives & + 3 
= 0; and therefore xy = —y3; but fince xy = a conſtant 
Quantity, (3514,) we have 4 ＋ = 0; and hence xj —y 5 
= ©, and ſo we find x = yor BG = Gn, when the Vibra- 
tion is of the leaſt Time poſſible, 


3515. Hence it is evident, fince in the Fraction 


3517. But 
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351%. Bur i it is always xy = = dg (351 I,) and thereforein chi 


| Caſe « - == STATE TERS (3287,) therefore x +j =p 
— 24 2 24/55 putting = S = AF = 1; that is, the 
whole Length A F is to the Length of tlie ſhotteft TT 
(p)'as i, to 0,577: 

3518. That this Form of a Pendülü may be adapted to ge. 
geral Ute, or to meaſure any Time from the Sidereal to the Lu- 
tar Day, in a given Length thereof 8, 1 . 

3 8 8 — 7 — 
= þ, the Length of an iſochronous Pendulum proper for the 
Time of the given Day (3504.) (HereS= += AF the Length; 
and W = y = 3 CD; half the Breadth of the given Pendu- 
lum.) Then * = 28 + 48+ 3 W. AS —@p; and 
& —aS+ap = 3p$— 38* — 4 W. = =; and putting p — 
S ='t, we have d 1 = 5; and ee ta+ if =$+2tt; 


and therefbre a = 4/5 + £ EEE 2 #*; and thus the Diſtance of 
the Point of Suſpenſion from A is found for any Value of ( p) 
from that of a Pendulum of 1436' for a Sidereal, to 1 5000 jor 
_the longeſt Lunar Day (3323.) 

23519. Hence then it appears, (i) That an toe Pendulum 
entirely ſolid, may be made to vibrate in a given Time, (2) 
That it may be of any given Length and Width. (3) That it may 
be adapted to regulate Clocks for meaſuring different Lengths 
of Days. (4) And that the Errors they are ſubject to from 
Hear am Cold, or Difference of Gravity in different Regions of 
the Earth; are very (mall, if not altogether inconſiderable ; as 
the Point of Suſpenſion is here at ſo ſmall a Diftance from the 
Center of Gravity; and the Length of the Pendulum itſelf ſo 
much leſs than an iſochronal One of the common Sort of 58,9 


, 


* * 


* 146 pc _ = 10 
' N by | ; | f H | 
TK * ö 14 # e A P. 
9 0 4 4 1 8 ) 
4 4 % oy 


Th 


. 


Of Crock-Worx. 465 


c HA xXx 


fhe TuxoRY of Rotulary PRNDULUMsS, conſtrued 
in a new METHoD, which, in very ſhort 
LENGTHS, ſhall vibrate in any given TIME. 


3520. WE cannot diſmiſs the Subject of Pendulums, till it 

VV is rendered more compleat by a few Theorems 
and Obſervations which yet remain to be demonſtrated, as up- 
on them, ſome conſiderable Improvements in the Doctrine 
of Pendulums will appear to depend. The great Lengths 
of a Second Pendulum requiring ſo large and cumberſome a 
Clock-caſe has long been an Objection, which the Ratulary 
Pendulum of Mr. SULLY was defigned to remove; but this may 
be done by Methods more facile and natural, as we ſhall now 
proceed to ſhew. 

3521. Though our Methods of ſhortening the Secand Pendu- 
lum will require the Uſe of the Rotula, yet its Application will. 
be to the natural, and not to an artificial Pendulum, as Sulh's 
was. And theſe Methods will admit of as much eaſier Con- 
ſtructions as they are in themſelves more natural and better 
adapted to Uſe, eſpecially at SE a, where Sull's Pendulum will 
be much more affected by the Motion of the Ship, than any of 
theſe, which we have now to propoſe. 

3522. The THEORY on which theſe Methods of reducing 
the Size of Second-pendulum Clocks are founded, are as follow. 
Let it be required to find the Center of Oſcillation of the Periphery 
AD HC of a Circle ſuſpended at B by an inflexible Line BH 
and vibrating (in latus) about an Axis PQ. Suppole C and D 
two Particles or Weights in the Periphery, and draw the Lines 
CB, DB, and the Diameter C D, which continue out to F, 
and let fall the Perpendicular B E upon it; laillys through the 
Center G draw the Vertical BH A. 

3523. Then (putting CG = GD r, GB = a, and 
DE = e, ) we have CB* = CG* + BG* + 2CG-x GE 


(039) n + 4 ＋ 27 xr +6 Alſo we have B D* = 
79 Ih | | OOO i B G 


* 
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BG - GD: 26 DV DE =BG + GD* - 26D 


Xx GES +r*—2r x r + therefore CB + BD* = 
2 a* + 2 of ; or the Sum of the Forces of the two Particles ( C 


and D is a* + r* X 2. Therefore putting P — Feriphery of of 


the Circle, the Force of the whole Periphery will be a* T 
x P. 

3524. In a Circle whoſe Diameter is 1, the Periphery is 
3.14159 = þ; then 1:p::27:27p = P, which ſubſtituted 
for P in the foregoing Expreſſion, gives 2r pa 4- 2p r?, for 
the Force of the Periphery to reſiſt to angular Motion from 
the Diſtance BG. When @ = 7, or the Suſpenſion is at the 
Vertex H, the Force is, as r* X 2p, or as 21 XP. But 
when 4 So, or the Circle is ſuſpended on its Center G, the 
Force thereof is r* Xx 2%, or r* XP. 

3525, The Momentum of the Periphery is 2p; 3 therefore 
EX & * —.— = BN = C, the Diſtance of the 
Center of Oſcillation. When a = r, then 21 =HA =C, 
as we before ſhewed from other Principles. When a = 0, 

a + * 


then 


= C, infinite; or the Circle will in that Caſe be 


at reſt. 

3526, If we conſider the Radius A G as a variable Quan- 
tity then ſince the Force of the Periphery is 2pr a* ＋ 2pr), 
or a*P + P7r*; therefore Pr + Pr*;, or 2prra* ＋ 2þ 
„will be the Fluxion of the Force of the circular Ares 
ACHD (Fig. 6.) The Force then of that Area will be Pra- 
+ P, or pa + 3pri; Wherefore when a = o, or 
the Circular Area or Rotula A DH C moves on the Center of 
Gravity G, the Force is p as we formerly found by ano- 
ther Method. (3458.) 

3527. Then becauſe the Area ACED 1 
therefore apr* will be the Momentum thereof; conſequently 
. — a + — = BN =C, the Diſtance of the 
Center of Oſcillation 1 the Point of Suſpenſion B. 

3528. What we have hitherto ſaid is upon Suppoſition that 
the Rod B G, by which the Circle is ſuſpended is without 

. N | Weight 
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weight; but if its Weight be conſiderable, call it (); then 


its Force will be 34 b (3306.) And the Diſtance of the Cen- 
14 b + 2 a* + 77 


iab + 2a 
. j 
I — 5 — = C. Which Ex- 


preſſion is analogous to that fig the Pendulum formerly de- 
ſcribed (3 306.) | 

3529. We may now proceed to the Application of the 
Wheel or Rotula to the natural Pendulum for reducing Clocks 
to a conciſe and portable Form, and at the ſame Time fo have 
the Advantage of a ſlow Vibration, and, of Courſe, a much 
greater Equability of Motion, than common ſhort Pendulums 
can be expected to have. Firft, Let a WHEEL be made uſe 
of for this End (as in Fig. 7 ;) then if the T hicknels of its Peri- 
meter be inconſiderable, let the Weight thereof be called 
P, and the Radius = R, and we ſhall have its Force as 
RP (3524-) 

3530. Again, the Force of any heavy uniform Rod 8 fi uſpended 
on its Middle Point or Center of Gravity will be as 4, S* (3286.) 
Alſo the Weight of the Rod is as 8, and 42 S = RK, therefore 
the Force of ſuch a Rod or double Radius to refiſt angular 
Motion will be RRS; therefore, if the Weight of all the 
Radii A, D, E, F, Oc. be called W, then their Force will 
be J R RW. 8 

3531. The central circular Part of the Wheel (abcd) may 
be conſidered as a ſmall Rotula whoſe Radius is r, and its Force 
is 2 wr> (3529) putting w = to its Weight: For the J/eight - 
is as the Area, which is 2 TP (3458.) = pr* = w. There- 
fore the Sum of the Forces of all the Parts of the Wheel will 
be R* P + 3 R* W +; wr. \ 

3532. And becauſe the Weight of the Pendulum muſt, in 
this Caſe be conſidered in every Part, and particularly expreſſed, 
we will put the Weight of the circular Area MNO=p= 
þr* (3527.) Whence the Center of Oſcillation of the whole 
Pendulum will be = X . 

ra π 4p 

35 33. Therefore by connecting the Wheel and Pendulum 

Ooo 2 | together, 


ter of Oſcillation will, in this Caſe, be 


— C. And, if r = o, then 
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together, the Center of Oſcillation reſulting from both will be 
RP+3R*W II +idbra*p+ipri 
— — U 
2 4b + ap 

3534. We may hereafter ſee more of the Uſe of the forego- 
ing Theorem in other Parts of Mechanics; but in the Buſineſs 
of Pendulums the Rotula is much preferable to the Wheel and 
the Theorem is more ſimple; for putting the Weight of the 
Rotula = W, and its Radius = R, then its whole Force of 
Inertia will be + WX (3530,) and when the Pendulum is con- 
nected with it in the beſt Manner, its Weight will be inconſide- 
rable, er, b—=0; and the Theorem for the Center of 


Gan e 3 5 Aer _ 6 
3535.7 If we put a* + r = n, we have 2 — + "p 


/ ap 
= C; and therefore eos Coe whence this 


Analogy, p:W:: Rt: aC=— A. 
8 2 
3536. If "we put 2 W Rz* + z pri — 8, we have 5 
= C, therefore S + a*p = apC, therefore apC — 4 p = 


8, and C — 47 = 5. and by complenting the Square, and 


| 8 — 
es the Root, we have a = C "IY +.3C*. 


7. In the ſame Manner may the Angular Pendulum (de- 
ſcribed Chap. XVIII.) be connected with the Rotula, and its 
Time of Vibration thereby prolonged, or its Length very much 
ſhortned for a given ag of Vibration, For 
2 N, R. T4446 + 4 


xb + xc = 7 (3471,) or putting + b + c = 
* 1 RA 2 Tz 
15 and e+b= v; we have — —.— — hal (3477 


Whence 2 2 Te; Xx t TT ETC; there- 


fore er. = — = C = Coſine of the Angle to which 


the Pendulum muſt be alas; that its Vibration. may be as 


the given Time T (3478, 3479.) This Conſtruction. of the 
p 'endulum 2 Rotula is ſhewn F. ig · 8. 


3538, Laſtly, 


8 


— 
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3538. Laſtly, the uniform Pendulum, deſcribed in the laſt 
Chapter, may with Eaſe be adapted to the Rotula (as in Fi ig. 9.) 
and the Theorem (3504) may be accemodated thereto; for 
2yx is as the Area or Weigbt of the Pendulum itſelf, whence, 
putting 2 yX = Wy We have * = 4 x* X 4 7, and putting 1 + 
LIP R* + a* —ax+,$x* 


140 = 5, we ſhall have the Theorem = — * 
7 J — — 


= C, the Length of an iſochronal Pendulum. 


35 39. And thus it appears how eaſy it is for the expert Chck- 
Maker to chuſe what Lengths and Forms of Pendulums he 
pleaſes, to vibrate in a given Time; and by this Means to ren- 
der his Clocks portable and conciſe in any Degree. And fur- 
ther, that by ſuch compendious Conſtructions they are in the 
beſt Manner fitted for Uſe at SEA. 


CHAT x3 


The PRINCIPLES of Celeſtial MECHAnics explained, 
and applied to the Conſtruction of a New He- 
LI0STATA, or Planetary CLock for fixing the 
Rays of LIGHT proceeding from the SUN, Moon, 
and PLANETS, by which thoſe Objects are ren- 
dered apparently at REsT fer Aſtronomical On- 
SERVATIONS. N 

3540. H“ ſhewn the Conſtruction of a Variety of 


Planetary Pendulums, we now proceed to conſider 
the Nature, Form, and Diſpoſition of a PLANETARY CLock, 


that is of a much more general Nature than the Helo/tata of 


$'Graveſand, which | have at large explained in my Philoſophica 
Britannica; for that is wholly confined to the Sun, as its Title 
implies ; and is of a much coarſer, and more cumberſome Con- 
ſtruction, than that we have here to propoſe. 

3541. It mult be confeſſed the Heligſlata has been greatly 
improved by the learned E. G. KRATZENSTEIN in what he 
calls Mechanics Celeſtis Heines Primum, or Firſt Specimen of 


Cele 910 


. „4 Sa 
* 
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Cebftial MECH ANics, in which he has in ſome Meaſure pro- 


vided for viewing the Moon, and Planets as well as the Sun; 
but we can by no Means think the Mechaniſm of his Clock, or 
the Manner of applying it, ſo conciſe and delicate as the Nature 


of the Subject both require and will admit of; this we preſume 
will be readily granted by any one who will pleaſe to compare 
the Account we here give of the Clock of our own Conſtruc- 
tion with that you find of his in the Petropolitan ComenTa-. 


- RIEs, for the Years 1747 and 1748. 


3542. The Rationale he has given of this new Kind of Cel. 
tial M:chaniſm (as he very properly calls it) is exceeding good; 
and 2s it only wants to be a little ſoftened and dilated, to ſuit it 


to an £rgliſh Genius, we ſhall here)undertake that Office, and, 


we hope, to the Satisfaction of the curious Reader. 

3543. The Deſign of ſuch a Celgſtial MAacnine being to ren- 
der the Sun, Moon, and PLAN ETFs, apparently quieſcent, or 
at Reſt to the View, it cannot but be eſteemed the moſt uſeful 
Invention in Mechanics, and beſt adapted for aſtonomical Ob- 
ſervations; where the conſtant. Motion of the celeſtial Bodies 
and the difficult and irkſome Application of long Teleſcopes 
create perpetual Moleſtation to the ingenious Student ; and ge- 
rally, not only diſcqurage, but very often entirely defeat the 
Enterprizes of induſtrious Obſcrvers. 

3544. The firſt Principle of this new Theory of Celeſtial 
MrchANics is that of Catoptrics, where it is ſhewn, that the 
Angles contained by the incident and reflected Ray with the Perpendi- 
cular Plane are always equal to each other (1282.) Hence it will 
follow, that if the incident Ray be conſidered as fixed, and the 
reflecting Plane be moveable, then the reflected Ray will alſo 


be moveable and its angular Motion will be juſt double to that 
of the Plane. 


3545 . For ſuppoſe the Radiant Object at 8, and SD a Ray 


of Light, incident perpendicularly upon a reflecting Plane AB; 
with any Radius CD deſcribe the Circle DI K G to touch the 


Plane in the Point of Incidence D; and let D K be thevertical 


Diameter, and I G the horizontal one, Then it is evident that 
S D will repreſent not only the incident Ray, but alſo the 


reflected Ray as well as the Perpendicular to the Plane, for in 
this Caſe they all coincide, 


3546. Then 


— — — — — * © © ry © 2 


o - CF. CE CO EY Wo 


Of CLock-Worx. 471 

3546. Then ſuppoſe the reflecting Plane A B moveable about 
the fixed Point D by an inflexible ſtrait Wire DL, and that it 
was thus moved about, till it came into the Poſition E F making 
an Angle ADE with its firſt Poſition, of 45*; laſtly, ſuppoſe 
this Motion was produced by an Arm CK moveable on the 
Center C, and having a Fork at the End K to receive the 
Wire DL; then it is plain, (1.) That while the Plane 
is moved from the Situation AB into EF, the Wire DL 
is moved into the Poſition D M interſecting the Circle in 
the Point I, or End of the horizontal Diameter. (2.) The 
Arm CK has moved into the Poſition CI. (3.) That 
becauſe in the Triangle DCI, the Sides DC and CI are 
always equal, therefore the Angles at D and I will be ever 
equal; and conſequently (4.) The Angle K CI will ever be 
equal to 2 CDM, or the angular Motion of the Arm C K is 
twice that of the Wire DL or of the Plane AB. (5. ) That 
the incident Ray S D, the Perpendicular PD, and the reflected 
Ray DO, will ever be reſpectively parallel to the three Sides 
CD, DI, and I C of the Triangle CDI. And that there- 
fore (6.) The angular Motion of the reflected Ray O D will 
be double that of the Plane or Glaſs A B. 

3547. And (vice verſa) the ſame Things are equally evident 
with regard to the incident Ray being conſidered as moveable z 
and then, if its Motion be juſt twice as much as that of the 
Plane AB, the Poſition of the reflected Ray will be conſtant, 
or always the ſame. Thus for Example, if E F be the Poſition 
of the reflecting Plane, and O the Radiant be ſuppoſed to move 
through a Quadrant from O to 8, then in that Time the Wire 
DM will move into the Poſition DL and the Plane into the 
Poſition AB, which angular Motion MD or ED A being but 
half fo great as the angular Motion of the Radiant ODS (or 
ICK) it is evident, the reflected Ray DS will be always in the 
fame Poſition, and ſo may be conſidered as fixed or immoveable. * 

3548. This is the fundamental Principle on which the The- 
ory of the Machina Cele/lis, as alſo that of the Newtonian SR A- 
OctANnT (uſually called Hadley's 2770 5 ) do entirely depend. 


This, 


* See Fig. 1 and 2 of the Plate entituled The ParncieLes of 
Celetial MECHANICS, 
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This, with Regard to the ſaid OCTANT, has been already ſhewn A 
in a ſmall Treatiſe on that Subject; F and with reſpect to this 


CELESTIAL CLOCK, we ſhall now a little expatiate in its Il- . 
luſtration. | | 

— 3549. If the SUN or PLANET were to move or circulate it 
about us in the Horizon, it is evident, ſince the Wire or Ray al 
DM is, in this Caſe, always in the Plane of the Horizon ; and tl 
perpendicular to the reflecting Plane, therefore the reflecting Cc 
Plane will always be Vertical to the Plane of the Horizon; C 
and its Perpendicular DP will deſcribe a Quadrant while re 
the Sun or Planet deſcribes a Semi-circle in the Horizon, at the H 

| ſame 'Time that it appears quieſcent or fixed, when viewed in 
34 the Reflefter EF, in the Direction S D (3547.) th 
35 50. But if we ſuppoſe the Sun or Planet to move in a Circle E 
parallel to the Horizon, and at a given Altitude above it, while D 
the Eye continues in the horizontal Plane; then the Motion of D 
the Radiant and Reflecting Plane will be in the ſame Ratio as be- th 
fore, but the Poſition of the ſaid reflecting Plane will now be th 
oblique to the Plane of the Horizon, in order that the reflected ab 
Ray may be parallel to it, and continue fixed and immoveable A 
as before. fo 


3551. Thus if H O be the Horizon, (Fig. 3.) and the Angle th 
SRO be that of the Sun's Altitude above it, then if we take any ris 
Diſtance R Q for Radius, and on the Point Q erect the Perpendi- to 
' cular QD, interſecting the Ray SR in D, it will be the Tan- 2 
gent of the Sun's Altitude to the Radius QR. Through the 
Point D draw GC parallel to OH; and laſtly, draw P DH be 
to biſect the Angle of Altitude SDG. Then it is evident, if = 
a Plane Speculum E F be placed with its Center on the Point th 
D, and in a Poſition perpendicular to the Line PH, it will be th 
that which is required for reflecting eyery incident Ray SD C 
* from every Part of the diurnal Circle of the Sun into one con- 
ſtant Direction D G parallel to the Horizon O H. pa 
ö 35 52. For continue G D to K, and take DC = DR = Sp 
| Secant of the Altitude, and then C will be the Center of a Cir- th 
cle parallel to that of the Sun's Motion; and drawing CH ed 
(= CD) it will repreſent the Arm, which by its Fork at the Z 
End will always keep the Wire DH conſtantly biſecting the pl; 
| | Angle ed 


+ The TurORY of Havity's QuapraxT demonſtrated. 
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Angle SDG, and thereby render the reflected Ray DG per- 
manently fixed. The above Phenomena belong to the Pa- 
rallel Sphere, or to a Perſon under either Pole. 

3553. But to the Inhabitants of an ob/que Sphere the Equator 


itſelf and all its Parallels, make an Angle with the Horizon; 


and thereby cauſe that every Day, and every Part of every Day, 
the Altitude of the Sun above the Horizon will be variable; and 
conſequently there muſt, in this Caſe, be another Figure for the 
Conſtruction or Diſpoſition of the Speculum for fixing the 
reflected Ray in the Plane of the Meridian, and parallel to the 
Horizon. c | 

2554. Thus let AV (Fig. 4.) be an horizontal Line, and 
the Angle EAV be the Elevation of the Plane of the EqQuaToR 
EA above the ſame. Alſo let the Angle E AG be the North 
Declination of the SUN or PLANET, and the Angle EAC the 
Declination, South. Then, of Courſe, EX A is the Latitude of 
the Place. Now AE being Radius, E B is the Tangent and AB 
the Secant of the North Declination or Elevation of the Planet 
above the Equator E A; therefore by drawing B R parallel to 
AV, and therein taking BI = A B, it will give the Point I 
for the Place of the Center of the Speculum (3551,) by which 
the Sun-beam SI will be reflected into I R parallel to the Ho- 
rizon by a Wire I A perpendicular thereto, and which continued 
to (i) biſects the Angle of the Sun's Altitude STR BAV 
2BAT. 1 f 

3555. In like Manner, if through the Point C, a Line CT 
be drawn parallel to the Horizon A V, and in that we take CK 
= AC, then K will be the Place of the Speculum to refle& 
the Sun- beam S K parallel to CA, (in South Declination) into 
the Direction K T, by the Wire KA, biſecting the Angle 
C AVS SKT. | 

3556. From whence it is evident, the Center of the Circle 
parallel to the Sun or Planet's diurnal Motion, and in which the 
Speculum is placed, will always be in the Line B X parallel to 
the Axis of the World; and therefore if the ſaid Line be continu- 
ed each Way to G and Z indefinitely, it may repreſent the Axis 
ZH of a Clock LM N O, continued out; which. Clock, being 
placed in a Poſition parallel to the Equator A E, if it be furniſh- 
ed with an Arm HP moving on the Center H, and carrying on 
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its Extremity P an upright Wire or Stem b A with a Fork at A 
to receive the Wire A of the Speculum, then by the Mecha- 
niſm of the Clock the Index or Arm HP will be carried with 2 


| Motion fimilar to that of the Sun or Planet whoſe Beam, $1, 


will thereby be always rendered permanent in the ſame horizon- 
tal Direction, from the riſing to the ſetting of the ſame ; all 
which is evident from the preceding Articles. 

3557. It is manifeſt allo from the Conſtruction of the Figure 
that the Poſition of the Speculum being conſtantly fer tn, the 
Diſtance thereof from the Point A in the horizontal Line A V, 
and its Altitude above the ſaid Line, will be variable likewids 
with the different and variable Altitude of the Luminary above 
the Horizon of the Place; and therefore it is neceſſary to cal- 
culate the horizontal Diſtances and Altitudes of the Speculum 
from the greateſt to the leaſt Quantities thereof for any parti- 
cular Latitude, that it may be readily adapted to any given De- 
clination of the Sun or Planet for the Day it is uſed. 

2558. With Reſpect to the Firſt of theſe, viz, the Diſtance 
of the Foot of the Speculum I from the Point A in the horizon- 
tal Line AV, it is eaſily computed thus; from the Center or 
Point B let fall the Perpendicular BD; then in the Triangle 
AB D, the Angle BAD is known, being the Sum of the Co- 
Latitude (E A D) and the Declination (E AB); and the Side 
AB (Z= BI) being the Secant of the given Declination to the 
Radius AE, from whence AD (the Baſe) is found; which 
added to BI, gives (BI + DA) the horizontal Diſtance re- 
quired, ſuppoſe for the greateſt Declination propoſed E AB. 
Thus in the Triangle CAF we find AF; and then AF + 
CK, is the horizontal Diſtance for any other Declination E A C 
on the other Part, or below the Equator. 

3559. The Altitude of the Speculum above the horizontal 
Line AV is the Perpendicular B D, for the Declination E A B; 
and CF for the Declination EAC; which are Parts of the 
given Triangles ; and therefore are readily found for all Declina- 
tions. And thus the Speculum i is adjuſted for ready and con- 
ftant Uſe at all Times. 

2560. If it be required to conſtruct this Celr/lial CLock uni- 
verially, or fo as to adapt it for all Latitudes, it is only making 
it to move on a ſtrong and well wrought Hing on the Fore- part 

| al 
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at N, and then it may be elevated to any Degree of Latitude on 
4 oraduated Arch on the back Part at O, to which it may be faſ- 
3 by a Screw. 


3561. But then it muſt be conſidered, that as the W 
lar Height AP, of the Fork A, above the Arm HP, is the 


Tangent of the Co- Latitude, or Elevation of the Equator, viz. 


ALP SLP W to the conſtant Radius LP; therefore that 
Height (AP) will be conſtantly variable with the Latitude in 
an inverſe Ratio, or is greater as the Latitude is leſs; and vice 
verſa. And this muſt be provided for by Calculation alſo, and 
conſtantly adjuſted to the Latitude by a graduated Scale, All 
which is eaſily done by the Triangle ALP, wherein LP is of 
a given Length, and PA is found for any given Latitude 
LAP = APQ. So that, for every particular Latitude, the 
three Quantities AD, B D, and AP muſt be calculated, and 
the Clock and Speculum thereby adjuſted. 

3562. According to the Luminary you propoſe to view or 
obſerve, the Pendulum of the Clock muſt be peculiarly adapt- 
ed; the Methods of doing which, for the various Sorts of Pla- 
netary Pendulums, we have already deſcribed in their ſeveral Con- 
ſtructions, and muſt leave the Artiſt to chuſe out of them all that 
which he thinks beſt ; for by this Time we preſume he muſt be 
very ſenſible the SUN, the Moon, a STAR, and each particular 
PLANET mult have a Pendulum properly * to render it 
quieſcent to the View. 

3563. In this Celgſtial CLock it will moreover be very ex- 
pedient to have the Hour-circle upon the Face of the Clock 
moveable, and divided into 24 Hours, or twice XII; for by this 
Means the Hour and Minute of the Luminary's Culminating, 
or being on the Meridian, may be brought into the Vertical 
Line or Meridian of the Click; and then the Hands being placed 
to the preſent Hour and Minute in that moveable Circle, will 
conſtantly ſhew the Time and Motion of that Luminary ; for 
the Hour- hand will always keep Pace with it in the Heavens, 
and ſhew its Right Aſcen/ton, or Difference from Solar Time, 
which will be ſtil] more evident if the moveable Hour-Circle be 
added to that which is fixed, and both divided into twice XII 
Hours. (See 3325, Cc) | | 
Ppp 2 3564. Be- 
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| 3564. Before any Obſervation is begun, the Clock muſt be 
very nicely placed in the Meridian Line, or ſo as that the Meri. 
dian Line of the Clock may coincide with the Meridian of the 
Place; to which End this Clock muſt be furniſhed with a very 
good Magnetical Compaſs and Needle, and the VARIATION thereof 
muſt be accurately found by Experiment for the Latitude where 
it is uſed. And by that the Clock may be readily adjuſted to 
the Meridian. Alſo two Spirit Levels muſt be placed in a pro- 
per Part of the Machine at right Angles to each other, by which 
it may be always reduced to a truly horizontal Poſition. 

3565. By Means of this Machine duly adjufted to the Sux, 
if the Room be darkened and a Hole made in the Window- 
Shutter to let in a Beam of the Sun's Rays upon the Speculum, 
it will continue to be reflected in one conſtant Direction all the 
Time it can fall on the Speculum, which may be ſo contrived 
as to be long enough for moſt Optical Experiments, either with 
Prins, or ahh SOLAR MicRosCoPE, &c. Befides it will be 
no difficult Matter to foHow the incident Beam with the Speculum 
by having Caſtors at the Bottom, or Foot of the Frame, fup- 
porting the Clock, and thereby moving and adjuſting it, as 
required, with the greateſt Eaſe. 

3566. But the nobleſt Purpoſe to be anſwered by this Celeflial 
Macnine is fixing the heavenly Bodies, or rendering them 
ſtationary or quieſcent i in the Field of the Teleſcope for aſtrono- 
mical Obſervation ; an Advantage hitherto wanted (and unat- 
tainable by any other Means,) for advancing the Science of 
Aſtronomy to its true Summit of Perfeftion, The Teleſcope 
for this Purpoſe ſhould be of the reflecting Sort, and furniſhed 
with a Micrometer of different Forms, viz. the Lattice, the 
; parallel Mires, the divided Objeft=glaſs, the fine Screw, &c. for 
meaſuring and delineating the Surfaces of the SUN, Moon, and 
PLANETS. 

- 3567. I need not add, that the Foot and Stem of the Teleſ- 
| cope ſhould be ſo contrived, that it may be always placed truly 
horizontal, exactly in the Meridian of the Clock, and juſt of 
the ſame Height of the Center of the Speculum, by this Means 
the Obſerver will ſit at Eaſe, and, without the leaft Diſturbance, 
ſurvey” the various and wonderful Phenomena of each celeſtial 


Body, | 
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Body. And thus we have finiſhed the Theory, or general 

Principles, of the ſublimeſt Piece of Machinery, that the In- 

yention of Man has yet been able to produce. * 

3568. It may alſo be obſerved, that if the Speculum at I or 

K be placed in the Direction perpendicular to the former, or 
parallel to that of the Wice AI or AK then will the Ray ST, 

SK be reflected the contrary Way, or in the Direction IB, or 

K C, in the ſame Right Line RB, or TC as before; and ia 

many Caſes ſuch a Reflection or Poſition of the Ray will be more 

convenient than the other on the Part towards the Sun. 

| 3569. Laſtly; The Speculum C to be uſed in all Obſerya- 

tions of the heavenly Bodies muſt be a plain One, and as per- 
fectly true as Art can make it; and indeed unleſs it be extreme- 
ly true and well poliſhed, it cannot anſwer any ſuch Purpoſe. 
No Concave or Convex Speculum can in ſuch a Caſe be uſed, for 
Reaſons mentioned in the Theory of Catoptrics; though in 
EY many Experiments which require the Convergency of Rays for 
illumination only, a Concave Reflector may be applied to an- 
ſwer many uſeful Deſigns, which the Ingenuity of Artiſts will 
naturally ſuggeſt. 
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1 3570. HERE is another Branch of Co Mort, which may 
be properly eſteemed the Second Part of CELES“ͥ 
TIAL MECHANICS for by this we exhibit che Mor tos of 
the Heavenly Bodies, as well as the TIME thereof, by the 
Clock 
* See a further Account of the practical Uſe of this new He/iofata, 


or Planetary Clock in another Part of this Work, wiz, The Young 
GEexnTLEMAN and LADY PhilLosoPHY, Page 302, Ze, 
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Clock, and proper Mechaniſm for that Purpoſe, to be added 
thereto. | 

3571. The Cele/tial Bodies whoſe Motions are ſhewn by 
Clock-Work are the PLANETS, the EARTH and the Moox; 
the Motions of the Secondary Planets, or Satellites of Fupiter and 
Saturn, are ſometimes ſhewn in ſuch a Syſtem of Mechaniſm 
as is uſually called an ORRERVY; but the common Methods 
of conſtructing theſe large Inſtruments render them very ex- 
penſive, and conſequently they are but rarely made. But we 
ſhall endeavour to remove this Difficulty by propoſing other 
Conſtructions and Forms of Orreries that will be leſs coſtly, and 
perhaps more elegant and natural, as well as much more con- 
ciſe. 


35 72. The Calculations of the Celeſtial Mitions depend on | 


conſidering the Times of the Revolutions of the heavenly Bodies 
about their proper Centers, and taking the Ratios of thoſe Pe- 
riods ip ſuch Numbers as will beſt anſwer for toothing the 
Wheels and Pinions of the Work by which thoſe artificial Mo— 
tions or Revolutions are to be produced; and then how or 
in what Manner they are to be connected with the Movement of 
the Clock for their Continuation. 

3573. We ſhall firſt begin with the Motions of the Primary 
PLANETS about the SUN; and by the beſt afltronomical Obſer— 
vations, their mean Revolutions or periodical Times arc as fols 
low, viz. | 


SATURN revolves in 10759,3 Days. 


JuerITER 43325, 5 
Mars — 686,9 
EARTH — — 365,25 
Venus ——— 224,7 
MERCURY 88. 


3574. Now the Ratio of the Earth's Period to thoſe of the 
Reſt of the Planets is hereby given, and therefore may be ex- 
preſſed in leſſer Numbers which may be at the ſame Time In- 
tegers, and conveniently adapted for the Teeth of the Wheel- 

Work for the intended Movement, And upon Trial thoſe 


which 


1- 
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which are found to anſwer beſt are as in the following Table, 
WY 


As 365,25 : 88 : 83: 20 for Mercurr. 
265,25: 224,7 :: : 32 — VENUS, 
365,25: 686,9 :: : 75 — Mars. 
365,25: 4322.6 :: : 83 — JuPITER, 
365,25 : 10759,3 :: 5: 148 — SATURN. 


And according to theſe Numbers, the Wheel appropriated to 
the EARTH muſt have 50 Teeth. 

3575. Then if on one Arbor you fix ſix Wheels with the fol- 
lowing Number of Teeth, 83, 52, 50, 40, 7, 5, to drive 
de ſet of Wheels each moveable upon another Arbor, 
and with the Number of Teeth in the other Column reſpec- 
tively, 20, 32, 50, 75» 83, 148; and laſtly, if on the ſeveral 
moveable Wheels proper Sockets are fixed (moving within, and 
independent of each other,) then will round ivory Balls, at the 
End of ſlender Wires fixed to thoſe Sockets, be carried about 
the Arbor in the fame Periods of Time, reſpectively to each 
other, with thoſe of the real Planets in the Heavens. 

3576. If this Syſtem of Movements be properly diſpoſed in a 
Box ; and 'on the Top or Cover be drawn or engraved the Ca- 
lendar and Ecliptic, and a braſs or lacquered Ball be placed on 
the Top of the Arbor of moveable Wheels, then, by a Handle 
or Winch, the Whole may be put into Motion; and it will 
then become a Planetarium or manual ORRERY of a molt uſeful 
Form, and exhibit all the Phenomena of the SOLAR SysTEM, 
or that according to Copernicus. 

3577. If inſtead of the lacquered Ball, you put a three- inch 
terreſtrial GLOBE on the ſaid Arbor, and a ſmall braſs Ball upon 
the Arm carrying the ivory Ball, repreſenting the Earth among 
the Planets, then will the Machine be changed into the Ptelomaic 
Sy/tem of the World; by which all the Abſurdities of that ſenſe- 
leſs Hypotheſis may be eaſily exhibited and refuted. | 

3578. Such a Syſtem of Planetary Movements may eafily be 
applied to a Piece of Clock Mort by which it may be made to go 
any required Time, as an Hour or two; in which the Earth 
may revolve two or three Times about the Sun (or the Sun 

about 
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about the Earth,) which is a ſufficient Interval for exhibiting 
all the conſiderable Appearances in either Syſtem, relative to 


the Primary Planets. But if it be required that the Motions of 


this artificial Syſtem ſhould be the ſame with thole in the real 
Syſtem of the World, then we muſt proceed as follows. 

2579. Let it be required to conſtruct a Movement for a Mo- 
tion to be performed in the Space of one Year, or 3655 Days; 
for we muſt not pretend to the Accuracy of an Hour or two 
in a Year. In 365+ Days there are 730 Half-days of 12 Hours, 
This Number is produced by the Factors 182, 8, and 5; for 
5 x 8 * 18; = 730. Therefore any Number of Wheels 
and Pinions which will produce theſe Quotients, will produce 
the Motion detired, - - 


For Example, 
4) 73 (18x 4) 73 (18; 8) 146 (18; 
4) 40 (10 4) 32 (8 8) 64 (8 
5) 20 (4 4) 20 (5 12) bo (5 


3580. Thus ſuppoſe a Wheel (A) with a Pinion of 5 Teeth 
drives a Wheel (3) of 20; and this Wheel carrying a Pinion 
of 4 Teeth drives a Wheel (C) with 40; and this with a Pi- 
nion of 4 drives the laſt and largeſt Wheel (D) with 73 Teeth, 
Then it is evident (3180.) that in one Turn of B there will 
be 4 Turns of A; and 40 Turns of A in one Turn of C; 
and 730 Turns of Ain one of the laſt Wheel D. And there- 
fore this Wheel D moves round once in a Year, and conſe— 
quently if the firſt Wheel A be connected with another equal 
Wheel fixed on the Arbor of the Great Wheel (or Fulec) of 
an 8 Day Clock, then by Circles on its extreme Parts the Day 
of the Month, or Sun's Place in the Ecliptic will be very exact- 
ly ſhewn, through the whole Year. 

3581. Now this little Syſtem of Wheels may be very eaſily 
connected with the Movement of a Clock on one Part, and 
with that of the Planetarium on the other; ſo that the Clock 
(with a proper additional Weight, ) ſhall conſtantly keep the Pla- 
nets moving about the artificial Sun juſt with the ſame angular 
Velocities as the real Planets themſelves move with in the 
Heavens; and if in the Beginning of the Year the [laces of 

the 
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the Planets in the Orrery be duely adjuſted or rectified by an 
Ephemeris, they will nicely correſpond to thoſe they reſpectively 

repreſent in the Heavens, and continue fo to do ever after. 

25555 It will be readily allowed, that this Method of con- 
ſtructing a Planetarium is the moſt natural aud ſimple that can 
be, as not a Wheel, or even a Tooth, necd here be utcd more 
than what is abſolutely neceflary. By this Planetary Crock, 
it will every Day be ſeen, what Part of the Ecliptic the dun, the 
Earth, or any Planet is in the various mutual Aſpefs of 
Planets — their Conjunctiont, Quadratures, and Opprſations 
the apparent Direction of their Motion, direct, fatiohary, or 
retrograde whether they are above or belizw the Horixen 
whether they riſe or ſet before or after the Sun: In ſhort 
you have by this Means the whole Sy/em-of Celeflial Phanomena 
conſtantly in View. 

3583. By the fame ſmall Compages of Wheels, deſcribed 
(35755) placed horizontally, it is evident the Axis of the Fer- 
retrial Globe may be made to move about the Axis of the Eclip- 
tic once in a Year; and thereby all the Phenomena of the Earth's 
ANNUAL Moriox, with Regard to the Seaſons of the Year in 
different Latitudes and Climates, may be ready ſhewn, and ob- 
ſerved. For fince the Poſition of the Wheel D is ſuppoſed ho- 
rizontal, if an Axis be fixed in its Center perpendiculatly, it will 
repreſent the Axis of the Ecliptic. But if at a proper Height 


above the Wheel D the ſaid Axis be bent out of the Perpendicular 


ſo as to make an Angle therewith of 66 307 in the Form of an 
Arm, and on this Arm another Axle be placed at right Angles, 
this will make, with che forementioned Axle, an Angle of 
23? 30”, and conſequently will repreſent the Axis of the Earth; 
and will be carried on round the Perpendicular Axis of the 
Ecliptic once in a Year, if properly connected with the Clock. 
3584. Then for the Diurnal MoTion of the EARTH at the 
lame Time, it may be eaſily effected thus; let the Axis of the 
Earth be moveable in a Socket fixed Perpendicular to the fore- 
mentioned ſtrong Arm; on the under Part of which (below the 
Arm,) let a Wheel (G) be fixed, ſuppoſe of 72 Teeth; then 
let the Teeth of this Wheel play in the Teeth of another Wheel 
(F) which muſt be but half the other Number, viz. 36; and 


this Wheel muſt be placed horizontally about the Stem or per- 
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pendicular Axis juſt below the Arm, and ſupported on a Bridge 
to render it independent of the Work for the Annual Motion 
below. Laſtly, this Wheel F muſt have another equal Wheel 


(E) of 36 Teeth, to connect it with the Wheel A on the Ar- 


bor of the great Wheel of the Clock, and this Wheel A muſt 
alſo have 36 Teeth. 


358 5. Therefore, if upon the Terreſtrial Axle, the Globe 


of the Earth be placed, fo as to be moveable thereon, or fixed 


with a Nutt and Screw at the End, as Occaſion requires, then 
it is plain, it will be carried about once in 24 Hours, becauſe 
the Wheels A, E, F, each move round in 12 Hours, and the 
Wheel F of 36 Teeth driving the Wheel G_ of 72 muſt move 
it round, (and the Earth on the Axis to which it is fixed,) 
pnce in 24 Hours. | 

3586. With Regard to the Wheel E, as it drives the Wheels 
above the Bridge for the diurnal Motion, fo by an Arbor going 
through, and carrying a Pinion of 5 Leaves, it drives the 
Wheels B, C, and D, below for the annual Motion at the 
ſame Time. Alſo by the Interpoſition of this Wheel E, the 
Globe is made to revolve the right Way, viz, from VI to Eaft, 
as the Earth itſelf really does. 

3587. Then by a Circle of Illumination, and an a e Sun at 
2 proper Diſtance in the Axis thereof, with ſome other Appara- 
tus, all the Phænomena of the annual and diurnal Motions of the 
Earth are molt naturally exhibited for every Day throughout 
the Year. Thus you ſee the North and South Pole alternately 
in the illumined and dark Hemiſphere ; —the Sun rifing and 
ſetting each Day upon different Parts of the Horizon; — the 


| 8 Lengths of the diurnal and nocturnal Arches deſcribed by 
the City of Loxpox or any other Place: 


If a Crepuſcular 
Circle be added, the Time of Beginning and End of Twilight 


will be thewn for each Day; with many other important Parti- 
culars in Geography and Aftranomy. | 

3588. "Tis moreover eaſy to contrive, that this Mechaniſm 
for the Globe may be diſengaged from the Clock, or be put on 
and taken off at Pleaſure; in which Caſe it may be turned with 
a Winch ſo as to repreſent all the Phænomena of a Year or a 
Day, in a very ſhort Time; and then ſuch an Apparatus may 
be added, as will exhibit the Solar and Lunar Eclipſes, fc. the 


Manner 


A 
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Manner of doing this, together with a Print of the Globe thus 
conſtructed, may be ſeen. in the Young GENTLEMAN's and 
LapY's PHILOSOPHY. 


SCHOLIUM. 


3589. We ſhall hereafter give a Eee Aon of a Lunarium, 
to ſhew the Monthly Mociod and PHAsEs of the Moor, as 
alſo the Motion of her APOGEE and Nonpes; if then this lunar 
Movement be connected with that of the Clock (as it eaſily 
may) and the whole be diſpoſed in a proper Form, it will make 
what may be more truly called a MicRocosm, than any thing 
which has hitherto borne that Name; and to aſſiſt the young 
Artiſt's Imagination I have preſented to his View, in a Copper- 
Plate, the Form of a Specimen of ſuch a Piece of Cele/tral - 
ARCHITECTURE in which are the following diſtinct Parts, viz. 
(1.) A large CLock for a Primum Mobile. (2.) FwoPiLLaRs, 
(or Pilaſters) on one is placed a Barometer, and on the other a 
Thermometer. Theſe Pillars ſupport an Architrave on which is 
placed (3.) An ORRERY or Planetarium, ſuch as before de- 
ſcribed. (4.) A TELLURIAN, or Terreſtrial GLOBE with the 
annual and diurnal Motions. (5.) A Lunarium, ſhewing 
the Motion, Phaſes, and Age of the Moon. Such a ſuperb 
Structure, we preſume, would well become the Study or Mu- 
ſeum of the Opulent and the Great; but ſo little Genius, Taſte, 
or Encouragement is now found for ſuch Works of Art, that it 
is not worth while to infiſt further on their Uſe or Excellency. 
By ARTS and ART1sSTS we, at this Time, underſtand only 
Engraving, Painting, and Sculpture, and thoſe who practice 
them; and LEARNING and LEARNED MEN, mean no more 


than Novels, Romances, Plays, and their Authors, in the pre- 
ſent Tri/tram»Shandy Age. 
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„ DBA F. XX; 


The MECHANISM and ConsTRUCTION of 4 Tri- 
LURIAN, with Three Terreſtrial GLoBEs ; illuſ- 
{rafting the THEORY of the EARTH's Moriox; 


the Rationale of the SEAsoNs ; and the TY 
of Days and NIGHTS. 


1 


3500. N * Conſtrudion of the OR RERV deſcribed in the 
laſt Chapter, the Earth's annual Motion was ſhewn, 
bbut not the diurnal Motion at the ſame Time; we ſhall now ex- 
plain a new Piece of Celeftial Mechaniſm, which being applied 
to the foregoing ORRERY (now ſuppoſed in a Forizontal Poſi- 
tion) will not only produce both theſe Motions of the Earth 
together, but at the fame Time, by Means of two other Globes, 
the Rationale of all the various Phænomena and Affections of the 
Earth will at once moſt evidently appear. 

3591. I preſume it is needleſs to mention to the intelligent 
Reader, that if any Body deſcribes the Circumference of a Cirds, 
with the ſame Part always directed to the Center, it will neceſſarily be 
moved or turned once about its own Axis or Center in the ſame Time ; 

for by this Means the Body has that very Part directed to every 
Point in the Circumference of the Circle, which would be impoſ- 
ſible without re entire Revolution about its Axis; this is therefore 
an Axiom or felf- evident Truth. 

3592. Alſo, it is farther evident, that the Direction of the 
Motion of ſuch a Body, both about the Center of the Circum- 
ference it deſcribes, and about its own Center or Axis, is the 
ſame, or towards the ſame Part. But to illuftrate theſe Poſi- 
tions, let ABD be the Circle deſcribed by any Plane FEG 
fixed upon an inflexible Rod or Arm E C, moveable about the 

CLentet G.“ Let this Arm (or Radius Vector) revolve from the 
Situation E C to any other IC, then will the angular Mo- 


tion 


® See Fig. 1. in the Plate of tho TeLLU&IAN with three GLoBEs: 
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don of the 82255 FG be = AC H about the Center C in that 


Time. 

350 3. Upon 40 plane in the Situation IH, draw-ae parallel 
to A E, and it will make the Angle Ice with the Radius IC; 
and thereby it appears that the Line AE (or ae) has deviated 
from its firſt to the preſent Poſition IH by the Quantity of the 
Angle ICE; and therefore by fo much has the Plane moved 
about its own Center (c) in the Time of deſcribing the Part of 
the Circumference AH. But fince CE and ae are two paral- 
le] Lines cut by a right Line IC, the Angles ACH and 
Ice will be equal ; that is, the angular Motion of the Plane 
about the Centers C, and c, will be conſtantly equal ; and the 
Direction of the Motion from e to I is the ſame as that from 
A to H. 

3594. Hence it will follow, that if any luminous Body be 
placed in the Center C of a Circle ABD, and a Globe F G be 
moved in that Circle. ſo as to have the ſame Part always turned to 
the Center, then will the ſame. Hemiſphere or Part of the Globe 
be conſtantly enlightened, and the other Part will be always 
dark. Thus ſuppoſe ANQS (Fig. 2.) were a Planet 
(our Earth, for Inſtance) moving in the Manner abovemention- 
ed about the Sun in the Center at an immenſe Diſtance, then 
would the fame Hemiſphere $ ZE N be perpetually illummated; 
and the other SQ N conſtantly in the Dark. Whence it is 
evident, a Planet in ſuch Circumſtances could never be a pro- 
per Seat, or Place for Habitation, for ſuch a Species of rational 
Creatures as the Human Race. 

3595. Let ſuch a Globe, then, be ſuppoſed to move about 
its Axis NS placed perpendicular to the Plane of its Motion 
about the Sun. Such a Motion we call its Diurnal Motion, as 
it produces Day and N16HT alternately to all Parts of the 
Surface, in the Space of one Revolution which in our Globe is 
24 Hours, Then it is plain, that every Part on the Surface of 
ſuch a Globe would be one half of the Revolution in the illu- 
mined Hemiſphere, and the other half, in the dark One; fo 
that in ſuch a Condition of the Globe, there would be a — av 
Equality of Day and Night. 

3596. Again, ſince the Axis NS of the Diurnal Motion is 
perpendicular to the Plane of the Annual Mation, which is ſud- 
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poſed to paſs through the Centers both of the Earth and Sun; 

then it is evident, the Rays of the Sun will be perpendicular to 

the middle Part of the Globe at the Equator Q, and will fall 

\ obliquely on every other Part; and the more fo as the Part i 

nearer the Poles N, S, on either Side the Equator. Whence 

4 it will follow, that there will be one and the ſame Degree of Light 
4 and Heat to the ſame Part of the Surface of the Globe conſtaniiy; 
and therefore no Variation of Seaſons throughout the Year. Hence 


| ſuch a Poſition or Conſtitution of the Globe of the Earth would 

4 by no Means ſuit with the Condition of the Human Species. 

þ 3597. Let us next ſee what will be the Caſe of a diurnal 

| Motion of the Globe about an Axis in a Poſition inclined to the this 
| Plane of its annual Motion, ſuch as S N (Fig. 3.) and further que 
| | let us ſuppoſe that the Axis NS is conſtantly in the ſame Plane {tar 
| | with the Line ECL which connects the Centers of the Sun SN 
| g j and Globe. Then it will follow, that the Parts of the Globe Ax 
| about the upper or North Pole N, will be conſtantly inclined lut 
| | to the Sun, while the oppoſite Parts about the South or lower Me 
1 | Pole S are as conſtantly turned from it. Lf 


3598. The Conſequence of this inclined Poſition of the Globe | 
will be, an Inequality of Days and Nights; and different, or cal 
1 contrary Seaſons to Parts at an equal Diſtance from the Equator Sid 
| on either Side. This is evident by Inſpection ; ſor Æ C is the Ax 
[ Semidiurnal Arch in the Equator; Ef is the ſame in the Parallel Ce 
; Ee, which is longer (in Time) than the other by the Time of M 

| deſcribing Ff. But the ſemidiurnal Arch (Ig) in the ſame (3 
Parallel IL of South Latitude is ſhorter than & C by the ſame du 
Quantity gG Ff. And the Parts about the North Pole N vo 
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*. 


| to the Diſtance of NB (which meaſures the Inclination of the tio 
|} Axis, or Angle NCB) are perpetually in the illumined Hemiſ- Ph 

| phere and have conſtant Day; and on the Contrary, thoſe Re 
. Parts at the ſame Diſtance about the South Pole $ have an eter- ab 
F nal Night. 
$ 3599. Then with Reſpect to the Seaſons, they are by this or 
1 | Means very different in oppoſite Parallels of Latitude; for now be 
1 the Parts at E receive the perpendicular Rays, and have the fre 
F | Summer Seaſon ; but ſince the Parts within the Ar&ic Circle Bb in 

2 have an inoccidual Sun, or enjoy perpetual Day, they will th 


have the Hotte Selen, and the N orch Pole N will be the hottelt 
| ; Part 


n 
* 


Of Crock-Work. 487 
part of ſuch a Globe. On the other Hand, the Parts within the 
Antarctic Circle A a will never feel the enlivening Beams of the 
dun, and mult be doomed to perpetual Winter and the intenſeſt 
Cold. Such a State of the Globe would therefore be very un- 
eligible to every Sort of Inhabitants of the preſent Terreftrial 
Globe. | 

3600. Now it will be readily allowed, that an Alternation and 
Variety in the Seaſons of the Year and Lengths of Days and Nights, 
will be the moſt deſirable and delightful State to rational Inha- 
bitants of the Globe, and ſupply them with every Bleffing 
equally and interchangeably through every revolving Year. And 
this wonderful and univerſal Effect is produced in our Terra- 
queous Globe by one ſimple Contrivance (a moſt ftriking In- 
ſtance of divine Mechaniſm, ) viz. by giving the inclined Axis 
SN of the Earth's Motion an equable Movement about the 
Axis of the Ecliptic A B once in the Time of its annual Revo- 
lution about the Sun, and in a Direction contrary to the Earth's 
Motion; and this will produce the abovementioned neceſſary 
Effects. 

3601. For we have ſhewn (3593) that while the Globe is 
carried about the central Sun, with the Axis SN, or the ſame 
Side A EB always turned towards it, the ſaid Globe and its 
Axis, will in that Time be alſo turned once about their proper 
Center C and in the ſame Direction with the Globe's annual 
Motion; therefore, if the ſame Motion be impreſſed on the 
Globe in a contrary Direction, it will have all the Parts of its 
Surface turned to the Sun, of Courſe, in the Space of one Re- 
volution or Year, and its Axis 8 N will always keep a Direc- 
tion parallel to that which it had at firſt ; ſo that all Effect, and 
Phenomena will be the very ſame as if the Earth were really at 
Reſt on its inclined Axis, and the Sun itſelf were to move 
about it (as it appears to do) in the Ecliptic Circle E CL. 

3602. For then; when the Sun was in the Equinoctial Point 
or Beginning ot the Ecliptic at C, it will, at the ſame Time, 
be in the Equator Q, and conſequently illumine the Globe 
from Pole to Pole and produce an Equality of Days and Nights 
in every Part thereof, and this is called the SPRING-SEASON of 
the Year, | 

| 3603. Aſter 
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poſed to paſs through the Centers both of the Earth and Sun; 
then it is evident, the Rays of the Sun will be perpendicular to 
the middle Part of the Globe at the Equator A Q, and will fal 
obliquely on every other Part; and the more ſo as the Part is 


nearer the Poles N, 8, on either Side the Equator. Whence 
it will follow, that there will be one and the ſame Degree of Light 
ndnd Heat to the ſame Part of the Surface of the Globe conſlanily, 
and therefore no Variation of Seaſons throughout the Year. Hence 
ſuch a Pofition or Conſtitution of the Globe of the Earth would 
by no Means fuit with the Condition of the Human Species. 

3597. Let us next ſee what will be the Caſe of a diurnal 
Motion of the Globe about an Axis in a Poſition inclined to the 
Plane of its annual Motion, ſuch as S N (Fig. 3.) and further 
let us ſuppoſe that the Axis NS is conſtantly in the ſame Plane 
with the Line ECL which connects the Centers of the Sun 
and Globe. Then it will follow, that the Parts of the Globe 
about the upper or North Pole N, will be conſtantly inclined 
to the Sun, while the oppoſite Parts about the South or lower 
Pole S are as conftantly turned from it. 

3598. The Conſequence of this inclined Poſition of the Globe 
will be, an Inequality of Days and Nights; and different, or 
contrary Seaſons to Parts at an equal Diſtance from the Equator 
on either Side. This is evident by Inſpection ; ſor ZE C is the 
Semidiurnal Arch in the Equator; Ef is the ſame in the Parallel 
Ee, which is longer (in Time) than the other by the Time of 
deſcribing Ff. But the ſemidiurnal Arch (lg) in the ſame 
Parallel IL of South Latitude js ſhorter than & C by the ſame 
Quantity g = Ff. And the Parts about the North Pole N 
to the Diſtance of NB (which meaſures the Inclination of the 
Axis, or Angle NCB) are perpetually in the illumined Hemiſ- 
phere and have conſtant Day; and on the Contrary, thoſe 
Parts at the ſame Diſtance about the South Pole S have an eter- 
nal Night. 

3599. Then with Reſpe& to the Seaſons, they are by this 
Means very different in oppoſite Parallels of Latitude ; for now 
the Parts at E receive the perpendicular Rays, and have the 
Summer Seaſon ; but ſince the Parts within the Ar&ic Circle Bb 
have an inoccidual Sun, or enjoy perpetual Day, they will 
have the hoitg/! Seaſon, and the North Pole N will be the hotteſt 
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Part of ſuch a Globe. On the other Hand, the Parts within the 
fntardtic Circle A a will never feel the enlivening Beams of the 
dun, and mult be doomed to perpetual Winter and the intenſeſt 
Cold. Such a State of the Globe would therefore be very un- 
digible to every Sort of Inhabitants of the preſent Terreſtrial 
Globe, 

3600. Now it will be readily allowed, that an Alternation and 
Variety in the Seaſons of the Year and Lergths of Days and Nights, 
will be the moſt deſirable and delightful State to rational Inha- 
bitants of the Globe, and ſupply them with every Bleſſing 
equally and interchangeably through every revolving Year- And 
this wonderful and univerſal Effect is produced in our Terra- 
queous Globe by one ſimple Contrivance (a moſt ſtriking In- 
ſtance of divine Mechaniſm, ) viz. by giving the inclined Axis 
SN of the Earth's Motion an equable Movement about the 
Axis of the Ecliptic A B once in the Time of its annual Revo- 
lution about the Sun, and in a Direction contrary to the Earth's 
Motion; and this will produce the abovementioncd neceſſary 
Effects. 

360 t. For we have ſhewn (3593) that while the Globe is 
carried about the central Sun, with the Axis SN, or the ſame 
Side A EB always turned towards it, the ſaid Globe and its 
Axis, will in that Time be alſo turned once about their proper 
Center C and in the ſame Direction with the Globe's annual 
Motion; therefore, if the ſame Motion be impreſſed on the 
Globe in a contrary Direction, it will have all the Parts of its 
Surface turned to the Sun, of Courſe, in the Space of one Re- 
volution or Year, and its Axis S N will always keep a Direc- 
tion parallel to that which it had at firſt ; fo that all Effect, and 
Phenomena will be the very ſame as if the Earth were really at 
Reſt on its inclined Axis, and the Sun itſelf were to move 
about it (as it appears to do) in the Ecliptic Circle E CL. 

3602. For then, when the Sun was in the Equinoctial Point 
or Beginning ot the Ecliptic at C, it will, at the ſame Time, 
be in the Equator Q, and conſequently illumine the Globe 
from Pole to Pole and produce an Equality of Days and Nights 
in every Part thereof, and this is called the SPRING-SEASON of 
the Year, | 

3603. Aſter 
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2603. After the firſt Quarter of the Revolution, or the Sun 
has paſſed from C to E, and reached the Tropic of Cancer E,, 
then the Globe will be illuminated from A to B, and the North 
Pole N, with all northern Latitudes from E to B, will be now 
turned towards the Sun and receiveithe greateſt Quantity of Light 
and Heat they can ever have, and conſequently this will be 
the Midſt of their Summer Seaſon, The Day Ef in every 
northern Parallel Ee, is longer than the Night fe; and all 
within the Arctic Circle b B have no Night at all on 1 that Aid. 
ſummer Day. ' 

3604. Juſt the Contrary happens i in ſouthern Latitudes; for 
there the Sun-beams reach no farther than to the Antarctic Cir. 
cle Aa; and all within it are in total Darkneſs for one whole 
diurnal Revolution of the Globe. And the Length of the Day 
(1g) in any Parallel IL, is ſhorter than the Night g L by the 
Quantity gG; conſequently in theſe Latitudes, the Light and 
Heat of the Sun is now the leaſt, or the Cold and Darkneſs the 
greateſt it can be, and therefore make their WINTER-SEASON, 

3605. When the Sun apparently deſcends from the northern 
Climates to the Equator again on the other Side the Globe to 
the firſt Point of Libra oppoſite to C, it will then again make 
equal Day and Night throughout the Globe, by enlightening it 
from Pole to Pole, as before (3602.) The Light and Heat is 
now at a Mean, and make the other temperate SEASON called 
AUTUMN. 

3606. As the Sun paſſes from the Autumnal Equinox thro? 
the next three Signs of the Ecliptic,' the ſouthern Parts of the 
Earth will be turned gradually to the Sun; till, at Length, the 
Sun being arrived at L, the firſt Point of Capricorn, it will 
then be neareſt of all to the South Pole S and illwminate all 
that Hemiſphere A L B, which before was dark when the Sun 
appeared at E; and conſequently every with reſpect to 
Day and Night, and the Seaſons, is juſt the reverſe. of what 
it was then. All Southern Latitudes now enjoy the Midſummer 
Seaſon, and in the northern Latitudes it is J/imter. What was 
before the Length of their Night, viz. g L, is now the Length 
of their Day, and vice verſa. 

3607. The Sun returning again to C, renews the Spring and 
8 2 the future Year, — Thus * giving the Earth an 


annual 
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annual retrograde Motion about the Axis A B of the Ecliptic, 
all Parts of its Surface become equally expoſed to the Sun on 
each Side the Equator, and equally participate the Advantages 
which redound from ſo wiſe and benehcent a Contrivance, in 
the Courſe of one whole Year, 

3008. Now this whole Theory (as above explained) of the 
Earth's annual and diurnal Metions may be very caſily repreſented 
and illuſtrated by a Piece of Mechaniſm, which I call a TeL- 
LURIAN; conſiſting of three ſmall Terreſtrial Globes, placed 
in the Manner ſhewn in Figs. 2, 3, and 4, The fit of theſe 
(Fig. 2.) is moveable with the Hand about an Axis NS, which 


u perpendicular to the Plane of its Motion about the Sun, and 


is fixed to the Radius Vector, and therefore will exhibit the 
Phænomena of equal Day and Night, and Identity of SEASONS 
through the Year, and nothing more, as before obierved ( 3596.) 

3609. The ſecond Globe (in Fig. 3.) has the Axis SN of its 
diurnal Motion inclined to the Axis AB of the Ecliptic in an 
Angle BCN = 23? 29. But this Axis SN being fixed to 
a Part POR, which is itſelf fixed to the Radius Vector, will 
indeed produce a Variety of Seaſons, and Difference in the 
Lengths of Days and Nights; but then as the Axis SN is 
conſtantly turned to the Sun, there can be no Viciſlitudes of 
Seaſons nor any Variation of the Lengths of Days and Nights, 
which remain conſtantly the ſame, in the fame Place through- 
out the Year, agreeable to (7599. ) 


3610. But the Hi Globe (in Fig. 4.) is not fixed to the Radius 


Vi#:r, but is connected with the Mechaniſth contained thereing 
in ſuch Sort, as to qualify it for exhibiting the real Phenomena 
of our own Globe, and juſt as they happen in Nature. To 
this End the firſt Thing to be done is to counteract or nullify 
the direct annual Motion of the Globe (in Fig. 3.) about the 
Axis A B of the Ecliptic, by fixing its Stem O upon a Plate 
that has an equal Motion in a contrary Direction at the ſame 
Time. | 
3011. Thus; Let ACB (Fig. 5.) be a Part of the outward 
Rim of the Plate of the Orrery (3575), divided into 265 
Tecth; and upon the lower Plate of the Radins Vefor, let a 
mall Wheel C D be placed with 59 Teeth to move in thoſe of 
the Orrery-plate, Upon this Wheel a Pinion E muſt be fixed 
Vol. II. Rrr with 


INSTITUTIONS 


with 10 Teeth to turn another Wheel F G of 62 Teeth; ang 
then if the Shaft or Stem of the Globe (Fig. 4.) be fixed in 
the Center N of this Wheel or Plate, it will communicate to 
the Globe the Retrograde Motion required. For 59) 365(= 6,2, 
or the Wheel CD is moved round, its Center 6,2 Times 
while it revolves once round the Orrery- plate; and becauſe 
10)62(= 6,2 alſo; it is evident, that the Wheel FG moves 
once round in one Revolution of the Radius Veftor, and be. 
cauſe the Wheel CD moves direfthy, from Weſt to Eaſt, ti 
plain the Wheel FG mores retrograde, or the contrary Way 
as the Arrows () ſhew in each. 

3612. Hence by theſe two Wheels only, the annual Motion 
of the Globe (Fig. 4) about the Axis AB is annihilated, and 
a conjlant Puralichſm of the Axis NS of its diurnal Motion is 
produced; and therefore not only the Difference of the Seaſons 
and Days and Nights is effected, but all the Change or Variety 
thereof that happens to the natural Globe for every Latitude, 
and every Day of the Year. 

3613 The next Thing to be conſidered, is, the Syſtem of 

 Wheel-work for giving the fame Globe its proper diurnal Mo- 

tion about its Axis NS, and in the natural Direction from 
Weſt to Eaſt. Here we find 365 of theſe diurnal Revolutions 
to one annual One; and therefore ſuch a Syſtem of Wheels 
muſt give 59 Turns of the Globe in one Turn of the Wheel 
CD, which muſt be the Primum Mobile, or firſt Mover to that 
Syſtem, 

3614. Therefore the Number 59 muſt be brake into three 
Quotients, becauſe the laſt Wheel muſt have a retrograde Di- 
rection, as will appear by and by; ſuppoſe theſe Quotients are 
10)20({=2; 8)4zo(=5; and 10)59(= 5,9; then it is evi- 
dent, if upon a Bridge or Plate fixed over the Wheel- work of 
Fig. 5. the following Wheels are properly diſpaſed, wiz. 2 
| Wheel A of 20 Teeth (Fig. 6.) fixed on the Arbor of the 
Wheel CD (Fig. 5) to drive a Pinion B of 10 Teeth on a 
Wheel Cof 40, which drives a Pinion D of 8 Teeth fixed upon 
a Wheel of 59, and this at laſt drives a ſmall Wheel F of 10 
Teeth; then, I fay, it is evident this laſt Wheel F will be 
turned round 59 Times while the firſt Mover C D turns once} 
and j its Direc uon will be retrograde, as ſhewn by the Arrows. 


3615, The 
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3615. The Wheels being ſo proportioned, that the Center 
of the laſt Wheel F (Fig. 6.) lies exactly over that of the Wheel 
FG (Fig. 5.) a Socket is to be fixed into the ſaid Wheel F, 
moveable about the Stem or Fulcrum of the Globe which is fixed 
firmly in the Center N of the Plate FG. This Socket paſſing 
through a Plate (faſtened over all the Machinery) will appear 
above it, as at P T. And if on this upper Part of the Socket 
there be fixed a Wheel TV with 10 Teeth playing in another 
Y W of an equal Size and Number of Teeth fixed to a Part of 
the Axle N 5 below the Piece PR (in which the ſaid Axle 
moves) then will the Globe ( Fig. 4.) be turned round 59 Times 
in each Revolution of the Wheel CD of Fig. 5. and conſe- 
quently it will curn upon its Axis once every Day or 24 Hours, 
And this Motion will be dire&, becauſe that of the Wheel TV 
(or F below) is retrograde. 

3616. And thus the TELLURAN applied to the ORRER 
will by its three Globes together give a full Demonſtration and 
Illuſtration of the Genuine THEORY of the annual and diurnal 
Motions of the Earth in every Reſpect; one Globe ſhews (Fig. 2.) 
that by a _parailex Axis without Inclination, there can be no Dif- 
ference in the Seaſons or Quantity of Day and Nizht A 
ſecmd Globe ſhews (Fig. 3.) that an inclined Axis without Par al- 
kiſm, can only ſhift the Scene of the Seaſons, and produce a 
different Length of Day, and Night in contrary Latitudes ; 
but can never make any Alteration in either — But the 
third Globe with an Axis, at the ſame Time, altas :nclined and 
parallel to itſelf, produces every Variety we find in Nature, and 
exhibits an exact Conformity to the Motions and various Phæ- 
nomena of the natural Terraqueous Globe. 


Rrr2 CHAP: 
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CH A P. XXIV. 


The ConsTRUCTION and MECHANISM of g 
LUNARIUM, for ſhewing the MoTl1oN and 
Pnasrs of the Moon, as alſs of her APoGEE, and 
LINE of Nopes, 

3617. TX Conſtruction of a LuNARIuM, or Inſtrument 


L to ſhew the Phænomena of the Moon in regard 
to her own Motion and Phaſes, and the Motion and Poſition of 
the Apſides and Nodes of her Orbit, will be more complicated 
than that of the Tellurian; but as the periodical Revolutions are 
known, it will be eaſy to contrive ſuch Syſtems of Wheel- Work 
as ſhall repreſent them adequately, and produce Appearances 
every Way timilar, and correſponding to Nature itſelf, 

2618. The Lux ARIUM, to exhibit the Phænomena of Luna 
Motions, may be contrived and conſtructed in the following 
Manner. AC B here again repreſents the dentated Rim of the 
Plate of the Orrery of 365 Teeth, in which the Wheel CD 
(Fig. 2.*) moves as before; and is now alſo to be conſidered 23 
the Primum Mobile, or that which gives Motion to all the Ma- 
chinery of the Lunarium. As this Wheel has 59 Teeth, it i 
evident, that if to its Arbor below, there be fixed a Wheel A of 
20 Teeth, to drive another equal Wheel B of 20, and this to 
move a 3d Wheel C of 10 Teeth ; then this laſt Wheel C will 
turn round once in the Time of a Lunation, or 29 1 Days; for it 
will turn twice in each Revolution of A, which is in 59 Days, 
And the Direction of its Motion will be the ſame, viz. from 
ge to Eaft. 18 

3619. In the Center of the Wheel C (Fig. 1.) let there be 
fixed a ſtrong perpendicular Wire to paſs through, and to a con- 
venient Height above, the Upper Plate or Top of the Lunariun. 
Then let there be provided another Wire EM (Fig. 4.) and to 
one End E thereof, let therebe fixed an Ivory Ball NQ, with 
proper Circles to repreſent the EARTH ; and at the other End, 


* Sce the Plate of MEcyanism for aLuxnarium, 
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another Ball M to repreſent the Moon, one fourth Part of 
Earth's Diameter. For the Diameters of the Earth and Maon are 
known to be nearly as 7964, to 2192 Miles. 

3620. The Magnitude and Denſity of the Earth and Moon 
wa duely conſidered, the common Center of Gravity A be- 
tween them will be found to fall very near the Surface of the 
Earth; this then will be the Point on which thoſe two Bodies 
will be in Equilibrio; and therefore if this Point A be fixed 
upon the Top of the Wire or Axle of the Plate C, both the 
Moon and Earth will be carried round their Center of Gra- 
vity in 294 Days; and in 12 Lunations or 354 Days they will 
be carried once about the Sun, which Revolution is called the 
Lunar YEAR, which is 11 Days ſhorter than the Solar Year of 
365 Days; and this Deficiency of 11 Days is what the Chro- 
nologiſls call the EPACT. 

3621. This Conſtruction of a Lunarium preſents us at the 
ſame Time with another Motion of the Earth, viz. its Menſtrual 
Motion about the common Center of Gravity A; and hence we 
learn (1.) That it is not the Center of the Earth C which de- 
ſcribes what is commonly called the Orbis Magnus or annual Or- 
bit about the Sun, but the Center of Gravity A between the 
Earth and Moon. (2.) That the Moon alfo in its menſtrual 
Motion does not regard the Center C of the Earth, but the Cen- 
ter of Gravity A, as the Center of her proper Motion. (3.) 
That the Center C of the Earth is fartheſt from the Sun at the 
New Moon, and neareſt at the Full Moen. (4.) That in the 
Quadratures the Menſtrual Parallax of the Earth is fo ſenſible as 
to require a particular Equation in Aſtronomical Tables. Theſe 
Points, though of ſo great Importance, we have not yet ſeen re- 
preſented in Orreries or Lunariums hitherto made. | 

3622. Again, it a Candle or Lamp be placed in the n of 
the Orrery, then will the artificial Moon, revolving about the 
Earth, be enlightened in the ſame Manner as the real Moon in 
the Heavens is by the Sun, and all her Phaſes in each Lunation 
with reſpect to the Earth will be the very ſame as we obſerve 
them in the Heavens, 

3623. But further, if the Balls for the Earth and Moon were 
properly furniſhed with Magnets within Side, and then inſtead 
of being fixed to the Ends of the Wire E M, they were nicely 


ſuſpended 
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ſuſpended on fine Points of Needles placed there, with magne- 
tical Cards ſhewing the ſeveral Points of the Compaſs, as might 
eaſily be done, then we might agreeably obſerve that the Earth 
and Moon would both conſtantly ſhew the ſame Part or Face to 
each other as they moved about the Center A; and that in turn. 
ing once round, the Ends of the Wire E M would apply ſucceſ- 
ſively to every Point ot the Card or Compaſs, and thereby ſhew 
that each Ball in one Revolution about the Center A, did alſo 
move once about its own Axis. 

3624. But though this be the real Caſe of the Moon M, it is 
not of the Earth, which (to anſwer other Purpoſes) has ano- 
ther Motion communicated to it, viz. the diurnal Motion in 


Hours, every Way independent upon the menftrual Motion 


about A. And therefore that the Lunarium may be quite ſimi- 


lar to Nature, the Ball AN Qs ſhould be ſtill poſſeiled of an 


internal Magnet, and ſo placed upon an Axis fixed in the 
End of the Radius Vector, as to be voluble about it at Pleaſure. 

3625. In this Conſtruction, the general Phænomena of the 
Earth and Moon will be mutually evident ; for hence it will 
appear (1.) That the Moon mult always neceſſarily ſhew the 


fame Face or Side to the Earth. (2.) That the Earth turns every 


Part of its Surface to the Moon once in 24 Hours : (Z.) In 
Conſequence of this, the light and dark Parts of the Moon ap- 
pear permanent and fixed to us. (4.) But a great Variety of 
luminous and opake Parts preſent themſelves in a conſtant Ro- 
tation over the Surface of the Terreſtrial Ball to the Inhabitants 
of the Moon, if any there be. (5.) All the Phaſes of the 


Moon appear as in the Heavens. (6.) Alſo the ſame Lunar 


Phaſes will be obſerved in the Earth dy the Lunarians, for we 


are mutually a Moon to each other. (7.) Thoſe Phaſes are 
\ contrary in the Earth and Moon, for when the Moon is new or 
dark to us, our Earth is wholly enlightened or full to them. 


(8.) Our terreſtrial Ball being four Times larger in Diameter, 
will preſent the Lunarians with a Full moon 16 Times as large as 
ours. (9.) Only one Hemiſphere of the Moon being turned to 


the Earth, the Inhabitants of that alone can ſee our Globe. 


(10.) Our Earth appears to them always in one Place, or fixed 
in the ſame Part of the Heavens. (11.) The Moon has an ap- 


parent. 
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parent diurnal Motion through the Heavens, by the Earth's 
real Motion on its Axis. (12.) The Lunarians in the oppoſite 
Hemiſphere never ſee our Terreftrial Globe, as we can never 
ſee them. 

3626. With reſpect to the Sun, it is evident by the Lunarium, 
(1.) That it muſt always enlighten one half her Globe. (2.) 
That every Part of the Lunar Ball is turned to the Sun in the 
Space of her Monthly or periodical Revolution. (3) Therefore 
the Length of the Day and Night in the Moon is ever the ſame, 
and equal to 144 of our Days. (4.) When the Sun ſets, the 
terreſirial Moon riſes to the Lunarians, in the Hemiſphere next 
the Earth. (5.) To them therefore there can never be any 
dark Night at all. (6) While thoſe in the other Hemiſphere 
can have no Light by Night but what the Stars afford them, 

3627. Not only the Moon herſelf but even the very Orbit ſhe 
deſcribes about the Earth, has a ſenſible Motion, and is found to 
make one Revolution in a little leſs than Nine Years; for by the 
Aſtronomical Tables the Place of her Apogee was 


S D 7 7. 


1765 in 0 : 35 20 
in the Year I? 1 19 


Motion in Years g—12: 6:11: 57 = 366,2 


9 x 360 
306, 2 


* O 
e X 365 = 322, 5 


Therefore ſay, as 366,2: 92 360: =. Time of 


one Revolution of the Apogee; then 


Days. 


3628. Now in order to compute the Syſtem of Wheel-work 
for producing this Motion of the Apogee, we muſt divide 
32294 Days by 59, the Teeth in the firſt Wheel CD (Fig, 2.) 
and the Quotient is 54,7 3 this muſt be broke into two other 
Quotients, viz. 7 and 7, both on Account of its being too 
large in itſelf, and eſpecially becauſe it is neceſlary to have two 
Wheels move, viz. FG and 1 K, that the latter may have a 
dirett! Motion, as the Apogee really has. Therefore a Pinion E 
of 10 Teeth on the Axis of the Wheel C D muſt drive a Wheel 


FG of 70 Teeth; and another Pinion of 10 on that Wheel 


muſt 


one Revolution in Years, or 
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: 


e FIRE Wheel IK of 78 Teeth; and then a braſs Socket 


fixed about the Center of this laſt Wheel, will carry about an 
Ellipſis, repreſenting the Moon's Orbit, in the Time required. 

3529. Again, the Orbit of the Moon is not parallel to the 
Ecliptic or Earth's Orbit, but makes an Angle therewith of 
5 187“ at a Mean; now from different Forces of the Sun and 
Earth in different Situations, the Moon will in each Revolu. 
tion be various attracted, and her Orbit agitated being ſome- 
times drawn down, at other Times elevated; ſometimes it is 
moved forwards, and at others, backward ; and thus there will 
be a variable Motion generated in the Line of the Nodes, but 
upon the whole the Retrograde Motion is greateſt, and conſe- 
quently the Nodes will move backwards in the Ecliptic, and 
make one Revolution in, nearly, 19 Years. 

3530. For the Place of the aſcending Node & in 


1746 A 27: 1: 
A977: 4 
the Year 7 * 


— — — — 


Years, 19 1 38 : 28 = 352+ Degrees. 
Therefore ſay, as 3529, 5: 19:: 360®: 55 = Time of 
I9 * 360 


_ * 365 = 50825 
Days. 

3621. Then 59)7082,5{= 120, very nearly; this 120 muſt 
be broke into three Laoticnts, that the laſt Wheel may have a 
retrograde Motion. 1 hele Quotients may be 3, 5, 8; and then 
a Pinion A (Fig. 3.) fixed on the Axle of the Wheel CD 
(Fig. 2.) having 6 Teeth may drive a Wheel B of 18; this 
with another Pinion'C of b, drives a Wheel D of 20; and 
this alſo with a Pinion of 6 moves a Wheel E of 48 Teeth; and 
in a retrograde Direction; and therefore a Socket fixed in this 
Wheel will carry a Line pointing to the Place of the Nodes 
through ail the Signs of the Ecliptic in Antecedentia, in the Space 
of 7082 Days as required. 

3632. In the laſt Place, upon the upper Part of the Axis of 
the firſt Mover CD (Fig 2.) let a Pinion of 10 Leaves be 
fixed to drive a Wheel of 62; then a Socket (including all 
the 
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the reſt) being fixed in this Wheel will carry an Ecliptic Circle 
n the Plate of the Lunarium, which may at any Time be 
placed in a Poſition ſimilar to the Ecliptic on the Plate of the 
Orrery, and then it will always continue ſo by Virtue of its 
conſtant Paralleliſm produced by this Mechaniſm. ( 3611.) 
3633- If a Circle be placed about the Line of Nodes (3629,) 
and moveable upon it as an Axle, it may be occaſionally placed 
horizontally, or inclined to the Horizon in an Angle of 5* 18”; 
and then if the Moon M (Fig. 4.) be fixed to the End of a fine 
ſteel Wire, paſſing freely though a ſlender Socket on the End of 
Radius Vector E M, ſo that it may be over the Middle Part of 
the laſt mentioned Circle and conſtantly move upon it ; it will 


be eaſy to underſtand how the Moon may be made to move 


either horizontally or in her proper Orbit; in order more par- 
ticularly to ſhew whatever relates to the Nature, Cauſe, and 
various Phænomena of EcLiPsEs. 

3634. Alſo, being now furniſhed with a Solar and Terreſtrial 
Ecliptic it will be very eaſy to underſtand the Rationale of the 
general Deceptio Viſus, or Illuſians of Sight in regard to the Mo- 
tions, Places, Magnitudes and other Affections of the heavenly 
Bodies, and to reſolve them all conſiſtently with Truth. Alfo 
from hence the Hehocentric and Gencentric Places of the Moon 
and Planets will readily, at any Time, appear. And thus all 
the Great Points and Poſitions in the Solar and Lunar Aftronomy 
become eaſily explicable by ſuch a Conſtruction of an ORRERVY, 
TELLURIAN and LUNARIUM, as has been deſcribed. 

3635. After the ſame Manner a Fovian Lu x ARIUuM may be 
conſtructed with Eaſe, by knowing the Periods and Diſtances of 
each of Fupiter's Moons, which are as in the following Ta- 
ble. 


Satellite, Diſtance, Days. H. , Ratio to 1 Day. 
I 515 — 1 18: 27324: 42 
2 9 — 3 13: 2 2 
3 14,3 7: 3 ä W•˙ . 0 
4 — 25,3 16 : 16 : 324 6: 100 


3535. The Numbers in the Ratio of theſe Periods to one Day 
will ſhew the Diameters and Number of Teeth in a fixed and 
a moveable Set of Wheels for theſe Satellites in the ſame Manner 
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as before in the primary Planets (3574.) That is, upon one Ar. 
bor there muſt be fixed four ſmall Wheels, or Pinions, with the 
Numbers of Teeth 24, 20, 12, and 6, to drive four moveable 
Wheels of 42, 71, 86, 100 Teeth reſpectively. Upon theſe, 
Sockets are placed to carry the Secondaries round their Prima 
ove, in Diſtances meaſured in Semi-diameters of his Globe ex- 
preſſed by the Numbers in the ſecond Column. 

3637. But now to adapt theſe to the dentated Edge of the 
Orrery, and from thence derive a proper Motion we need only 
conſider, that if a Pinion of 8 be fitted to the Teeth of the Or- 
rery below, and fixed to a Wheel of 64 Teeth above, playing 
in another Pinion of 8 fixed on the Arbor of the fixed Set of 
Wheels, then will that Arbor, and all its Wheels, be turned 
once round in every natural Day of 24 Hours; and conſe. 
quently, all the Satellites will move about their Primary in 
ſuch a Number of Days as they really do in the Heaven, and 
at proportionable Diſtances. 

3638. If now a wax Candle be placed in the . of the 
Orrery, and a Piece of white Paper on the Radius Vector be- 
yond the Satellites perpendicularly; then the Motions of the 
Shadows of the Moons will naturally repreſent the apparent 
Motions. of theſe Moons as ſeen in the Field of a Teleſcope, 
viz. a Redtilincal Motion through the Diameter of the View; as 
alſo their direct, retrograde, and ſlationary Phænomena, and laſtly, 
thoſe of their Immerſions and Emerſions in Eclipſes; their Occul- 
tations, and Diſapparition on the illumined Diſk of their Primary; 
all which are of ſuch Conſequence in finding the Difference of 
Meridians, or Longitude of Places; and many other Points df 
Aſtronomy, Navigation, &c. 

3639. A Saturnian LUNARIUM may be conſtructed in the 


very ſame Manner for 5 Moons; whoſe periodical Times are as 
follow, from Dr. Halley's Tables. 


Day. 2; Semid. of Ring. 
The Firſt revolvesin 1: 21 : 18 2,097 
The Second 2:17: 4I ——— 2,686 
The Third —— 4: 12: 25 ——— 3,752 
The Fourth —— 15 : 22 : 41 ——— 8,698 
The Fiſh —— 79: 7 : 48 — 25,348 


3640. The 
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3640. The four inmoſt Satellites deſcribe their Orbits very 
nearly in the Plane of the Ring produced; which Plane makes 
an Angle of about 31 Degrees with the Plane of the Ecliptic; 
and the Nodes are in 19* 45” of Virgo and Piſces, The Orbit 
of the fifth Satellite is a little wide of the Reſt. Which Parti- 
culars being obſerved in the Conſtruction. of this Lunarium, it 
will very naturally exhibit the various Phænomena of this Satur- 
nan Syſtem of Moons and Ring, for every Year of Saturn's Pe- 
riod, Note, in this Lunarium, the Line of the Nodes muſt be 
kept always parallel to itſelf, as was ſhewn for the Line of the 
Earth's Nodes (3611.) And then, as Saturn paſſes from the 
Node in Virgo to the oppoſite one, the Sun will enlighten the 
northern Plane of the Ring; as it will the ſouthern Plane in 
paſſing through the other fix Signs. 


CHAN N 


The Aſtronomical DocTRINE of the EQUAT10N f 
Time explained. A CALCULATION of that Part 
ariſing from the OBL1QuITY of , the ECL1PTIC 70 

the PLANE of the EquaTOR; with a TABLE of 

this EqQuaT1ON for every DEGREE E the 

ECLIPTIC, 


2641. IF a Clock or Watch could be conſtructed with Me- 
chaniſm abſolutely perfect, it would always ſhew or 

keep equal Time, or go truly; but as this is not the Caſe it will 
often want rectifying, or being ſet right. Now as we have no 
direct or immediate Standard or Index of equal Time, by which 
the Error of a Time-Piece can be pointed out and inſtantly 
corrected,” we muſt be content, or rather, we ought to felici- 
tate ourſelves that we have it in our Power to do this by any 
Means at all. For this Purpoſe we have recourſe to two Me- 
886 thods 
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thods generally; one is the Sun- Dial and an Equation Table 
the other is by aſtronomical Obſervation and Calculation. 


3642. The firſt Method is very eaſy, and therefore adapted 


to common Uſe, which is now to be explained; as we have 


before given the Theory of the 2d Method largely from Inſt. 


1915 to 1920 incluſive. The Equation of Time is a Doctrine 


reſulting from two Principles, viz. (1.) The Sun's apparent 
diurnal Motion not being in the Equator, the only great Circle 
of equal Motion with reſpect to the Meridian; and (2.) The 
annual apparent Motion of the Sun not being in a Circle, but an 
Ellip/is which cannot admit of Equal Motion ; as we have abun- 
dantly ſhewn (1236.) 

3643. We ſhall conſider each Part of the Equation of Time 
ſeparately, and then both together. Therefore, firſt with 


relipect to the Motion of the Sun being in the Ecliptic and not 


in the Equator; it is evident from the View of any Globe re- 
volving upon its Axis under the Meridian, that the Motion, 
or rather the Velocity of the Motion, by which the ſeveral 
Points of the Ecliptic and Equator paſs the Meridian will be 
very different ; and that, that of the Equator will be conſtant 
and equable, and that of the Ecliptic always variable and un- 
equal. But this Matter will be eaſily elucidated by a Figure. 
3644. Therefore let EI (Fig. 1.) be the firſt Quadrant of 
the Equator, and E H the firſt of the Ecliptic ; the Angle IEH 
being 23 29/. Alſo, let P be the Pole of the Equator P HI, 
a Quadrant of the Solſtitial Colure and PF G a Poſition of the 
Meridian yery near to it; let PAB be the Meridian very nigh 
to the EquinoCtial Point E, and PE the Meridian paſling thro' 
that Point; then it is evident, that upon the firſt momentary 


Motion of the Globe, the very ſmall Arches EB and EA will 


paſs under the Meridian in the ſame Inſtant, and therefore 
thoſe Arches will adequately repreſent the Fluxions or Ratio 
of the inceptive Velocities of Motion in the Equator and Eclip- 
tic at the Equinox E. 


3645. Again, as PHI is the So/fitial Colure and PFG a 


| Meridian excceding near it, the Arches GI and F H, will be 


as the Fluxions or ultimate Velocities with which the two 
Arches EG and EF become equal in the Se///ice H. But 
the infinitely {mall Arches EB and EA may be conſidered 
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as right Lines, or the Angle AEB as rectilineal; and there- 
fore EB: EA:: Co-ſine of AEB: Radius 1: : 3. And 
GI: FH :: Radius : Co- ſine of IH (= AEB) :: &: v. 
Therefore, we have &: :: : #, or jyw = , a conſtant 
Quantity; therefore the Velocity of Motion in the Beginning of the 
Ecliptic E exceeds the conſtant Velocity of the Equator juſt as much as 
it falls ſhort of it at the End of the Quadrant in H. 

3646. There is, therefore, ſome intermediate Point C where 
the Velocity in the Ecliptic is equal to that in Right Aſcenſion in 
the Equator, which is now to be inveſtigated ; make the Arch 
Ed = EC, and Dd will be the Difference of the two Arches 
EC and ED, which, in that Caſe, muſt be a Maximum; 
for let the Arch EC g z, and ED = x; then will DA = z 
— x, Whoſe Fluxion, when a Maximum, is & — + = o, 
(818,) or & = #; that is the Fluxions or Velucities of the 
Arches E C and E D will be equal, when their Difference D d be- 
comes the greatęſi of all. 

3647. Now to determine the Quantity of the Arch EC, 
when Dd is a Maximum, we have (by Fluxionary Spherics 
1818,) the Fluxion of EC (=) to the Fluxion of ED (x) as 
the Co- ſine of CD to the Sine of C. Alſo by common Sphe- 
rics (1799,) we have, the Sine of C to the Co-fine of E as 
Radius to the Co-ſine of CD. Or thus in ſhort, =: & :: 
csCD: C; and 5C : D:: R: CD; therefore 
* x cs CD E R 
—— =5C = ——=— 

Z cs CD 
gy, c CDI: c E R:: S: *; and therefore when Cc = 
D d, or z = x, or when Dd is a Maximum (3646, ) we have 


h = csE NR; nd fo esCD = Hes XI 
Whence EC, ED, and D4, are all known. 

3648. The ſame Arch EC may be found without Fluxions 
by premiſing the following Lemma, viz. The Sum of the Tan- 
gents of any two Angles BAC, BAD, is to their Difference, as 
the Sine of the Sum of thoſe Angles is to the Sine of their Difference. 
Let BC and BD (Fig. 2.) be the two propoſed Tangents to 
the Radius AB; and take Bd = BD, join Ad, and draw 
DE and 4F perpendicular to A C. Then it is manifeſt, be- 
cauſe Bd = BD, that AD= A d, and dA B = DAB, and 
conſequently, that C Ad is the Difference of the two Angles 

BAC 


; which will give this Analo- 
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BAC and BAD. Then are the Triangles C D E and Ca 
ſimilar, and ſo we have CD (= CB + BD): C4(= CB 
BD) :: DE: dF; but DE and dF are Sines of DAE 
and d A F to the vow Radii AD and Ad, whence the Truth 
of the Lemma is evident. 

3649. Then (per Spherics, 1789) Radius : Co-ſine E :: 


Tangent EC: Tangent ED (Fig. 1.) and by Compoſition 


and Diviſion (648) we have Radius + cs E: Radius —c5E 
:: Tangent EC + Tangent ED : Tangent E C — Tangent 
ED::5EC+ED:5EC—ED (per Lemma.) But the 
Ratio of the firſt two Terms of thoſe Analogys is conftant be. 
cauſe the Angle E is ſo, therefore that of the two laſt Terms 
will be ſo likewiſe ; and conſequently, sEC — E D will be a 


Maximum, when the s.EC + ED is fo, that is, when EC + 
ED = go? for then the Sine thereof will be = Radius, 
Whence we have Radius + cs E: Radius — E:: Radius 


: . EC — ED; whence becauſe the three firſt Terms are 


known the fourth s EC—ED = . D d, is known alſo. 


3650. But there is yet a more direct and ſimple Method of 
coming at this Equation, becauſe when a Maximum it is known 
to be a Third Proportional to Radius and Tangent of half the Angle 
E; as will thus appear. The Radius is the Sine of go®, and 
therefore is the Co- ſine of oo. Therefore Radius + Co- ſine E 
* Radius — Co- ſine E:: Co- ſine o + Co- ſine E: Co- ſine o 


Co- ſine E:: Co- tangent E 3 (1829) 2 


Co- -tangent x E: Tangent 2 E. But it is f:: ret (1831), 
therefore 7* = c? X t, therefore * Xx = ct Xt X t; whence 
ct:t::1* : tf, that is Co-tangent ZE : Tangent LE : : Rad. 
: Tangent: El. Therefore Rad“: LTE H:: Radius: Sine of 
EC—ED =D, and dividing by Radius, we have Rad. 
Tang. ZE :: Tang. z E: Sine of D d, as was to be demon- 
ſtrated. 


> Tangent == 


3651. The Quantity of this Equation computed is D 4 = 


20 28/ 2, which converted into Tine, is 9 Minutes 54 Se- 
conds; and this is the greateſt Difference of Time that would 
ever be found between the Sun-Dial and a Clock if the Ob- 
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liquity of the Ecliptic or Sun's Path were the only Cauſe there- 
of. Now ſince EC + ED = 9o, and D (EC —ED 
=) 2* 28' 34”, therefore EC = 46* 147, therefore the 
Equation begins from nothing in Aries ꝙ or in the Point E, 
and increaſes to its Maximum in g 16* 14” and from thence 
decreaſes till the Sun arrives at gz in the Point H, where it 
again becomes nothing. | 

3652, In this firſt Quarter of the Ecliptic, it is evident, 
that had the Sun moved in the Equator it would have been in 
d at the Moment it is in the Ecliptic at C, and conſequently 
the Sun at C is in the Meridian PD, which is before the Time 
the Eguinoctial Sun arrives to it, at (d); as being then Ea/itvard of 
it by the Difference in Time every correſponding to the Mo- 
tion in Right Aſcenſion of the ſmall Arch D d. Whence it 
appears that the apparent Time of the Ecliptic Sun, or that ſhewn 
by a Dial, is in this fuſt Quadrant always before the Mean or 
Equal Time in the Equator by the Difference belonging to the 
Equation D d, which, therefore, when found, muſt be ſub- 
ducted from the Solar Time to have the mean I ime for the Watch 
or Clock. 

3653. By making the ſame Conſtruction in the ſecond Qua- 
drant of the Ecliptic, it will appear, that the Point (4) is Weſt- 
ward of the Point C, and therefore comes firſt to the Meridian 
Arch. Whence the mean Time is now before the apparent or So- 
lar Time, and conſequently the Equation D4 now becomes 
Addititious, or muſt be added to the Solar Time to have the 
Mean, which now precedes it. Thus when the Sun is in & 
432 4& (= C l,) if we add 97 54” to the Time ſhewn by 
the Dial it will give the Mean Time for the Watch; for fo 
much does the true Noon of that Day exceed the apparent Noon 
on Account of the Sun's oblique Madlen. 

3654. lt is evident the ſame Equation will be produced in the 
34 and 4th Quadrants of the Ecliptic, and will accordingly 
be Ablatitious and Addititious, as is ſhewn in the following Table, 
where the Quantity of that Equation is computed for the Sun's 
Place in every Degree of the Ecliptic, 
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Fubrract from the Apparent Time. 


The true Place of the Sun, 
Sis | N AS mu £ 


Deg. 1 5 


olo ſ 2308 45130 
i] o 20] 8 34] 8 3529 
2] oO 40 8 44] 8 24|28 
3} x of 8 53] 8 13ʃ27 
$1 1' 19 9 2| 8 126 
5| 1 39] 9 10] 7 48125 
661 58] 9 17] 7 34124 
7] 2 378] 9 24] 7. 2023 
81 2 371 9 3007 6[22 
90 2 56] 9 35] © 5021 
10] 3 15] 9 40 6 3520 
111 3 34| 9 44] © 8119 
124 3 52] 9 48] 6 2118 
13] 4 11] 9 50j 5 44117 
1444 29] 9 52] 5 27116 
15] 4 46] 9 540.5 8015 
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C HAP. XXVI. 


A CALCULATION of that Part of the EQUATION of 
Time which ariſes from the Elliptic FokM of the 
Earth's ORBIT; with a proper TABLE thereof 
for every DEGREE of the EARTH ANOMALY. 


3655. HE ſecond Cauſe of the Inequality of Time ſhewn 

by a Dial and a CLock, was ſaid to beowing 
to the Elliptic Form of the Earth's annual Orbit (3642), and 
this is known to be Fat from common Obſervation; for through 
every Year the Diameter of the Sun is found to ſubtend a varia- 
ble Angle, being ſenſibly greater at one Time than at another; 
for a few Days after the Winter Sol/tice it meaſures, by the Mi- 
crometer, about 32/ 43“, but the ſame Diſtance after the Sum- 
mer Solſtice it is no more than 317 38”. 

3656. Now were the Orbit of the Earth truly circular it 
would be always at an equal Diſtance from the Sun, which 
would therefore always appear of an equal Bigneſs ; conſequent- 
ly, as it does not ſo appear, it muſt be at unequal Diſtances 
from us to cauſe thoſe unequal apparent Magnitudes (1451.) 
And becauſe the greateſt and leaſt ſolar Diameters are as 32/ 42”/ 

= 1967”, and 317 38/= 1898; the greateſt and leaſt Diſ- 
tances of the Earth from the Sun will be inverfely as the 
ſame Numbers 1963 and 1898. 

3657. Let this Ellipſe Orbit of the Earth be denoted by 
ABP D, (Fig. 3.) in whoſe Focus S is the Sun; and let the 
other Focus be F. Upon the Center S deſcribe a Circle GI K L, 
whoſe Diameter G K is a Mean Proportiona! between the two 
Axis AP and BD of the Ellipſis; then will the Area of that 
Citcle be equal to the Area of the Elliplis (894.) And we 
may now compare the Motions in the Ellipfis and Circle as they 
would each be deſcribed in the ſame Time; and thus nveſtigatec 
an Equation by which the unequal Motion of the Earth in 
the former, and the equal Motion of a Point in the latter, may 
be always equated, or adjuſted to each other, 


Vor. II. Tet | 3659, 
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- 3658. Suppoſe now the Earth begins its Motion from the 
Aphelion A of the Ellipſe, at the ſame Time that the i Imaginary 
Point ſets out with an equable Motion in the Circle from G; then 
becauſe the Diſtance AS exceeds the Diſtance SG, the Velo. 
city of the Earth will be leſs than that of the Point (1213), 
and therefore in the Time that the Earth deſcribes the Arch 
Aa, the Point will have deſcribed G g, making the Area G8 7 
equal to the Area A Sa, purſuant to the general Law of 
Nature. (1212.) 

3659. Becauſe the Area AS = GSg, ſuduct from each 
Side the common Part or Area G8 4, and there will remain 
the Area AG4a equal to that of the Triangle 48g; there. 
fore the ſaid Area AGda will be ever proportional to the 
Equation of the Orbit, or the Arch (gd). Conſequently when 
this Area becomes a Maximum, there the Equation will be 
greateſt alſo, which is in the Point L where the Circle inter- 
ſes the Ellipſe, for then the ſaid Area becomes ALG. 


3660. As in the Point L the Earth in its Orbit, and the ima- 


ginary Point in the Circle have both the ſame Diſtance from the 
Sun, LS; they have there the ſame Velocity of Motion; and 
after they have paſſed that Point L, the Earth approaching con- 
ſtantly nearer the Sun, will have a Velocity greater and con- 
ſtantly gaining upon that of the Point in the Circle, but ſtill the 
Point ia N will be before the Earth at H, till at laſt the Angle 
H SN or Equation of the Orbit will vaniſh in the Line SPE, 

where the Earth arrives to its Peribilion P, and the Point in the 
Circle to K. 

3661. The Area A $ H being ſtill equal to the Area GSN, 

we have at length, the Semi- Ellipks ALP = the Semi; circle 
GLK; and ſubducting the common Area G LP, there will 
remain the Area AL G = the Area PLK. And as the Equa- 
tion aroſe from nothing in the Point A to its greateſt Magnitude 
at L, by continuel Increments; fo after paſting the Point L, it 
muſt leſſen by decreaſing Quantities, which conſtitute the 
Arca PL K; fo that what was gained in the firſt Part, is loſt 
in the latter, and the Equation becomes nothing in the Line 


1 


23662. Or is; continue the Ray 8 H to M; then the Elip- 


tee Sector ASH = GSN, as being deicribed in the ſame 


Time; 


Of CLock- Work. 507 


Time; from each, take the common Part G L HS, and there 
will remain ALG = NLO + OSH = HL MSN; 
therefore ALG M HL K MHP M S N, the Mea- 
ure of which Angle is the t.quation MEN ; and is therelore 
nothing when M H L becomes equal to A L GorP LK, 

3663- In the firſt half of the Ellipſis, or while the Earth de- 
ſcends from the higher Apis or Aphelion A to the lower P,. the 
Mean Anomaly will ever be greater than the true, or the Place 
of the imaginary Point (g) will be to the Eaſt of the Point (d). 
And therefore if we ſuppoſe the Earth at reſt in the Center at 
6 and the Circle GLK I to be the Primum Mobile, then (d) 
will be the Place of the Sun in the Ecliptic, and (g chat of the 
Point of Mean Motion; alſo ASP will be the Meridian, to 
which when d arrives, it will be Nood by the Sun Dial, but 
when g comes to it it will be XII by the Watch. And ſince 
theſe apparent Motions of the Heavens are from Eaſt to Weſt, 
it is evident, the Time of Noon by the Dial, will precced that by the 
Ck; and conſequently the Eqũation or Arch g 4 (turned in- 
to Time) muft be ſabtracted from the Time by the Dial, to have 
the Mean Time by the Clock or Watch, as that is now Aber 
than the Dial. N 

3664. But all the Time the Earth aſcends bom the lower 
Abſis or Peribelion P, to the Point of InterfeCtion I, it will be 
nearer to the Sun at S than the Ecliptic or Circle, and conſequent- 
ly its Motion will be ſwifter than that, of the imaginary Point; 
therefore its Place pat any Time will be beſore that of the ſaid 
Point at &, and conſequently will come after it to the Meridian at 
P, in the apparent Mhtions ; therefore the Mean Time will be be- 
ſore the ſolar Time, or the Click will now be faſter than the Dial; and 
the Equation e p muſt be adzed to the Time by the Dial to have 
tie mean Time by the Match. 

3665. This will-alfo continue to be the Caſe cil-the Earth 
arrives at the Aphelian A; for though in paſſing from the mean 
Diſtance at I to the greateſt at A, the Velocity of the Earth at 
is leſs than that of the Point R in the Ecliptic, and is, con- 
ſtantly decreaſing, yet it will always be before the ſaid Point; 
and therefore, with Reſpect to the apparent Motion, it muſt come 
later to the Meridian than the Point of equal Motion R, and ſo 

ä i the 
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the Equation R is ſtill to be added to the ſolar or apparent Time by 
the Dial, to have the mean Time by the Clock. 

3666. Here Rꝗ is the Equation; and the Area or Sector K SR 
— PSQ, from which take the common Area PS RI and there 
will remain PK IS QI R 8 4, and therefore PK 1 
Qu.. q=RSg, is proportional to the Equation R, (ſee 3662 3 
therefore when QI q becomes AIG (=PE 1), the Equation 
of the Orbit vaniſhes again. 

3667. Let GN be any given mean Motion (Fig. 4.) and 
AH the correſponding true Anomaty ; ; draw Sh, Sn, indefinitely 

neartoSHan#SN; and put Nn =, and Hh A; Fs 
becauſe the fluxionary Triangle HSh = NS, we have the 
Angle HSh: NS A:: NS: HS? (127 0)::2:5. Therefore 
NEWRY ys 

H S* 

3668. When the Fluxions of Quantities are equal, their 
Difference will be a Maximum ( 3046;) therefore in L, where 
SH = SN = SL we have z = 5; and conſequently the 
Equation of the Orbit GN — AH, will there be the greateſt 
poſſible, as we before ſhewed, (3659.) 

3669. We have found Areas, Angles, and Arches, pro- 
portional to the Equation of the Orbit; but to compute the 
real Quantity of this Equation, we muſt firſt ſolve the ſo much 
famed Problem of KEPLER, wiz. To cut off a Sector AS a by the 


8 8 of the true Anomaly A H. 


Right Line Sa ( Fig. 3.) that ſhall be ta the whole Area of the Ellipſe, as. 


the Time of deſcribing the Arch A a, to the Time of a whole Revolution 
in the Elliptic Orbit. But as the moſt geometrical Way of doing 
this, is by infinite Series; and there is a much eaſier and very exa& 
Method of computing the Equation invented by the late Biſhop 


Hard we ſhall here explain that, with Bullialdus's Correction 
thereof. | 


3070. This Method depends on-an Hypotheſis, that a Ray FIL. 


(Fig. 5.) drawn from the upper Focus F to the Planet at L, deſcribes an 
Angle A F L proportional to the Time of the Planet's paſſing through 
the Arch AL. Therefore let ABP be the Ellipſe the Planet 
deſcribes ; ; AP the Line of the Ap/ides; S the Focus in which 
is the Sun, F the other Focus or Center of equal Motion. The 
Angle A F L being as the Time, the Place of the Planet will 


be 


3 * 
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be at L, and the Angle ASL is the true or coeguate Anomaly. 

3671. Produce F L towards E, and make FE = AP, and 
join E S. Then is LES LS (769,) and the Triangle 
ELS being iſoſcles, the Angle LESS LS E, and both to- 
gether equal to the Angle FLS (632.) Therefore in the 
Triangle E FS, having the Sides FE and FS, and the Angle 
of mean Anomaly AFE, or EFS, we find the Angle E, 
and 2E = F LS, which is the Difference between the mean 
Anomaly. AFL, and the True ASL, and is therefore 
the Value of the Equation ſought ; for this taken from _ mean 
Anomaly AF L leaves the True one ASL. 

3672. Alſo in the Triangle F LS, having all the PE 
and the Side F'S, the Side SL is known, which is the Diſtance 
of the Earth from the Sun, in its Orbit at L. And thus the 
Equation of the Orbit, and Diſtance from the Sun, is found in 
this Hypotheſis very exactly for the Earth; but for the other 
Planets, eſpecially Mars and Mercury, it requires ſome Correc- 
tion, which it received from the celebrated Aſtronomer 1ſmael 
Bullialdus, as follows. 

357 3. Upon the tranſverſe Axis AP deſcribe the Circle 
ADP, and let AF L be the mean Anomaly, as before. Thro? 
L draw the Line QL G perpendicular to the Axis, meeting 
the Circle in Q; join FQ, cutting the Ellipſe in M, and M 
will be the Place of the Planet in its Orbit for the mean Ano- 
maly AFL. Let B C be the Semi-conjugate, which continued 
to D, we have CB: CD:: GL: GO, which is therefore 
known; join 8 M, and then the Angle ASM will be found in 
the ſame Manner as before the Angle AS L was found, (367 1.) 

3074. This Correction of Bullialdus accelerates the Motion 
of the Planets in the fir/t and third Quarter; and in the Second 
and Fourth retards them a very little Matter, in Reſpect of J/ard's 
Hypotheſis, which makes their Places by this Theory agree 
much better with Obſervations. But the late Mr. Simpsow 
has given us a Conſtruction which finds the Planet's Place till 
much nearer the Truth than either of the foregoing. *® 

3675. The general Reaſon of this Hypotheſis is this, that 
the Velocity in the Orbit being every where inverſely as a Per- 


pendicular 


® Sec his Mathematical Eſſays, p. 41. 
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pendicular on the Center of Force $ upon a Tangent to the 


Orbit in a given Point or Place of the Planet (1213), it will 


follow that Aa, Bb, Pp be Spaces paſled through in equal 


Times; then drawing the Lines Fa, Fb, Fp, the Angles 
A Fa, BF, PFp, will in the Earth's Orbit, be exttemely 


e For at A and P we have Aa: Pp:: PS: SA 


: AF: FP; therefore A Fa P Fp. Again, Aa: Bb 


:: BS: SA:: FB: F; but in the Earth's Ellipſe'F i is very 
near to C, and we ſhall have FB: FP:: AF: FB, very 
nearly; ; conſequently the Angle BFU AF, extremely | 


near, Therefore the angular Motion abu the upper hag F is 
very near equable.*. | 

3676. When the Planet is in B, do middle point of its 
Semi-Ellipſe, then F E becomes FN, and FB = BN = AC 


= SB; and FSN is a Right Angle, and ſince the Point B 


very nearly coincides with the Point 1 (Fig. 3.) where the 
Equation of the Orbit is a Maximum, therefore the Angle 
FBC will inſenfibly differ from the Half of that Equation. 
And becauſe (3656) AS is as 1963, and SP as 1898, there- 
fore AC= FB, will be as 1930;5, and AS-AC—CS 
— CF, will be as 32,5; therefore ſay As F B = 1930, 5 

FC:: Radius: Sine of FBC = 58 %, which doubled, 
1 0 567 19”, = FBS, the greateſt Equation of the Earth's Or- 


bit; and ſuch you find it in the Aſtronomical Tables of Dr. 


HatLEy. This Equation turned into Time for every Degree 
of the Earth's Anomaly, is as in the following Fable. 


* Thro' Inadvertence, the Lines, pa, Fb, Fp. were forgot to 
be drawn in Fig. 5. but they can be eaſily ſupplied by the Reader, 


and it is therefore hoped will occaſion no Obitruttion to his under- 
ſanding this material Point. 
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Fubtraci from the Apparent Time. 


8 The Mean Anomaly of the Su. 
Signs“ © 1 3 4 5 
| Deg. |, 1 | 7 ag , 2 
| ofo 93 48] 6 39 7 450 6 47 3 
| mo 8 3 556 43/7 4506 4303 
2% 1604 2 47]7 4506 39 3 
. 9 2414 0 0 07 451 6. 256-3 
| "$0 32 4 106 7 45, © 20, 3 
| 5| 0 40] 4 2216 58} 7 4416 260 3 
| bo 48]/4 297 17 44|6 21] 3 
i To $04 7 "R7 4316 16] 3 
S] I 3} 4 0/7 112 
9s : 18] 4 48} 7 th 7 414 65 61 2 
[9.19.4 .54] 7.10.7 40 6 |. 
10 4. 23-3 Of 7 7 JS 404 2 
a 717 17 371 5 5 2 
11 I 5 1217. 63 e-ct3 
| 1411 50 5 19] 7 25] 7 34] 5 40] 2 
| '15| = 58] 5 24] 7 27] 7 32} 5 34] 2 
{19 $5 2017 67 oft 2b 
1712 13]5 35|7 317 28! 5 2201 
180 2 210 5 41] 7 33] 7 25] 5 161 
19 a2 25] 5 461.7: 397 231 516 x 
20 2 36} 5 51] 7_ 36] 7 20] 5 4] 1 
21] 2 43] 5 57] 7 38] 7 18] 4 5801 
22] 2 511 6 21 7. 39 7 15/4 510 
2312 5806 77 4i]7 124 45] © 
2 3 610 1H 7. a3 9]4 38] 0 
. 
200 3 200 5 21] 7 $87- 21-4. ö 28 
271 3 27 6 26|7 4416 59] 4 18/0 25 
280 3 34] 6 3o] 7 446 550 4 110 0 
291 3 41] © 35] 7 45] 5% 4 4 0 
20] 3 4806 39] 7 45% 47,3 57]0 
| „„ EPYES - A 4-4 
N | E 
ow 10 9 8 7 6 


Add to the apparent Time. 
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CHAP. XXVII. 


The TneoRY of the Compound EquaT10N of Timex, 
and the CONSTRUCTION of one General TaBIE 
thereof depending on the SUN's PLACE in the 
ECLIPTIC. 


3678. „ ago two Equations of Time we have now conſider. 
ed muſt be both applied to obtain a general or ab- 


ſolute Equation, conſiſting of the Sum or Difference of theſe 


particular Ones, according to their affirmative or negative Qua- 


lity; but becauſe One requires the Knowledge of the Sun's 
Place in the Ecliptic, and the other, the Sign and Degree of 
the Earth's or Sun's mean Anomaly ; therefore to render this 
Matter leſs troubleſome or difficult, Aſtronomers have compoſ- 
ed one general Table out of the two, making it depend en- 
tirely on the Sun's Place in the Ecliptic, 

3679. But this general Table can be only a temporary One, 
as ſerving with any Exactneſs only a certain Time, becauſe the 
Line of the Apſides AP, from which the Numbers in the ſe- 
cond Table begin, is not fixed with reſpect to Signs of the 
Ecliptic, but has a direct flow Motion through the ſame at the 
Rate of one Degree in 59 Years, or 1* 41” 7” per Century. Con- 
ſequently in about 3o or 40 Years this general Table will re- 
quire to be renewed where any Computations of Accuracy are 
concerned, but for barely ſetting common Clocks by a Dial, it 
may ſerve much longer. 

3680. By Dr. Halles Tables, the Poſition of this Line 
AP is in 8? 42' 52“ of Cancer and Capricorn at the Begin- 
ning of the Year 1764. But as the Theory of this compound 
Equation is not quite ſo ſimple and evident as every young Ho- 
rologiſt might wiſh, I ſhall endeavour to render it plain by an 
algebraic Calculus, and to illuſtrate the fame by a proper Di- 
agram; both which have been hitherto wanting in Books 
treating of this Subject. But to facilitate theſe Demonſtations 
the two following Lemmata are to be premiſed. 


368 1. In 


2 erer 


— 


Of CLocx-Work. 513 

3681. In any Triangle FHS (Fig. 6.) we have FH + SH 
zFH—SH=FS x2CY; ſuppoſing HV perpendicular 
1 FS, and FC = CS. For with HF as a Radius, on the 
Point H as a Center, deſcribe the Circle A BF and continue 
the Side 8 H each Way to the Circle, and the Baſe. FS to the 
Circle in B. Then is AH= HF, and AS = FH + SH, 
and SE = FH—SH; and becauſe it is ES SAS FS Xx 


SB (658,) and SB=FV +VS=FS +2VS; theie- 
fore :SB = FS TVS S CV, conſequently 2 C V 


SB. Therefore FH + SH x FH — SH = ES: M 
2CV. 

3682. The Reclangl of the Sines of two Arches added to 1 Rect- 
angle of their Co. ſines, make a Sum equal to the Rectangle under the 
Radius and Co. ſine of their Difference. (Fig. 7.) Let the two 
Arches be AC, and CD (= CB); their Sum AD, and 
Difference AB; let CF and O F be the Sine and Co-fine of 
the greater Arch AC; and let D (= B) and Om be thoſe 
of the lefler Arch CD, or QB. Alſo let BE and OE be thoſe 
of the Difference AB. Draw n parallel to C F; and mv pa- 
tallel to AO; then it is plain the Triangles OC F, On, 
and D v are ſimilar; therefore we have OC: OF: : OS. 
: On, whence OC x On = OF x Om. Again, OC 

: CF :: Dm : mv, therefore OC x mv = CF x Dm. 


Conſequently OC x On + mv= OC x OE = OF x On 


+ CF x Dm. 2. E. D. 
3683. Theſe Lemmas premiſed, if we look back on Fig. 4. 
we ſhall there find the ſame Triangle FHS (as in Fig. 6) 


by drawing the Line FH, and letting fall the Perpendicular 


HV. Put Ace Pena esse 
SH = v, and the Co- ſine of the Angle HSP = x, to the 
Radius SE = SN = 1. Then 1:x::v: vx = SV, alſo 
FH = AP — SH (769) = 2a —v, and FS= 2c; 


wherefore FH + SH x FH —SH=FS x 2CV; that 
i, Aa & 46 2v = 2&7 2 X* 0 + xV; from whence 


4* — C* b* 
WRT SH, the Diftance of the 
Earth from the Sun, 1 
Vol. II. 3 3684. And 
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Earth at H reduced to the Eclptic G LK I. 


3684. And becauſe S NY SK = ab (3657), we ſhall 


2 "ax aſt is 


have * 352 55 the Fluxion of the true 


Longitude AH, or Diſtance from the Aphelion A, Having 
thus ated an Expreſſion of the Increment of the Longitude 
| for the Elliptic Anomaly, and having before found it for the Ob- 


liquity of the Ecliptic (3647), we can find how far both theſe 
Cauſes together will affect the Motion of the Earth in Right 
Aſcenſion, ſince in that alone conſiſts the whole Ground and 
Reaſon of the Equation of Time; and if we thus unite both their 
Effects we ſhall have the whole or abſolute Equation in one The- 
orem, for any Value of x, or Longitude of the * from 


either Apſis A or P. 


3685 For the Fluxion of the 1 or true Anomal 
being to that of the Equator or Motion in Right Aſcenſion al. 


ways as D': EN R:: 3: &, (3647. Therefore 


8 
| 2 X 
ſay, As CD: 0E X R: = a + x K:: 


75 3 
c E NR , 


„ * = theFluxion of the Motion in the Equa- 


cs CD 
tor, ariſing from both the Cauſes of Irregularity united, 
3686. Now this being compared with the equable Motion in 
Right Aſcenſion of the imaginary Point in the Circle G L PT, 


jt will eaſily appear when their Difference is the greateſt or 
a Ruximum, becauſe in that Caſe their Fluxions will be equal 


a X a + cx? csE XR 
646,) viz. — * ——=> =}; and con- 
(3 4 : cs CD! ; 
X 8 a a en c5DC 
ſequently in that Caſe 5 ER. 


3687. But as this latter Part of the Equation is not of the 
ſame Form with the firſt, it muſt be reduced to algebraic Terms; 
thereſore put: Sine of K S , the Diſtance of the Perihelion 


P from the Solſtice £5; its Co- ſine Sn; then the Co-fine of 


the Angle PSH being = x, its Sine will be = Vi — xx; and 
by the Lemma (3682) we have nx + mV/1 — x x = Co-ſine 
of HS S, or C888 = Sine of  C or Longitude of the 


a 3688. Let 


ine 


det 


— 


Of CTrockx-Wokk. 515 

3088. Let EN M (Fig. 8.) be the Projection of that half of 
the Equator which is above the Plane of the Ecliptic, and 
EQM of that half which is below it; and CD a Perpendicu- 
Jar thereto ; then is the Right-angled Triangle C ED the ſame. 
with that in Fig. 1. Put p = Sine of the conſtant Angle E, 
and 9 = Co-fine, and we have (by Spherics,) Radius (1) 
:.EC(nx+4- mVI - KX) :: p: PT DHNnVI— * Sine 
of CD, whoſe Square Co- ſine is therefore I—pnx +pmV 1 — x = 
= c. C D' 3 and the csE S; theſe Values ſubſtituted in the 


a X 4 ＋ * I—pux+pmVvI—xx 
b3 1 g 
This Equation reduced, gives the Value of x, or Quantity of 
the Angle H SP. a 
3689. While the Angle HSP is acute, x will be affirmative, 
or 4- x; but when obtuſe it will be negative, or — x. Alſo 
while H is in the Semi-ellipſis ALP, m will be affirmative or 
In; but when H is in the other Half PIA it is negative, or 


Equation above, give 


3 a * 
— m; and the Equation there becomes 7 — 


2 


1—pnx—pmVi—xx 
7 

3690. From all which it is evident, that this Compound Fqua- 
tim of Time, as it ariſes from the Sums and Differences of the 
two ſingle Equations muſt be of a different Value in differert 
Parts of the Orbit; and that there will be four of thoſe Maxima 
in all, viz. two ariſing from the Sums, while x is poſitive; 
and two from the Differences of the ſingle Equations, when x 
is negative, or — &#., 

3691. But to make this Matter yet plainer, let A = the 
Equation for the Earth's Elliptic Orbit, and B = that for the 
Obliguity of the Eclipic ; then all the Time the Earth H is deſcend- 
ing from A to P, the former is negative, or — A (3663. ) 
And in aſcending from P to A, it will be affirmative or ＋ A. 
Alſo in the iſt and 3d Quarters of the Ecliptic we have — B; 
but in the ad and 4th it is + B (3653, 3657.) 

3692. Now *tis evident, in the Diagram (Fig. 8.) that the 


frſt Quadrant of the Ecliptic = wholly coincides with the 


Uuu 2 Semi- 
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Semi-Ellipſe A LP, and therefore the Maximum Equation will 
here ariſefrom A + B, which, as they are both Negative, thews this 
Equation is ſo too, or that it muſt be talen from the Time by 
the Dial, to have the mean Time by the Watch or Clock, 
which is then 00 fone. This Equation is 160 17 and is when 
the Earth is in 8: 10?, or the Sun in m: 10®, on November 2d. 

3693. Again, almoſt the whole of the 2d Quadrant of the 
Ecliptic is in the other Semi-Ellipſe PI A; conſequently the 
two ſimple Equations here being both oofirive their Sum A + B 
will be fo too, or muſt be added to the Solar Time to get the 
Mean by the Watch, which is here too . This Maximum 
amounts to od 49 on February roth. When the Earth is in 
K: 21* : 35”, or the Sum in & 215 389. 

3694. The third Quadrant of the Ecliptic i is wholly on the 
| ſame Side with the Semi-Ellipſe AIP, and the Earth will enter 
jt before the third Maximum Equation ; therefore B will be 
Negative and that Equation will be A—B=4 5”, to be 
ſubdutted from the ſolar Time by the Dial, becauſe now B is 
greater than A, and the Clocks are 00 ſino, again, This hap- 

pens on May rat, when the Earth is in m: 24* : 187 or the 
Sun in 8 24* 187. 
3695. Laſtly, the laſt Quadrant of the Ecliptic is * the 
whole of it on the ſame Side of the Line of the Apſides AP 
with the Semi-ellipſe A LP; here B will be poſitive, or + B, 
and A negative, or -— A, and therefore, the Equation, wha 
greateſt, will be = B — A= 5 55; and becauſe B is here 
alſo greater than A, therefore the Equation is to be added to 
the apparent Time by the Dial to have the true or equal Time 
by the Clock or Watch which is now 100 ſaſt, or before the 
Dial. This Maximum happens on Jul 26, the Earth being 
in 2% of , and the Sun in 3e of K. 

3996. If the Reader attentively conſiders the ſeveral particu- 
lar Circumſtances and Relations of theſe two ſimple Equations 
he will ſee how this Compound Equation will gradually ariſe by 
Addition and Subtraction, and increaſe to its various Maxima, and 
then alternately decreaſe to nothing, according as the Numbers 
appear in the following Table, which is here adjuſted for ready 
Uſe to the Signs and Degr ces of the . 
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C HAP. XXVII. 


Of the beſt Mx Hops of drawing a MeRiDIaN Ling 
by Concentric CiRCLes, by the HYPERBOLA, &c. 
The Theory of a New EqQuaL ALTITUDE Ix- 
STRUMENT for that Purpoſe. 


3698. A CLocks and DiAls are of a like Nature and 

Uſe, ſo they are mutually ſubſervient to each 
other, and ſerve to correct one another, when either ſhall chance 
to be at Fault; but to this End it muſt be ſuppoſed that they 
are originally each of them properly conſtructed, and the Dial, 
particularly, fixed in a zrue-Poſetion, And as this is ſo important 
a Point, we here propoſe to give ſuch Directions and Precau- 
tions as are neceſſary to be obſerved in that Affair. 

3699. The firſt Thing to be obſerved in fixing a Horizontal 
Dial is, that the Surface of the Pedaſtal be truly level or hori- 
zontal, and this muſt be examined and thoroughly rectified by a 
Plumb-line, or Spirit Level. The Reaſon of this Injunction is 
becauſe the Gnomon of the Dial cannot be parallel io the Aris of 
the Earth without ſuch an horizontal Poſition ; as we have ſhewn 
when we treated of Dialling. 

3700. The ſecond Thing neceſſary is to place the Meridian 
of the Dial truly North and South, or exactly in the Meridian of the 
Place; for this Purpoſe it will not be ſufficient to ſet it by a Mag- 
netical Needle in a Rectangular Box, neither by a Clock, Watch, 
or any other Dial ; but quite independently of any other Time- 
Piece, by a true MERIDIAN Line. This is upon Suppoſition 
the Dial is a very good one, and intended to go very correctly. 

3701. As a MERIDIAN LINE is of the moſt extenſive Uſe, 
we ſhall here give ſome of the principal Methods for drawing 
one. The moſt ſimple and practical of theſe is the following. 
Upon a Point A (properly choſen) as a Center, deſcribe ſeveral 
concentric Circles as N HE, OI D, PK C; and in the ſaid 
Center A fix a ſtrong Wire, as truly upright or perpendicular 
to the Horizon as poſſible, the Height of it fix or eight Inches; 


then 


—— = 


i 
"| 
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then obſerving, in the Forenoon, very nicely where the End of 
the Shadnw touches each Circle, and there make fine Marks, ag 
ſuppofe in the Points BoB DE; ; and do the ſame for the After. 
noon Shadows, as at H, I, K. Then biſeR the ArchEH j in 
F, and the Arch CK in G; and through the Points A, F, 6. 
draw the Right Line AFG, and it ſhall be the Meridian-Ling 
required. 

3702. It has been formerly ſhewn ( 1766, that the Curve 
LR M deſcribed by the End of the Shadow is an Hyperbala (in 
any Latitude leſs than 663 Degrees, whoſe Vertex is R and 
its Axis the Meridian Line PR G. Further, it is eaſy to con- 
ceive, that the Sun in the Horizon, projects the Shadow to an 
Infinite Diſtance, and there the Curve of the Hyberbola coin- 
cides with the Ahmtote; and that this is at a Point in the Ho- 
rizon juſt oppoſite to the Sun; conſequently the infinite Line 
joining theſe two oppoſite Points will be an Ahmptote to the hy- 
perbolic Curve of the Shadow deſcribed on the given Horizon- 
tal Plane, and will contain with the Meridian of the Place an 
Angle equal to the Co Amplitude for that Day. 

3703. Therefore from the given LaT1TUDE of the Place, 
and the DECLINATION and AMPLITUDE of the Sun, the Hy- 
perbola for the given Day may be deſcribed, and the Meridian 
Line thereby found by a ſingle Obſervation of the Shadow ; and 
verified by any Number of them you pleaſe. In order to this 
Practice, it is to be conſidered, that on any Day in the Summer 
or Winter when the Sun's Declination is the ſame, there will 


| be the ſame or equal Hyperbolas deſcribed by the Shadow, 


whoſe Vertices will be determined by the Shadow of the Me- 
ridian Altitude on each Day. 
3704. Thus, for Example: Let AB be a Gnomon of a 


-given Height, and let ACB be the Meridian Altitude of the 


Sun, equal to the Sum of the Co- Latitude and Declination, whence 
the Diſtance A C is known. Again, the Angle ADB, on 
the Winter Day, is the Meridian Altitude, equal to the Diffe- 
rence of the Co- Latitude and Declination; and therefore AD 
is known; from which take A C, and the Remainder C D is 
the Tranſverſe Axis of the Hyperbola's. 

3705. Biſect CD in E, and that will be the Center of the 


9 Hyperbola S; thro' which draw two oy Lines GP and LM 


Na. 13 
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making with the Line A D Angles G EA and MED equal to 
the Co- Amplitude and they will be the A/ymprotes to the Hyperbolas, 

3706. On the Vertical Point C erect the Perpendicular C K 
meeting the Aſymptote EG in K, and CK will be the Semi- 
| Conjugate of theſe Hyperbolas; therefore make E F and EQ. 
* equal to EK, and the Points Fand Q will be the Foc: of the 

Hyperbolas, (768.) 
7 3707. Thus having the Diameters and Fai, the Curves HCI 
p and ND O may be readily deſcribed, either by the Inſtrument 
in the Plate of the Fuſee, or by finding a Number of Points S in 
the Curve which is very eaſy to do, becauſe it will be every 
f where Q8 — FSS CD (7693) and fo for every Point 8 

you have QS = CDA FS, or FS = QS — CD, by 
which any Number of thoſe Points are found, and the Curve of 
the Hyperbola drawn through them as required. 

3708. Having thus conſtructed the Hyperbola HCI for the 

given Day, let the Paper on which it is drawn, be ſo placed on 
the Plane, that the Point A may exactly coincide with the 
ſmall Hole in which the Wire or Pin was fixed, and then fo 
moved or adjuſted, that the Length of any obſerved Shadnu A R. 
taken in a Pair of fine Compaſles may be applied therein, thac 
is, when one Point of the Compaſſes is in A the other may fail 
preciſely in the Curve of the Hyperbola at R; then will the 
Axis of the Hyperbolas FE Q be in the true Meridian of the 
Place. And by obſerving a Number of cheſe Shadows, its Po- 
ſition may be verified to great Exactneſs. 
; 3709. The Time moſt proper for this Proceſs is at or near 
the Solſtices, and the Meridian determined at or about the Summer 
Soltice, will be moſt exact, as the Shadows A R are then ſhort- 
eſt and beſt defined at the Ends, The Reaſon of chuling theſe 
Times of the Year, is becauſe the Hyperbolas have now the 
greateſt Degree of Curvature, from which they degenerate gra- 
dually till, in the Equinoctial Day, they become a Right 
Line, (1764.) 

3710. But when the Meridian Ling is to be determined of a 
conliderable Length, other Methods may be more readily ap- 
plied ; that by an Equal- Altitude - Teleſcope is certainly a very good 
one, but the Expence of ſuch an laſtrument, the Skill of the 
Vol. II. | XR x x Perſon, 
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Perſon, and Difficulty of the Performance, will confine this 
Rlethod to very few Hands. 
3711. The Method of Tycho Brahe was much eſteemed by 


himſelf and others in his Time; it conſiſted in having an In- 


ſtiument fo placed on a Plane that he could eaſily thereby obſerve 
the greateſt Elongation of any circumpolar Star towards the Eaſt 
and Weſt ; conſequently the End of this Inſtrument would de- 
ſcribe an Arch, the Half whereof would meaſure theſe equal 
Elongations from the Meridian, which therefore became known 
or determined; vi. by biſecting that Arch, and drawing a Line 
through that Biſection and the Center on which the Inſtrument 
moved, But this Method is more ſuited to Aftronomers than 
tor common Uſe. | | 
3712. Dr. DERHAM's Meridian Inflrument is well known as 
a very uſeful One for drawing a Meridian Line with tolerable 


Exactneſs. But I no not think any Method ſo good, (that is, 


ſo exact,) as thoſe which have their Points and Centers pen 
(and not above) the Plane on which the ſaid Line is to be drawn, 
and which alſo are entirely independent of Shad:ws, becauſe in 
great Lengths Shadows always become penumbral, or ill defined, 
and thercfore not fit for an Affair of ſuch Preciſion, 

3713. I ſhall therefore propoſe a new Method of conſtruQ- 
ing an egual Altitude Inſtrument that moves immediately on the 
Plane, or Floor, or Pavement where the Meridian Line is re- 
quired to be drawn, and which will give as little Trouble, and 
as great Accuracy, as can be expected in ſuch an Operation. 


This Inftrument conſiſts of a Ruler AB C made of Mahogony, 


or other Wood, not ſubject to warp; At A is a ſmall Hole. 


in a Piece of Braſs in which the Ruler is moveable about a 
ſlender ſteel Pin, The central Line AC is ſuppoſed to be 
drawn with great Care and very ſtrait ; the Pact BC is a fidu- 
cial Edge of Ivory, exactly coinciding with the ſaid Line AC; 
and at D is a ſmall black Line, which, upon the Mation of the 
Ruler, will deſcribe any Arch of a Circle, as DEF. 

3714. Upon this Piece of Wood (or Metal) there is placed 
an Inftrument for taking equal Altitudes of the Sun, con- 
it: ucted in the following Manner. GH is the Baſis of it, 
and ſrom the Center N move the two Indices, NP and N L. 
upon two Arches of a Circle, viz, I K fixed to the immoveable 


Baſe 
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Baſe GH; and the Arch MON, fixed to the Alidade or Index 
LN; and conſequently moveable with it. Upon the Index 
NP, is a Sight- Vane at R, with Crofs- Hairs in its Perforation, 
and a Shadow-Vane N Q is fixed at the Center N, exactly pa- 
rallel to the former. 

3715. The peculiar Artifice of this Conſtruction is, that in a 


ſmall Form, it performs the Office of a large Quadrant. For the 


Arch MO is divided into every 10 Degrees only, and therefore 
is not required to be large; the Index PN is placed to that Di- 
viſion which is next leſs than the Sun's Altitude; and then it is 
evident, the Remainder in Degrees and Minutes is meaſured by 
the Index LN, and its Vernier Plate at L, upon the Arch I K, 
which is divided into 15 or 20 Degrees at moſt, and therefore 
but of a ſhort Length. 

3716. This Inſtrument properly fixed upon the * Alidade 
AC (as in Fig. 3.) it is plain, that if in the Forenoon it has 
that Situation A C when the Indices are ſo adjuſted that the Sha- 


dows of the Croſs-Hairs, in the Vane R, fall preciſely on the 


black Lines croffing in the Center of the Vane QN, and a fine 
Point or Mark be made at D; and then, in the Afternoon, the 
ſaid Alidade A C be brought to ſuch a Situation, that the centtal 
Line A C be that of AF, when the Shadows of the Croſs: Hairs 
exactly coincide again with the Lines on the Vane Q, I ſay 
then, it follows, that if the Arch DE be biſected in E, and the 
Line A E be drawn, it ſhall be the Meridian Line required. 
3717. This is all ſo plain as to want no farther Explication ; 
and I find it fo eaſy in Practice to take any Altitudes, and to 
meaſure any Angles in general with this compendious Inftru- 
ment, that I can venture to recommend it to the ingenious practi- 
cal Geometrician, as worthy of his Notice. It may be furniſh- 
ed with a Spirit Level to place it horizontally, and if a Lens of 
a proper focal Diſtance be placed in the Vane R, it will not 
only ſhew the Height of the Sun at any Time to a Minute, but 
alſo that of any other Object by its Picture, on the Vane NQ, 
properly darkened. As HADLEY's Quadrants are capable of 
the ſame Improvement and conciſe Form, I ſhall give a fur- 
ther Account of them at another Time; only obſerving, they 
may be applied in the above Method allo for — a Meridian 


Line, 
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CHAP. XXIX. 


The TnEoRY and CONSTRUCTION of an ELLIPTI- 
CAL, CIRCULAR, and DIAMETRAL DIAL, wobich 
by Means of a common HoR1ZONTAL Drar, will 

find the true MERIDIAN. 


3718. W have ſhewn the beſt Methods of drawing a 4deri- 
dian Line, by which a Dial may be ſet truly upon 


f eee! Plane. We ſhall next ſhew how Dials may be 


conſtructed in ſuch a Manner as to ſet themſelves, or to find their 
own Meridian by Means of a ccmmon Horizontal Dial only. One 
of this Sort is called an ELLieTic DiAl, the other a Cir- 
CULAR DIAL, becauſe in the firſt the Hours are the unequal 
Diviſions of an Ellipſis, and in the latter they are the equal Di- 
viſions of a Circle; in both which Reſpects they differ from com- 
mon horizontal Dials, where the Hours are the unequal Diviſion 
ct a Circle, as we have ſhewn (1772). 

3719. The Theory of the Elliptic DI aL we fhall bere deliver 
with all the Perſpicuity we can from a New, and (we preſume) 
moſt natural Projection of the Sphere ortbographically, in what is 
uſually called the Analemma, explained form 1703 to 1720. 
Therefore (in Fig. 1.“) let HZ O be the general Meridian; 
EQ, the in ; PX, the How Circle of Six; Z , the 
prime Vertical; and HO, the Horizon. A F, LK, two Pa- 
rallels of Declination. © © 
3720. Then in our InsTITUTPs of Gnomonical Perſpective, it 
has been ſhewn (1738, Sc.) that the Sun having any Declina- 
tion E G, will, by its Ray G C, deſcribe that Day a Cone ACF, 
whoſe Baſe is the Parallel A F upon the Surface of the Sphere, 
whoſe Axis is that of the Sphere PC, its Vertex C, and Height 


CB. This Cone we ſhall (for Diſtinction' 8 Sake) call the Ra- 


dial Cone. 

3721. Then if the Axis Z C Y of the prime Vertical be con- 
fidered as an opake Line, it is plain, that Point of it at C, will 
intercept the Ray GC, and thereby produce a lineal Shadnv 
CEi in the fame Dire&tion, which Shadow will therefore de- 

ſcribe 
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ſcribe an equal and oppoſite Cone LCK, whoſe Baſe in the 
Surface of the Sphere will be the oppoſite equal Parallel LK. 
This therefore we ſhall call the umbral Cone. 

3722. Then as the 24 Hour circles divide the Equa- 
tor EQ, and all its Parallels AF, LK, into ſo many equal 
Parts, it is evident the Ray GC in applying to thoſe Circles ſe- 
verally, will aſſign the Poſitions of 24 Lines dividing the Sut- 
face of the Radial Cone into 24 equal Parts. And alfo, of 
Neceſlity, the Shadow CK will at the ſame Time give the 
Poſition of 24 correſponding Lines on the Surface of the umbral 
Cone; which therefore may be conſidered as Haur-Lines on the 
Surfaces of theſe Cones, interſecting each other in the common 


x Vertex C. 


3723. As the Sun's Declination EA decreaſes, the circular Baſes 
AF and LK of theſe Cones will encreaſe, till at Length the Sun 


being the Equator at E, both thoſe Baſes coincide, and the 


Cones degenerate into the Plane of the Equator EQ; where 

thoſe 24 Hour-Lines alfo ſeverally unite and form the polar Dial, 

deſcribed (1759) whoſe Gnomon is P © the Axis of the Sphere. 
3724. It is farther evident, that, in the Caſe of the Sun's be- 


ing in the Equator, the Hours will be indicated by two Shadows 


united into one, projected from the two opake Gnomons PC and 
Z C, on the Plane and graduated Perimeter of the Equator. 


For whatever Hour- Cle the Sun may be upon, the Shadow of 


the Stile CP (as being its Axis) will be in the Plane of that 


Circle (1751). For the ſame Reaſon, the vertical Circle paſſing 


through the Sun at the ſame Time, will have the Shadow of its 
Axis Z C projected in its own Plane; therefore, becauſe the 


Planes of both of thoſe Circles interſect each other, and alſo the 


Plane of the Equator, in one common Line; the Shadows of 


both thoſe Gnomons will, of Courſe, be proj=ed into that 


Line, which will be the Shadow pointing out the preſent Mo- 
ment on the Dial, Indeed, -properly ſpeaking, the Shadow in 
the Caſe now ſpecified, is only that of the Point C in the Inter- 
ſection of the two Gnomons. | 

3725. Again, ſuppoſe the Sun has any Degree of Declina- 
tion EA, the Parallel A F will be its Path for that Day; NOW 
ſuppoſe it in any Hour- Circle, as that of Six PC X, in the Point 
B; and let Z B V be the Verixcal paſſing through the Center of 


the 
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the Sun: Then it is eaſy to underſtand, that the Ray proceeding 


from the Sun's Center at B, will deſcribe the Line B C on the 
Side of the radial Cone ACF, becauſe that is the common In- 
terſection of the two Planes on the Side of that Cone. Here the 


did Ray ĩs obſtructed by the opake Particle C in the Interſection 


of the two Gnomons or Wires, Z V and PX, and by that 
Means the Shadow of that Point will be a Line on the Umbral 
Cone LC K, exactly in the ſame Direction C R, and therefore 
on the contrary Side. | 

3726, Hence then; if the Baſe LR K of the Umbral Cone 
were a Circle divided into 24 Hours, and the Cone itſelf were 
away ; then it 1s plain, the Point R vill be the Hour of Six on 
the Weſtern Side of that Cle, if B be the Hour of Six in the 


Morning, upon that Point will the Shadow of the Interſection 


C preciſely fall. If we ſuppoſe not only the Perimeter, but alſo 
the Plane of the Baſe (or Parallel) LK to be there placed, then 


would the two Axes P X and Z Y pals through it in the Points 


R and V, of which the former is the Center. And on that 
Plane would be projected two Shadows, one of the Part R C, 
and the other of the Part C V, of the ſaid two Axes. 

3727. And in this Manner the Plane of any particular Paral- 
lel LK may be conſidered as a Dial-plane, having two Stiles or 
Gnomons RC, VC, whoſe two Shadows conſtantly interſect 
each other on the Hour-circle in its graduated Circumference, 
and thereby ſhew the Hour for that particular Day. 

3728. But as the Periphery of a Parallel is a variable Quanti- 
ty, increaſing or decreaſing daily, it can by no Means anſwer 
the Intention of an Haur- circle, which ought to be a fixed or de- 
terminate Thing; and therefore if inſtead of the Parallel of De- 
clination, we ſubſtitute a moveable Equator, it will anſwer the 


_ Purpoſe of an univerſal Dial for finding the Meridian in any 


Latitude, and conſequently, independent 'of the Magnetic 
Needle, will ſet itſelf, or ſhew the true Hour of the Day; as 
will thus eaſily appear. \ 

3729. Let the given Parallel of Declination be A f „and draw 
IG and MN, Tangente to the Equator EQ; and then ſuppoſe a 


moveable Circle, juſt equal to the Equator, and divided into 24 


Hours, Minutes, Ec. were to flide up and down upon theſe 
Tangent Lines of the Sphere, ſo as rcadily to be placed in a 
| Situ- 
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Situation ſimilar to that of the Parallel LK in the Umbral 
Cone, correſponding to the Parallel AF of the Radial Cone. 
Such a moveable Equator will be repreſented by the dotted Line 
or Circle IW N; for the Lines CL, CA, CK, CF, conti- 
nued out, will cut the Tangents in I, G, and N, M; there- 
fore EI = CW = QN, conſequently the Plane of the 
moveable Equator IN, is parallel to the Plane of the Parallel 
LK, and the Peripheries of each are parallel Circles of the 
ſame Cone ICN; therefore they are divided ſimilarly by the 
Shadows of the two Gnomons W C, and UC, or it will be 
every where RV: VK:: WU: UN. And thus the Hour 
will be ſhewn truly, and alike in each. 

3730. If therefore a Dial be conſtructed according to this * 
lemma, it will be the Plane of this moveable Equator; and ſhew 
both the Hour, and the Meridian-Line at the ſame Time: For the 
equational Hour-circle being rectified to the Tangent of the Sun's 
Declination (for any given Day) on the Lines GI, MN, the 
Hour ſhewn by the Gnomon W C (as being Part of the Axis 
of the Sphere) can never be true, but when HZ O is in the 
Plane of the Meridian; but the Hour ſhewn by the Gnomon 
UC, muſt alſo in that Caſe be true ; therefore, when the In- 
terſection of the Shadows of theſe two Gnomons fall preciſely 
on the Hour-circle, then both the Heur and Paſition of the Mert- 
dian- Line will be given by the Dial. 

3731. The ſame Thing will be effected by a fixed Equator 
E Q, and a moveable Gnomon Z C; for while the Equator is 
carried from EQ to IN, the Wl or Axis Z I, is moved 
through the Plane of the Equator from W to U ; and therefore, 
if we take CS = WU, and from the Point S draw S a parallel 
to CZ, and alſo drawing Gb M, we have the two Gnomons 
C b, and Sb exactly equal to the former two, W C and UC, and 
alike ſituated to the Plane of the fixed Equator EQ, as they 
were to the moveable One IN. And therefore the Hour will be 
ſhewn in this Caſe, the ſame as in the other. ä 

3732. Laſtiy, the ſame Purpoſe will be anſwered by a Gno- 
mou D, moveable upon a horizontal Line HO, through the 
S, de CD, ſince the Point (“) in the Interſection, gives the 
Hour, and is the ſame in both Caſes. 
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3733. If thereſore upon the Plane of the Horizon HO in any 
Latitude EZ = PO, the Equator EQ be projected into 
an Ellipfes, and it be properly divided in every 15th Degree by 
a Table of Sines as directed (1718) theſe Diviſions will be the 
Hours, and then an upright Stile D a, moveable in the Hour. 
Line of XII, or Meridian HO, will conſtantly ſhew the true 
Hour on this Elliptic Equator, as before it did on the Circular 
One. Becauſe in the Projection there is a perfect Similarity of 
all the Parts in One, to all the correſponding Parts of the other, 
as we have ſhewed (1715): 5h. 

37 34. In this Caſe, the Shadows of the two Gnomons D 3, 
and C b, require two different Hour-circles, and ſo will be no 
longer one Dial, but two of a diftin? Nature. Thus let Fig. 2. 
be the orthog. Projectiòn on the Plane of the Horizon FOM; 
and let AQ B be the Ellipſis into which the Equator is project- 
ed, and divided into its proper Hours; alſo let P be the project- 
ed North-pole, Z the Zenith, and D the Foot of the perpen- 
dicular Stile S 5, for any Declination of the Sun EG in Fig. 1. 
Then ſuppoſe the Shadow of that Stile falls upon the Hour XI, 
it will be projected into the Line DXI, and this muſt be the 
Hour-Line of XI on the horizontal Plane, as is evident from 
the Nature of the ProjeQtion ; for the Space Z D here, is equal 
to CD there; and D is the Projection of the Foot S of the 
faid Stile in the Plane of the Equator. 

3735. But with Reſpect to the Stile C& (in Fig. 1.) its Sha- 
dow here cannot paſs through the Point (or Hour of) XI in the 
Ellipſis AQB ; for the Foot C being in the Center Z of the 
hofizontal Plane, and the Hour-circle of XI cutting the Hori- 
zon in E, making EO = 11*: 51 (1772) it is plain, ZE 
will be the Hour-Line ,of XI on the horizontal Plane, or the 
Shadow of the Stile Ch. And drawing the Line Z XI, there 
is formed the ſpherical right-angled Triangle XI Z Q, wherein 
ZQ= the Latitude, and XI Q = the Hour, being given, the 
Angle at Z will be found = 18? : 557, which is 7: 4/ greater 
than the Angle EZ O.. Conſequently the two Gnomons will, 
in this Projection, require two different Curves for the Hours, 
viz, the Ellipſs A QB, and the Circle FO M, which therefore 
conſtitute two different Dials. ts 


wad 3736. 


wh - eas * 2 


Tie THEORY of Elliptical, Circula 
md Diametral DIALS. 


> 
S. 8 


Of CLock-Workk. $29 
2736. When EG (= El) is the Tangent of the Sun's 
preater Declination E A, then AF and LK are the two Tre- 
pics; and CD = ZD (Fig. 2.) is the greateſt Space through 
which the perpendicular Index Da is to be moved in the hori- 
zontal or meridian Line HO, which is to be graduated into 
23: 307, to correſpond to the Sun's Declination in this Man- 
ner. In the Triangle 6 CD, we have Cb = Tangent of 23? 
: 307, and the Angle at 6 = Z CP = Co. Latitude. And as 
Radius: 3. C D:: CB: CD; therefore ſince C b is the Fan- 
gent of 23? : 307 to the Radius CP, CD will be the Tangent 
of the ſame Arch to the Sine of Z P made Radius, or applied in 
the Sector from 45 to 45, upon the Lines of Tangents. Thus 
Z D and ZH is graduated for the Summer and Winter Halt- 
Year, by which, to ſet the Index or Gnomon for the Declina- 
tion of the Sun, proper to the given Day. | 
3737. Therefore it is evident, that when the ſame Minute is 
ſhewn by the Elliptic and Horizontal Dial, the Hour Line of 
XII, viz. HO, will be in the Plane of the Meridian of the 
Place, and conſequently a Right Line drawn parallel to it will 
be a true Meridian-Line. And thus ſuch a double Dial will at 
all Times ſet :tfelf without any Aſſiſtance of the Magneti- 
cal Needle, or any other Meridian Line than its own. 


C HAP. XXX. 


The Turoxv and CONSTRUCTION of CIRCULAR 
and DIAMETRAL DIALs, which, with 4 
Horizontal DAL, find a true MERiDIan Lids. 


3738. ReEfides the foregoing Eliptic Dial, there is yet Mother 

Sort which by Means of a common Horizontal Dial, 
will /et :1ſeff, or ſhew the Poſition of the Meridian Line without 
the help of the Needle ; and by which, of Courſe, the Variation 
Vor. II. Ar | of 
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of the Need! is alſo eaſily diſcovered in the given Place, But 


this Dial is of a circular Form, and what may ſeem a little ſtrange, 


is, that the Hours on this Circle are all eguidiſtant, as in the 
Equator itſelf. The whole Artifice or Conſtruction of this 
Dial depends upon a due Conſideration of the Properties and 
different Sections of a Scalenous Cylinder which will be eaſy to 
underſtand after what we have premiſed of the Scalenous Cone 
(1508,) and its Subcontrary Sections (1510, Cc.) 

3739. Firſt then let it be conſidered that if Tangent lines 
were drawn through the ſeveral Points of the Equator, (or any 
Circle) and at right Angles to its Plane, they would conſtitute 
a right Cylinder, whoſe Section by a Plane perpendicular to its 
Axis will be a Circle, but in all other Caſes an Ellipfis, as we 
have ſhewn (1715.) 

3740. Secondly; if theſe Tangent Lines are now . 
gradually to incline or lean towards the Plane of the Equator, 

then they form what we call a Scalenous Cylinder, being com- 
preſſed by this Inclination of the Lines into a flattiſh Form; 
and whoſe Section by a Plane perpendicular to its Axis will be 
an Ellipſis, one Diameter of the right Cylinder being contracted 
gradually into a leſs Length, while the other continues the 
fame; alſo all other Sections will be Ellipſes, except two, viz. 
one Parallel to the Equator (or original Circle) and the other 
dy a Plane ina Subcontrary Poſition, | 

3741. Thirdly; theſe Tangent Lines conſtantly inclining to 
the Plane of the Equator will at laſt perfectly coincide with it, 
or the Scalene Cylinder now degenerates into a Plane coincident 
with that of the Equator, which, in this Caſe, is projected by 
theſe Lines or Rays into a rait Line, viz. one of its Diameters. 
And this Conſideration lays the Foundation of another Species 
of Dialling, viz. Redtiimeal, which we ſhall enlarge upon by- 
and-by. - | 

3742. But to come directly to the Point, and for Illuſtration 
of what has been ſaid, let AB F D be the Scalenous Cylinder 
whoſe Axis is I G, perpendicular to which let the Line R S be 
drawn; this will be the ſhorteſt Diameter of the Elliptic Section 
and ſuppoſe the longeſt Diameter be H O, which alſo is conceiv- 
ed to paſs through the common Interſection C of the Axis, and 
the other Diameter RS (See Fig. 3.) Upon tbe Poigt C, 

| with 
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with the Radius CH deſcribe the Circle HZOY, cutting the 


| flatted Sides of the Cylinder in the Points E, H, and O, 2 


and draw the Line E CQ. 

3742. Then it is evident, that ſince H O is equal to the 
longeſt Diameter of the Elliptic Section by a Plane through 
RS, it is therefore equal to the Diameter of the original Circle or 
Bafe of the inclined Cylinder A B F D, and alfo parallel to the 
Diameter through whoſe Extremities the Lines A B, F D paſs. 
Conſequently, the Section of the Cylinder by a Plane (through 
HO) parallel to the Baſe will be allo a Circle, equal to the Cir- 


cular Baſe. 
3743. And becauſe the Angles REC and S QC are equal, 


as alſo RH CS SOC, (by reaſon of parallel Lines AB, DF 
interſecting the equal Lines HO and EQ) therefore the Section 
of the Cylinder through E Q will be ſubcontrary to that through 
H O, (1509, ) and conſequently alſo a Circle, agreeable to (1510.) 

3744. Now if FP QX be conſidered as a Meridian of the 
Sphere, which is orthographically projected thereon, and E Q the 
Equator; we may then look upon HO as the Horizon of ſome 
Place Z, whoſe Latitude is E Z, and whoſe Co-latitude Z P 
is biſected by the Axis of the Cylinder I G, becauſe the Section 
through RS is ſuppoſed to be perpendicular thereto, and con- 
ſequently equally divides the Angle ECH in the Point K, or 
OCQ in the Point L. 

3745. Then (from what we demonſtrated in the laſt Chap- 
ter) it is plain, that if K L be conſidered as a\Plane having a 
Perpendicular Stile or Gnomon CN, the Projection of the 
Equator E Q_thereon by Rays AB, F D, parallel to CN, 
will be an Eliipſes, whoſe ſhorteſt Diameter is R &, and longeſt 
KL. And that as the Sun adyances to the Parallel I V, ſo 
the perpendicular dtile being parallelly removed from C to (a) 
will ſhew the Hour on that Ellipſis; and if T V be conſidered 
as the Tropic of Cancer, then Ca will be the Length of the 


Summer Half of the Zodiac on the Dial- plate. 


3746. Suppoſe now the Plane K L were taken away, but 
the Gnomon N C to remain; then it is evident the Rays A B, 
Gl, DF, will project the Equator E Q into a Circle on the 
horizontal Plane HO (1510.) And the ſaid Rays will divide 
the Horizontal Circle in the ſame Manner or Ratio, as they do 
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the Equator itſelf, For let (eh) be any one of thoſe Rays, 
- which paſſing through the Point (g) of the Equator, projects it 

into the Point (4) in the horizontal Circle H as, ; then becauſe 
eh is parallel to AB, we have CE: Cg :: CH: C. 
Wherefore the Horizontal Circle will be divided into 24 equal 
Parts by the Rays which paſs — every I5th Degree of the 
Equator. 

3747. Therefore 'tis evident, that if upon the Horizon H O, 

a Circle be drawn, and divided into 24 equal Parts; thoſe Di- 
viſions will be the Hours truly marked out by the Shadow of a 
Stile or Gnomon CN elevated above the Plane thereof in the 
Angle NCO = PO + PN = the Sum of the Latitude, and 


haif the Co- Latitude of the Place Z.. So that at London, for Ex- 


ample, the Angle NCO = $51* 307% + 19® 157 = 70* 45. 
3748. Tis farther evident, that this Stile C N is a moveable 


One, as it originally and properly belongs to the Elliptic Dial on 


the Plane K L (3745;) where its parallel Motion, Northward, 
is Ca; but this is now to be eſtimated in the Plane of the Hori- 


zon from C towards O, where it will be expreſſed by the Line 


Ce whoſe Value is thus found. In the Triangle b Ca (right- 

__— at a) we have Rad. (CP) : Sine of C5 (= OCL) 

C: Ca. Again, in the ſimilar right angled Triangles 

0 O Cs, and fCL, we have Ca: Cc: CL (Rad.) 
een en Rad. 

C/; therefore Ca = = r therefore 


C: Ce: Rad.“: OS K ::: N Tan- 


gent of LC, Whence the Value of Cc is known. 

3749. But becauſe it will be moſt convenient to ſet the Index 
CN by the Sun's Declination, therefore the Semi- zodiac C 
muſt be conſidered as a Tangent of 23 3% to ſome Radius, 
which from the Analogy above is evidently the Line Ly, viz 
the natural 7. angent of the Half Co- Latitude of the Place x. There- 
fore by applying the Line L from 45 to 45 in Lines of Tan- 
gents on the Sector for Radius; you may then take the paral- 
ſel Diſtance from 23? 3&/ to 23® 30, and that will give the 
Length of Ce from the Center C each Way in the Meridian 
Line for the Summer and Winter half Year. And thus your 
Circular Dial will be compleated 2 AS in Fig. 4+ 


3750. There 
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3750. There are many other Particulars obſervable in this 
Sort of Dials, but we muſt paſs them by at preſent as not ne- 
ceſlary to our Purpoſe, which is only to ſhew how by two Dials of 
a different Conſtruction, and placed upon one Right Line, a true 
Meridian Line may be drawn, and the Hour ſbetun, without any 
other Aſſiſtance. — This we have ſhewn may be done by a cm- 
mon horizontal Dial combined with the Elliptic, and Circular Ones; 
we ſhall next ſhew the Nature and Conſtruction of a Refilineal 
or DIAMETRAL DIAL for the ſame Purpoſe. 

3751. Suppoſe (Fig. 3.) that the Tangent Rays AB, GI, 
DF, were (in the firſt Place) all at right Angles to the Plane 
of the Equator EQ; an infinite Number of them would, in 
this Caſe, conſtitute a perfect Cylinder whoſe Section, perpendi- 
cular to the Axis would every where be a Circle, as being paral- 
jel to the circular Plane of the Equator, 

3752. Let the Rays now gradually deviate from that rectan- 
gular Poſitition to one more and more inclined to the ſaid Plane 
of the Equator in a Direction from P towards E. Then it is 
evident, all that Time the Radial Cylinder will become more 
and more flatted or ſcalenous ; and every perpendicular Section 
RS will become of a leſs and leſs Diameter; and, of Courſe, 
the Hour- Circle in the Equator degenerates into an Ellip/is, and 
becomes more and more ſo; till at length, the Rays all ar- 
rive at the Plane of the Equator, and thence the {calenous Cylin- 
der itſelf becomes a Plane, and coincides with that of the Equa- 
tor; alſo the horary Ellipſis now Collapſes, and both Sides unite 
in a Right Line which is the Diameter of a greater Circle PX 
paſling through the Poles, 

3753. During this ſuppoſed Motion of the Tangent Rays 
the Dial Plane K L has deſcribed the Quadrant EX, and its 
Gnomon or Index CN the Quadrant PE, and its Hour: Circle 
has paſſed thro' every Degree of Elliptic Curvature from a Cir- 
cle to that of a Right Line; and the Poſition of its Gnomon, 
which at firſt was in the Axis of the World CP, is now CE 
in the Plane of the Equator. 

3754. This Poſition of the Dial-Plane PX and its Gnomon 
CE fits it for An univerſal Right-lined DIAL in every Latitude; 
for from the Nature of the Analemma, it is evident, that the 
24 Hour-Points of the Equator are now projected into the EZ. 
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liptie Line (as it may be called) or the Eaſt and Weſt Diameter 


5 of the Plane DX. Which Line is equally a Diameter in the 


Plane of any great Circle, as that, for Inſtance, of the Horizon 
HO, becauſe it is the Common Section of them all, and fo is 
equally as much in one as in another. | 

3755. Therefore ſince the Rays which paſs through the Be- 
ginning of each 15th Degree of the Equator, will project thoſe 
Points into the ſaid Common Section or Hour-line of the Dial, 
this Line will be thereby divided in the Manner of a Line of Sines 
each Way from the Center, as repreſented in Fig. 5. 

3756, The Stile of this we have thewn (3753) muſt be pre- 
ciſely elevated to the Plane of the Equator, viz. the Angle 
ECH (Fig. 3.) for any propoſed Horizon H O ; and as this 
Dial is of the Elliptic Kind, its Stile or Gnomon C E is a move- 


able One. And therefore if TV be the Parallel of the Sun's 


greateſt Declination, it will alſo repreſent the Pofition of the 
ſaid Gnomon for the tropical Day, as being parallel to CE, 
and interſecting the Axis CP in the Point (b) making Co 
= Tangent of 23* 30“. Therefore, ſince in the Trian- 
ole. CbV, it is Ch: CV :: Radius: Secant of the Angle 
P CO, the Diſtance CV is known for any Latitude PO or 
EZ. 

3757. And ſince C is the Tangent of 237 307 to the Radius 


Cp; therefore C V will be the Tangent of 23 307 to a Radius 


cual to the Secant of the Latitude, and hence C V the Semi-Zo- 


diac for this Dial, is eaſily graduated for the duly adjuſting the 
Index to the Sun's Declination, as directed (3736,) and as 


ſhewn in Fig. 5. 
3758. But this Refilintal Dia is not ſo conveniently 


combined with the common horizontal Dial for finding the true 


Hour or Meridian Line as the Elliptical Dial is; becauſe in this 


the Hours at the extreme Parts of the Line run fo near toge- 


- ther, as not to admit of ſufficient Accuracy in obſerving and 

comparing the Time in each. Nor is the circular Dial (Fig. 4.) 

ſo fit for this Purpoſe as the Elliptie One, becauſe of the ſmall 

Length of the Zodiac for ſetting the Stile CN (Fig. 3.) not al- 
lowing a ſufficient Eſtimation of the Sun's Declination. 


3759. Dis very obſervable that both the circular and right- 


5 fone Dial; are univerſal Ones, or will ſerve for all Latitudes, be- 


cauſe 


of E 


| | the Indices or Stiles only require to be properly rectified, vis, 
| that of the Circular Dial as directed (3749,) and that of the 
Refilineal One to the Co- Latitude HE, be it what it will, 
. 3760. Laſtly, in the Right-lined Dial (Fig. 5.) the Reader 


will obſerve that the Shadow of the Stile muſt go backward and 


forward twice a Day in the Summer Half-year, viz. Morning 
and Evening, as is evident by Inſpection. What remains on 


this Subject of DIALLING will be delivered in the Third Vo- 


lume ; wherein it is propoſed to give the THEORY and Con- 
STRUCTION of all the uſeful Mathematical and Philoſophical 
INSTRUMENTS, as alſo all the neceſſary TABL Es uſed in thoſe 
Sciences, with the Rationale and particular Uſes of each. 


/ 


EN D of the SECOND VOLUME. 


r che herary Diviſions of each always remain the ſame, and 


n—_ 


